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Temperature Distribution in Fins and Other 
_ Projections, Including Those of Building wa 
Structures, by Several Procedures 


By C. F. KAYAN! ano R. G. GATES,? NEW YORK, N. Y. 


INTRODUCTION 


STRUCTURAL projections, involving surface heat flow engender= 

ing temperature variations along their length, are to be found in 
a wide variety of forms and shapes in equipment and structures 
associated with process engineering. They may be in the con- 
ventional form of simple homogeneous heat-transfer fins or other 
extended surface of broad nature in shape and purpose, on one 
hand, or on the other hand, in a heterogeneous complex arrange- 
ment and built-up fashion of projections plus base, and as such 
found as segments of machines, equipment, and building or in- 
dustrial structures representing heated or cooled enclosures. 
Among the enclosures would be process high-temperature ovens 
and housing structures in the heated realm, and cold-storage 
warehouses and refrigerated “environmental’’ chambers in the 
cooled realm, just to mention a few examples, and inclusive of 
both stationary and mobile units. 

Such a range of application will be typified in the cases dis- 
cussed here. The analytical objective of interest may be repre- 
sented either by a study of temperature variations, of heat-flow 
rates, or of both combined. The first will be the major objective 
in the present paper. Since orthodox methods of computation 
often prove cumbersome or otherwise inadequate, several addi- 
tional alternative procedures are developed and reported on com- 
paratively. Thus, included will be (a) mathematical methods; 
(b) computational-numerical means; (c) electrical simulation ap- 
proaches. In these attacks upon the problem, the resistance con- 
cept of heat flow will prove to be a useful tool, hence particular 
emphasis will devolve upon exploration in the rheogenic vein. 

In the present study, the subject will first be developed in terms 
of the more conventional and obvious formal application of ex- 
tended-surface projections generally referred to as “‘fins,”’ i.e. 
pure simple extended surface, and then—on a broader basis—in 
terms of complex-composition structural forms. Se a 


1 SIMPLE FIN STRUCTURES a 


In a paper by one of the authors some time ago on fin heat 
transfer (1),* use was made of the geometrical electrical analogy 
in studying the temperature patterns of extended surface, par- 
ticularly those within the element structure, with the fin surface 
exposed to a heat-transfer fluid. One of the fins studied in this 
earlier work was of thin section, shown in Fig. 1; its length was 
twenty times its own thickness, such as might be found with a 
metallic fin, and the fin and base were integrally formed. Fig. 2 


1 Professor, Department of Mechanical Engineering, Columbia 
University; and Consulting Engineer, New York. Mem. ASME. 

? Columbia University. 

3 Numbers in parentheses refer to References at end of paper. 

Contributed by the Process Industries Division and presented at 
a joint session with the Heat Transfer Division at the Annual Meet- 
ing, New York, N. Y., December 1-6, 1957, of THe AMERICAN 
Society or MECHANICAL ENGINEERS. 


Fig. 2 


shows the general layout of the model section as studied by the 


Nore: Statements and opinions advanced in papers are to 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
29,1957. Paper No. 57—A-177. 


geometrical-electrical-analogy method using conductive sheet. 
Aside from the problem of temperature distribution throughout 
the fin-base, and just considering the fin itself, it will be seen that 
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the effect of the fluid thermal resistance in the heat-flow pattern 
was explored via twenty conducting-sheet strips leading from the 
main bus to the fin; provision was also included to allow for the 
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heat flow between the fluid and the tip surface of the uniformly 
thick (and longitudinally extensive) fin. Fig. 3 shows the results 
for one phase of this study. 

In the earlier paper (1), use was made, through the electrical 
model results, of the potential-difference ratio C, defined as the 
ratio of the partial measured potential difference Ae, for a given 
point within the fin structure to the total or over-all potential 
difference Ae, applied to the model circuit 


From the Analogger values of C (regarded as negative or posi- 
tive—depending on the relative position of the fluid temperature 
t, with respect to the fin temperature) equivalent temperatures 
throughout the fin assembly were determined 


t, =t, + CO, =t, + CAt [2] 


where 6, and At represent the over-all temperature difference of 
the system. 

In the present paper, use will again be made of a temperature- 
difference ratio C for the fin, here in one phase to apply specifi- 
cally to the over-all temperature difference between the base-end 
of the fin and the temperature of the fluid to which the fin surface 
is exposed. Analysis by the different methods will again be for 
steady state, and it will be presumed that the temperature across 
the fin section is uniform, though provision could be made for 
otherwise, as will be indicated later. For most of the studies, the 
fin will be considered as of constant cross section along its length 
(such as rectangular in profile) of constant thermal conductivity 
k, with the fluid of constant temperature and constant thermal 
conductance (coefficient) h, and, of course, with no internal heat 
sources. These are, of course, the conventional assumptions of 
extended-surface heat-flow analysis. 

A Mathematical Relationships 

Two modes of attack will be employed: “Base-Outward” and 
“Tip-Inward”’ schemes of analysis, using Fig. 4 for reference (Left 
and Right views); here shown with “‘hot” fluid versus “cold’’ 
fin. 

1 Base-Outward Approach 

Fig. 4 in two views shows a rectangular cross section, longitudi- 
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nally extensive fin, in beat-transfer relationship with a fluid of 
constant temperature and of constant surface conductance (co- 
efficient) value h, and attached to its base section; the left (L) 
view represents the base-outward approach, the right (R), the 
tip-inward approach. Thus Fig. 4(b)(L) shows the temperature 
pattern as a function of distance z outwards from the base to the 
full length L. Fig. 4(6)(L) as a matter of convenience is trans- 
formed into Fig. 4(c)(L), with temperature difference @ shown as 
a function of distance z from the fin base toward the tip, where 
6, defines the temperature difference there, as compared with 0, 
at the base. 

The usual differential equation may be set up to cover this case, 
following the application of the general assumptions specified 
heretofore, and leading to some conventional expressions‘ 


@6/dz* = [(P/A,)(h/k)]6 
s 6 = C\e"* 


where 
n = 


Considering the tip-edge surface (==A,) to be in heat-transfer 
relationship with the fluid around the fin perimeter P, with the 
tip-edge fluid conductance h,, tip-edge temperature difference 6,, 
and also n, for the case represented by Fig. — 7* 


(el + 1) 


. . [6] 


(2h,/kn 2) — er(L+z)) ] 
(1 + h,/kn)e™ + (1 — h,/kn)e 


Introducing a useful relationship, W, involving the ratio h,/kn 


Equation [6] may be resolved into the general relationship 


(en(@L—z) + We") 


6, + W) 


It is to be noted that with the tip-edge h, = 0 (Nore: h, andh 
are normally equal) equivalent to an insulated tip, i.e., no edge- 
wise heat flow, W = 1. Equation [8] then reduces to Equation 
[9] which is a well recognized and conventional expression 


— + e"*) 
z 


(etl + 1) 


Following the treatment in the earlier paper (1), as expressed 
also in Equation [1] and generally quite convenient in use, Equa- 
tion [8] for the general case may be resolved to show the dimen- 
sionless fin potential-difference ratio C, on 


6, 


6, (emt + W) 


(2L—z) 
(e" +We*) 
and Equation [9] produces 
(en(2L—2) + 
+ 1) 
In addition, the value for the mean temperature difference 8,,, 


for the general case of Equation [8], between the constant tem- 
perature fluid and the variable temperature fin may be shown 


L nL 
L 0 nL + W) 


«Nore: See the Nomenclature at end of paper. 


Thus for the traverse over the fin length from x = 0 to z 
and W = 1 
— 1) 
™ + 1) 


Mean fin potential ratios are 


1 (et + — 1) 
(el + W) 


For W = 1 


Cy.m is often known as “fin effectiveness,” and Equation [15] 
represents a rather conventional form for this value. Further, 
Equation [13], by way of example, may be used to calculate heat 
flow between the constant-temperature fluid and the variable- 
temperature fin (as controlled by its properties) with no tip heat 


flow (W = 1). so 


gy = A,hO,, 


This may be further resolved to introduce the over-all value of 
thermal resistance between the over-all temperature difference 


A h(C 94) = 0, R, [17] 


Thus R, = the equivalent resistance of the fin assembly versus its 
imposed over-all temperature difference 


R, = 1/(A shC [18] 


Thus the equivalent resistance R, may be evaluated in terms of 
the net fluid heat-transfer resistance R, = 1/(A ,h). 


2 Tip-Inward Approach 

Whereas previous treatment was in terms of the base-outward 
approach, another method of attack, based on the identical as- 
sumptions previously used, may be employed. Fig. 4(R) has z 
varying from 0 at the tip to the full value of Z at the base. Using 
the general solution form of Equation [4], the result may be 
shown in terms of the fin-base temperature difference, between the 
fluid and base at x = L, of 0,. Ailowing for tip-edge surface heat 
flow through the area A, at z = 0 


6, = (0,/2)[(1 + h,/kn)e™* + (1 — h,/kn)e™*].. . [19] 
Introducing W (Equation [7]), the fin-potential-ratio C, may be 
evolved as 


0, (L+h,/kn)e* + (1 — 
(1 +h,/kn)e™® + (1 — h,/kn)e-*” 
en= + We-"™ 


+ 


And again, if h, = 0, i.e. no heat flow at the tip (W = 1), Equa- 
tion [20] reduces to 


It is to be pointed out that at r = L, 0, = 0, 

Equation [21], by manipulation, may be resolved into other 
forms such as that of Equation [11]. The present form and view- 
point, stemming from a tip-end start, are convenient and serve a 
worthy purpose, as to be seen subsequently. 

The mean temperature difference ratio C,,,, for the tip-inward 
approach, for the normal extent of L, may be shown 


1 (et + Wer 1) 


Crim 


1601 
L, 
6] 
| 


_ TRANSACTIONS OF THE ASME 


Table 1 Values of C, at different positions along fin, for different cases 


Fin-position data With zero tip heat flow 


With tip heat flow 


strip-point-value 
No. Mid) nx 


© 
on 


~ 


This is identical with Equation [14], as it should be quite ob- 
viously. 


3 Application 

The fin-dimension ratio P/A, included in the value of n (Equa- 
tion [5]) takes on specific values for extended surface elements of 
different regular shapes 


P/A, = @D/(rD?/4) = 4/D, for a round rod of diameter D[23}) 
P/A, = 4/a, for a square rod of side a 
P/A, = 2(a + b)/(ab), for a rectangle a X 6 
P/A, = 2/a, for a longitudinally long rectangular-sectioned 
rib of thickness a 


For an illustrative comparative study, the following fin is 
taken: Rectangular, longitudinally long, of 20:1 ratio, with the 
following properties: h = 144 Btu/(hr-sq ft-deg F), k = 120 
Btu/(hr-sq ft-deg F/ft), L = 4in.,a = 0.20in.,n = 12, nL = 4. 
The fin may be considered, as in the original case (1) and simi- 
larly as depicted in Fig. 2, as divided into 20 parts or strips, with 
values stipulated for each midpoint, and ultimately reported via 
comparative means ‘in Table 1, in values of C,, starting from the 
tip end and working toward the fin base. 

Column A, Table 1, shows the results via Equation [21], i.e., 
with no tip heat flow (i.e.,h, = 0, W = 1). 

Column F shows the corresponding values for C, as calculated 
via Equation [20], and covers tip heat flow, with h,/kn = 144/ 
(120 X 12) = 0.10 and W = (1.00 — 0.10)/(1.00 + 0.10) = 
0.817. 

Values for C, will also be set up via the subsequent methods, 
and will be shown comparatively in Table 1. The specification 
of fin temperature and fin heat transfer follows from C, and C,,,,. 


Computative Numerical Method 

As suggested by the foregoing tip-inward approach, and also 
by an earlier comparative-method study in another but related 
realm (2), the fin problem may be tackled via a computative pro- 
cedure, one which appears to have attractive aspects of flexibility. 

Fig. 5 shows, in simplified form, the division of a typical fin 
into uniform strips or cells Az wide. The energy-flow process in- 
volves both fluid-surface heat transfer, Ag, = (PAx)(h@), and fin- 
conduction heat transfer, Ag, = (A4/Azr)A@. Here @ represents 
the fluid versus surface temperature difference, and A@ repre- 
sents the cell-to-cell temperature difference involved in the heat 
flow through the distance Az along the fin. Thus resistancewise 


t 


~ 


119 


SRS 


to 


for a given cell or strip-distance Az, the resistance to fluid heat 
transfer will be represented by R, = 1/(PAzh), while the re- 
sistance to heat conduction for the cell-to-cell distance Az is 
R, = Az/(AX). 

Starting at the tip-end strip and proceeding progressively 
toward the remotely located base (to such distance as desired), it 
may be recognized that the energy conducted baseward is that 
which is surface-received, and makes its contribution to the value 
of A@; thus, for this first strip 

AO = ..[27] 
Hence in increments starting initially at the tip strip, the con- 
ducted heat Ag, to the next strip is that just received as surface 
heat transfer Ag,; this accounts for a temperature change (i.e., 
a change in @) amounting to A@ at the next adjacent baseward 
strip. Thus this incremental change in the value of @ may be ex- 
pressed 
= = = 

(P/A,)(h/k)( = 

The general objective of evaluation of C, is readily achieved by 
this computative procedure. Formalizing, and starting at Strip 1 
with some arbitrarily assumed initial value of @ such as 1.00 
(unity) at the tip end, and moving on to Strip 2, the stepwise 
procedure is 


(AO), = (P/A,)(h/k)( = FO; 82 = + . [29] 
F = (P/A,)(h/k)(A2*) 
This stepwise computation is of course readily repeated in the 
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transverse from left to right towards the base. The base can be 
any number of strips distant from the tip, with the successive 
strip computations via Equation [29], i.e., 0: = 02 + :(A@)2 + 
2(A@);, and so forth, as far as desired. Establishing in this 
manner some value for @ at the fin base, this may then be con- 
strued as 6, and used in setting up the fraction C, at the different 
points along the fin. It may also be noted that prosecution of the 
calculation procedure, leading to the ultimate evaluation of C,, 
may well be carr:ed out graphically. The procedure, it is to be 
noted, is initiated with an initially assumed value of 4 at the first 
strip. The stepwise computation continuously recognizes the 
component A@ values contributed by all the prior surface heat 
flow, here taken into account with k and A, constant. 

Based on the same rectangular fin as just outlined, of 20:1 
ratio, same properties, and so forth, and where F = (2/a)(h/k) 
(Az?) = 0.04, then for the start: ,(A@). = 0.04(0,;) = 0.04(1.00) 
= 0.04; 6. = 1.00 + 0.04 = 1.04. 

Corresponding values calculated for the cited example, in 
terms of C,, are shown in Column B of Table 1, and thus are the 
counterpart of the values shown in Column A, as calculated via 
Equation [21]. Here the strip width is Ar = 0.20/12 = 0.0167 
ft; 2/a = 2/(0.20/12) = 120; and h/k = 144/120 = 1.20, in 
homogeneous units obviously. Good agreement is indicated for 
B versus A, as inspection of the values reveals. The value of the 
h/k ratio depends, of course, on the value of the temperature- 
dependent value k. 


C Electrical Analogy Methods 


Figs. 2 and 5 lead directly to the electrical-network model de- 
velopment represented in Fig. 6, with its various accessory aspects 
and with previous network procedures in retrospect (2). 


FLUID TE 


RATURE BUS 
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Fig. 6 


o— 


Resistancewise, as previously pointed out, for a given cell or 
strip the resistance to fluid heat transfer may be represented by 
= 1/(PAzrh); correspondingly, the resistance to heat conduc- 
tion for the strip distance is R, = Az/(A,k). Thus 
R,/R, = = 
= S/m = 1/F 


= h/k; = 1/[(P/A,)(Az*)] 


[31] 
where 


These values must be on a homogeneous basis, i.e., the dimen- 
sions either on the foot or inch basis throughout. 

Thus for the rectangular fin already reported on in Columns 
A and B of Table 1, the pertinent fin data include: m = 144/120 = 
1.20; P/A, = 2/a = 2/(0.20/12) = 120; and Az = 0.20/12 = 
0.0167; S = 30. Thus R,/R, = 30/1.20 = 25. These results, 
including R,/R,, directly reflect the thermal data. 


1 Analogy Study With Constant Properties 

No Heat Flow at Tip-Edge Surface. On the basis of the fore- 
going, an electrical resistance network was built, in fixed scale 
relationship to thermal resistances, and circuited as indicated in 
Fig. 6, similarly as in past programs (2). It thus represents, with 
zero end-flow provision, the identical problem evaluated by Equa- 
tion [21] (Column A), also by computative-numerical method 
(Column B). The electrical analogy results for C, (obtained 
off are reported as Column C in 1. It 
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Fig. 7 


will be noted that the agreement between the three procedures, 
values A, B, and C, is quite acceptable. 

Columns D and E represent electrical-analogy results for two 
additional cases on the same fin structure, namely m = h/k = 
0.60 and 0.40, respectively. For comparative purposes, the values 
of Columns C, D, and E are plotted in Fig. 7, and show the 
variation of C, versus strip positions along the fin. 

With Heat Flow at the Tip-Edge Surface. It will be recalled 
thai C, was calculated with tip heat flow via Equation [20] for 
the comparative case of m = h/k = 1.20, and reported as Column 
F in Table 1. Similarly, values for the same case via the electrical 
simulation model have been obtained, and are reported in Column 
G (m = 1.20), as well as for m = 0.60 as reported in Column H. 

Thus via electrical analogy, results form = 1.20 and m = 0.60 
respectively, may be compared for Columns C and D without tip 
heat flow, and for Columns G and H, with tip heat flow. The 
slight impact of edge heat transfer is most noticeable near the tip 
end. The values of m, differing as they do while other properties 
are constant, serve to directly modify the corresponding value of 
the resistance ratio R,/R,. It is also to be noted that the equa- 
tion result of Column F agrees acceptably within experimental 
error with the analog value of Column G, 


2 Effect of Variable Physical Properties Along the Fin 


From examination of Equation [31], it is apparent that the 
physical properties involved in the fin heat transfer have a very 
direct bearing on the analog resistance-ratio R,/R, employed, in 
proper scale relationship, in the construction of the model. Among 
the important factors are, of course, the value of h (subject to 
flow conditions), of k (varying with temperature primarily), and 
the value of P and A, or their ratio P/A, (dependent on struc- 
tural shape primarily ). 

Thus whereas in all the other cases so far treated, the ratio 
R,/R, was constant versus the fin length z, it might be visualized 
as varying along the fin length, and for a variety of reasons in- 
ferred above. 

Suffice to say, there are many cases where F,/R, is not con- 
stant over the length of the extended surface. Typical of such a 
case, representing the impact of a varying value of R, via a vary- 
ing value of A,, is the wedge-shaped fin. Column I of Table 1 
represents this case; A, varies regularly from the tip to the base 
and hence, via Equation [31], the ratio R,/R, varies accordingly. 
Fig. 8 depicts the variation of the resistance ratio R,/R, along 
the fin length for the wedge-shaped fin, to scale. The constant 
R,/R-. value of 25 for the rectangular fin, covered in the different 
case studies, is likewise shown. Fig. 9 shows the comparative re- 
sults of Columns I and G, i.e., wedge versus rectangular shape. 

In the construction of the analog model for the wedge-type fin, 
R,, representing the fluid heat-transfer resistance, was main- 
tained constant; hence the conduction R, resistance was ap- 
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Fig. 9 


propriately adjusted. Actually, as already noted, the only 
variable entering into the deviation from constancy of the R,/P, 
ratio here is that of the changing A,, while all the other factors 
covered in Equation [31], or h, k, P, and Az, are constant. 


D_ General Notes on the Simple-Fin Treatment 

The “stepwise’’ treatment of the extended-surface problem, 
via both the electrical analogy and the computational procedure, 
permits adjustment of the working values in terms of the particu- 
lar thermal conductivity at a given position or step. Accordingly, 
on the basis of an initially assumed value of k applicable to the 
range in question, values for C, over the fin-length positions may 
be determined. Equivalent values of fin temperature over the 
length may then be established, as via Equation [2]. Then, in 
terms of the available k versus temperature curve for the particu- 
lar material and the temperature range, applicable values of 
thermal conductivity (hence R,/R, ratio) at each fin position 
may then be set up. Thus the procedure is one of successive ap- 
proximation: Two tours of evaluation should in general be suf- 
ficient and are readily accomplished via either procedure. 

As indicated for one of the early cases, the mean value of the 
temperature difference serves for the computation of the over-all 
heat flow q, for the fin, as presented through Equations [12), [13], 
and [16]. Thus g, = A,h@,,, where 0,, = may of 
course be established, as an average along the fin, either directly 
from a plot of 6, along the fin—such as represented by Figs. 7 and 
9—or by the arithmetic average of the C, values at the different 
fin positions, as obtained by any of the comparative methods 
cited. 6,, may also be determined via the electrical model. 

If R, represents the total measured resistance of the analog 
model across which the electrical-source potential is imposed, and 
if Ry, represents the net fluid-side resistance of the multi- 
paralleled R, values, then similarly as previously shown 
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Examination of Fig. 6 for the simulation circuit shown in simple 
form discloses that the ‘‘fluid-temperature”’ circuit along the bus 
can readily be modified to include variable resistances between 
the successive junctions, with a continuing connection at its end 
to the “ground” side of the system. In this way, adjustment of 
the “fluid” potential in the circuit along the “fin length’? may be 
introduced, to permit investigation of cases in which actually 
over the fin length the fluid temperature is not constant. 

It is of course obvious, furthermore, that in the different cases 
studied here, uniform symmetrical conditions on both sides of the 
fin have been presumed; asymmetrical cases may equally well be 
handled, through the computational and electrical-simulation 
procedures, and an example of this will be cited later in this paper, 
based on some earlier Analogger studies. Also to be cited are some 
studies involving nonuniform temperature conditions in the 
cross section of the fin, as revealed via geometrical conducting- 
sheet analog. It is to be pointed out that in similar fashion the 
resistive-network model may readily be developed in further detail 
within each section (cell) to show up the internal variations of 
fin temperature in the transverse direction. 

To reiterate, both the computational-numerical method and 
the electrical-analogy procedure provide useful tools for investi- 
gation of fin elements with variable physical and structural 
properties, under which circumstances the use of orthodox 
mathematical approaches may prove inadequate. 


2 COMPLEX AND COMPOSITE FIN STRUCTURES 


Though not always immediately apparent and obvious, the 
analysis of many complex structures involving surface heat flow 
may often be resolved into one based on the fin procedures de- 
veloped in the preceding section. Such may be the case whether 
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the structures represent variegated machines, heat-exchange 
process equipment, or walled structures housing heated or cooled 
spaces. The composite aspects may also be served in simple 
fashion through the attachment of a projection to a base of some 
sort. 

An example dealing with an early study (3) by one of the 
authors of a building-structure section may now be recognized as 
a fin problem. The temperature patterns of the structure were 
developed through the geometrical-electrical Analogger, using 
conductive sheet. The program covered the study of a wall-floor 
building section, of integral arrangement and of homogeneous 
concrete material, with the building internally heated to main- 
tain space temperatures against the external exposure to winter 
temperatures. The structure section is shown in Fig. 10, with 
some results of isopotentials within the section as shown in Figs. 
ll and 12. Fig. 12 is particularly illustrative of the case with dif- 
ferent fluid temperatures spanning the two sides of the floor 
section, as engendered by air-stratification differences in tem- 
perature at the ceiling and floor levels of the horizontal slab. In 
these earlier studies, use was likewise made, through electrical- 
model results, of the potential-difference ratio C, defined in Equa- 
tion [1]. 

A Temperature Distribution in a Steel-Framed Building Struc- 
ture 

Of particular and direct interest in the field of complex-fin 


structures is the study of the temperature pattern in sections of a 
steel-framed building, specifically a cold storage warehouse 
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structure with masonry walls and heavy-duty insulation to miti- 
gate conditions in the face of wide temperature difference be- 
tween inside and outside air. 

In the design of a cooled-space steel-framed structure, insula- 
tion protection plays important roles. Among them are: (a) 
Mitigation of the heat-flow rate and (b) protection of the outer- 
wall structure by restraint of the flow of ‘‘cold,’”’ thereby inhibit- 
ing the formation of moisture condensation and its possible freez- 
ing and resultant threat to the wall structure. The relatively 
high conductivity of steel structural members may set up tem- 
peratures below the atmospheric-air dewpoint, and thereby beget 
moisture-condensation problems that can be serious. 

This effect may particularly be the case due to steel crossbeams 
spanning the interior space and joining on to the structural col- 
umns located at the outside walls of the building. It is of course 
obvious that when a surface attains a temperature below the 
dewpoint corresponding to the air conditions, condensation will 
ensue. With certain high-humidity weather conditions, moisture 
condensation may form in the region of the outer wall and, under 
given temperature conditions, freeze. Thus under prolonged 
circumstances, the growth of ice may threaten the structural and 
thermal stability. Appropriate application of insulation to the 
beam projecting inward beyond the insulated wall may serve to 
safeguard the structure from the ravages of ice formation. 

For a given structural arrangement, illustrative of the different 
problems involved, this study has been conducted on the basis 
of steady state and via the Resistance Concept of heat flow. 
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The general structural arrangement is shown in Fig. 13, and 
illustrates particularly the column and beam detail. This, 
primarily, is the object of the investigation with respect to 
the wall conditions. In deference to expediency and clarity 
in this study, many simplifying assumptions are embraced. 

In this particular problem, the beam as attached to the column 
may be viewed as extended surface, and analysis thus reduced to 
one of fin treatment of the extended surface beyond the base 
(column, here) construction. The joint between the beam end and 
the vertical column flange is assumed to be of negligible resistance. 


1 General Analysis 

Considering transverse heat flow, such as through the surface of 
a wall, through the materials comprising the wall, and finally 
through the remaining wall face to a fluid such as the adjacent 
air, the resistance concept may be invoked 


Rair = 1/(AsirA,) 


where hair is the air-side “coefficient’”’ and A, is the pertinent sur- 
face. For the solid wall materials, through the corresponding 
surface A,, for solid material conductivity ksoia through the thick- 
ness Lsolid 


Reotia ™ Lgotia/(A [36] 


When A, = 1.00 (unity), the resistance value specifically sets up 
on the unity area basis, such as 1 sq ft. 

For the endwise heat flow through the beam end as attached 
to the column (as a fin base), resistance values have been de- 
veloped as reflected in Equations [33] and [34], out of which R, 
may again be shown 


2 Simulation Via Electrical Analogy 


Generally speaking, in conjunction with the typical problem 
represented by Fig. 13, the contribution of the interior-space 
beam to the over-all resistance picture between the interior and 
exterior space temperatures must be held in mind. As noted be- 
fore, the beam may be considered from the “extended-surface” 
viewpoint, i.e., treated as a fin, with its performance as a fin 
treated separately. Since the beam spans the full space of the in- 
terior (actually 40 ft) between the outer walls, the lateral beam 
heat flow at the midpoint position (L = 20 ft) may be taken as 
zero, due to symmetry. 

As developed in the earlier sections, this complex problem may 
be tackled by a network treatment, in which the beam length is 
divided into a number of cells of section Az wide, with applica- 
tion of the resistance ratio R,/R, as provided in Equation [31]. 


AAA 


g 

{ 

=< 
In similar fashion, the steel column to which the beam is joined 
may be divided into cells (vertically), with the external and in- 
ternal boundary air, the wall material, and the cork insulation, 
represented via Equations [35] and [36]. In proper scale rela- 
tionship to the thermal resistance, an electrical-resistance net- 
work may be set up (Fig. 14) to represent thereby a useful tool 
in dealing with the complex heat-flow paths centered around the 
column-beam complex. 


B_ Application to the Cold-Storage Warehouse Structure 


For the structure represented by Fig. 13, the following as- 
sumed data apply, in terms of conventional units: Outside brick- 
wall thickness L, = 12 in., thermal conductivity k, = 6.00 
Btu/(hr-sq ft-deg F/in.); steel column, 12-in. ‘‘H’’ section, 12-in. 
flange of 5/s-in. nominal thickness and */,-in. web, thermal con- 
ductivity k, = 360 Btu/(hr-sq ft-deg F/in.); cork insulation, Lins 
= 6in., kins = 0.30 Btu/(hr-sq ft-deg F/in.). The beam is 30 in. 
deep, with 10'/,-in. flange and °/,-in. web. For the floor slab on 
the beam, L, = 9 in., concrete, and k, = 9.0 Btu/(hr-sq ft-deg F 
/in). For both outside and inside air, still air conductance of 1.65 
Btu/(hr-sq ft-deg F) is assumed. Inside space air is assumed at 
0 F, and a 50 F spread to the outside air is assumed, i.e., outside 
air at 50 F. The beam span is taken at 40 ft, half-span (as noted 
above) = 20 ft; the room height is 14 ft; and the room above the 
beam is also taken at 0 F 

These data are employed, in proper scale relationship, to pro- 
duce the complex-structure network shown in Fig. 14. Twenty 
beam cells are used (Positions A to T), and along the vertical 
column there are seven sections (covering individual positions 
from 1 to 41), each section accounting for the different resist- 
ances from outside air to inside air, as well as for the vertical- 
effect resistances. 

Simplifying assumptions are utilized to reduce the problem to 
the main heat-flow paths. Since the space above the beam is at 
the same temperature as below, the one-half-column-section ap- 
proach is used in symmetry (i.e., the lower section). By incor- 
porating the effect of the floor on the upper beam-flange along 
with the heat-flow effect over the rest of the beam surface, a 
“weighted-average” value for the beam-fin h, to account for the 
entire beam perimeter, has been set up to represent the conditions. 
Uniform temperature over the entire 30-in. beam cross section 
has been assumed, though as noted previously, an internal re- 
sistance grid could be established to probe the internal tempera- 
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Table 2 Beam-column-structure results for (’, via electrical analogy, with conversion to temperature values 


ture distribution. It is again noted that the beam length need 
be carried only to mid-span (L = 20 ft). (Further work, inci- 
dentally, is in progress to explore the floor effects and additional 
aspects of the general problem.) 

Table 2 shows the electrical-analogy results for the bare ex- 
posed beam which is connected, physically and thermally, to the 
vertical sheathed column. Attention is again drawn to the fact 
that, in going from the outside air to the inside air at the column, 
different resistances ahead of the beam connection are traversed. 
These in sequence are associated with the following: Outside air; 
12 in. of brick; 12 in. of H-column steel, of web section primarily ; 
and then through the beam connection at the column to the beam- 
composite as a fin, with inside space air contacting its surface. For 
the column section away from the beam joint, there is the 6-in. 
cork insulation on the column flange, and the inside air. Though 
fin treatment could be visualized likewise for the column and the 
adjacent wall, for simplification here it is dealt with as a simple 
arrangement. 

On the basis of 0 F inside and +50 F outside, the C values of 
Table 2 have been translated into temperature, and thus the 
moisture-condensation possibilities may be predicted on the basis 
of atmospheric moisture conditions. The question of protection 
against the threatening aspects of the temperatures within the 
complex structure (Table 2) naturally invites consideration of 
insulation on the exposed beam surface, as a means of improving 
the temperature pattern at the column. This phase of the 
problem has been separately explored in a typical example and 
reported on (4). 


N lature 
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= fin length, ft 
= temperature, deg F 
= fin temperature-difference ratio, fraction of over-all value 
of 6, 
temperature difference, deg F 
fin characteristic = [(P/A,)(h/k)]'/* 
fin perimeter, ft 
fin cross-sectional area, sq ft 
= total temperature difference, over-all usually between 
fluid and fin base 


B Cc E 
0.02 
1.0 


cc 


co 
ost ce 


ce 


fluid surface heat-transfer conductance, Btu/(hr-sq 


ft deg F) 
hermal conductivity of solid material, ie (hr-sq ae 
F/ft), or on inch basis also 
q = heat-flow rate, Btu/hr 
R thermal resistance, deg F/(Btu/hr) 


Subseripts are introduced where required, and along with 
auxiliary symbols, are locally defined. 
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Discussion 


} Everetts, Jr This paper is of special interest, particularly 
as it further proves that heat transfer through extended surface is 
extremely important when the “‘fin’’ idea is applied to complex 
structures. 

This has been shown previously to be the case in naval vessels 
where framing members of the ship were contacted both by the 
weather temperature at one location and by conditioned air at 
another location, and which resulted in a greater air-conditioning 
load than normally would be anticipated. 

It is hoped that the authors will continue their work on this 
phase of temperature effects as a great deal of useful design know!l- 
edge can yet be gained through their procedural methods. 


5 Charles S. Leopold Company, Philadelphia, Pa. 
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P. E. Glaser.6 This paper deals most comprehensively with 
the analysis of finned structures found in many engineering uses. 
The application of electrical analogy by the resistance method to 
the solution of heat-flow problems which Professor Kayan has 
pioneered, and proved out in numerous instances seems to be 
particularly useful to the solution of the stated problem. By 
pointing out how to take into account the variation of physical 
properties, the authors’ approach can be applied more usefully to 
actual problems. This also underlines the necessity for a better 
understanding of the dependence of physical properties of ma- 
terials on temperatures, moisture, convection conditions, and so 
on. 

It would have been interesting to contrast the fin potential- 
difference ratio values obtained by the various methods by taking 
into account the variations in physical properties in addition to 
varying the fin cross-sectional area. 

The extension of the problem to include heat-transfer 
mechanisms to fins by radiation and convection would be most 
desirable. The analysis of extended surfaces used in high-tem- 
perature applications requires that the radiation heat exchange 
between the enclosure and the fin surface be taken into account. 
This entails the solution of a nonlinear differential equation 
usually with variable coefficients. Because numerical computa- 
tional methods are cumbersome, could an electrical analogy of 
this problem be set up to obtain the temperature distribution? 


E. L. Knoedler, Jr.’ The paper calls attention to the fact that 


6 Research Engineer, Arthur D. Little, Inc., Cambridge, Mass. 
Mem. ASME. 


7Senior Engineer, Sheppard T. Powell, Consulting Chemical En- 
gineers, Baltimore, Md. Mem. ASME. 
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often temperature variations of minor degree can be vitally im- 
portant in affecting the life of heated and cooled structures. 
Apparently, the concept of complex temperature patterns can 
be extended to trace heat flow through interconnecting steel 
parts which include machinery, buildings, ships, and other struc- 
tures. It is both revealing and interesting to find recognition of 
building structures as simply a finned proposition subject to the 


The generous comments of the discussers are much appreciated, 
not only because of their spirit, but also for their inspiration to 
tackle new problems. 

Professor Everetts has pointed to a particular field which ap- 
pears to abound in problems susceptible of fin-type heat-flow 
analysis, and involving not only aspects of increased heat loads 
but also difficulties of possible surface condensation, due to 
“eold’’ flow and temperature changes. 

Dr. Glaser is quite right in emphasizing radiation effect with 
high-temperature fin structures. This would call for a variation 
in effective surface-conductance value along the fin length as 
related to its temperature. It is to be noted that gas convection 
surface conductance added to equivalent radiation conductance 
gives the total surface conductance. As may be realized, 
radiation conductance depends on, among other things, the 
surface temperature and hence would have to be adjusted from 
point to point along the fin. 

Dr. Knoedler is quite right when he points out that the life of 
a heated or cooled structure can be affected. Unexpected 
temperatures can be developed within a steel-framed structure of 
either type of service, due to fin-type heat flow along component 
parts, at times disregarded, but of possible serious consequences. 


same kind of analysis. 
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Aluminum in Rolling Stock; 


Impact 


By R. A. CAMPBELL,' J. G. SUTHERLAND,? J. 


The impact tests at collision speeds reported in this paper 
demonstrate that aluminum has high impact resistance. The 
tests also prove that the welded aluminum center sill met the 
published design requirements of the AAR. Moreover, valua- 
ble data were obtained on body-to-sill connections and on the 
performance of draft gear and rear draft lugs. The information 
gained from these tests already has been incorporated in the 
design of 30 welded aluminum hopper cars built for the R. & S. 
Railway in 1957 as well as the 17 covered welded aluminum 
hopper cars now on order for Aljam and the 5 all-aluminum 
refrigerator cars now on order for the Canadian National Rail- 
ways. 

SEVENTY-FIVE impact tests, forty-seven of which involved 
forces of 500,000 to 947,000 lb and speeds of 5 to 15.4 mph, have 
proved that welded aluminum hopper cars have high resistance 
to impact. In these tests the “on-the-rail” weights of the “test’’ 
and “strike” cars were 168,000 and 200,000 lb, respectively, and 
the tests were stopped only because of the failure of the steel 
draft gear and lugs. The data obtained have shown that the 
welded aluminum center sill of the test car under dynamic loading 
meets the published design requirements of the Association of 
American Railroads (AAR). Also, these data have been used 
and will continue to be used in the design of better freight cars 
which can be built and operated economically. 


Introduction 


History 


A long-range program was started in 1945, to study the possible 
applications of aluminum to railway rolling stock. Promising ap- 
plications for aluminum were selected and examined carefully 
to determine whether they were technically, practically, and 
economically feasible. As a result, aluminum is being used in 
ever-increasing amounts for the construction of freight cars, 
particularly box cars, refrigerator cars, and hopper cars. 

In early applications, aluminum was merely substituted for 
steel. However, as experience proved that aluminum has ex- 
cellent resistance to the weather, to brine, and corrosive cargoes, 
and that it stands up well to service conditions, designs were 
altered to suit the characteristics of the newly developed alumi- 
num alloys which have good strength, excellent formability, and 
can be welded easily. The next logical step was to design and 
build whole structures in aluminum, and hopper cars with alumi- 


1 Manager, Development Division, Railway, Marine, Aluminum 
Company of Canada, Ltd., Montreal, Quebec, Canada. 

2? Head, Mechanical Testing Division, Aluminium Laboratories 
Limited, Kingston, Ontario, Canada. 

3 Senior Engineer, Publications Division, Aluminium Laboratories 
Limited, Kingston, Ontario, Canada. 

‘Railway Project Engineer, Development Division, Aluminium 
Laboratories Limited, Kingston, Ontario, Canada. 

Contributed by the Railroad Division of Tae American Society 
or MECHANICAL ENGINEERS and presented at the joint ASME-AITEE 
Railroad Conference, Cleveland, Ohio, April 9-10, 1958. 

Nore: Statements and opinions advanced in papers are to be 
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the Society. Manuscript received at ASME Headquarters, January 
8, 1958. Paper No. 58—RR-1. 
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Tests at Collision Speeds 


F. WHITING,’ ano R. A. KEMP* 


num center sills were among the first structural units to be built 
To prove the soundness of these designs and to gain a better 
knowledge of the stresses involved, it was decided to conduct 
impact tests at Aluminium Laboratories Limited, Kingston. 
These tests, the first of their kind to be carried out in Canada, 
were sponsored by the Aluminum Company of Canada, Ltd. 
Canada’s two major railways were greatly interested in the tests 
and rendered valuable assistance. 

af 


Description of Cars 
Test Car 

One of the 16 all-welded, covered, aluminum hopper cars built 
in 1956 for Alumina Jamaica, Ltd. (Aljam) by Marine Industries 
Ltd., was used as the test car because it was fabricated entirely 
of aluminum, including the center sill. This car, shown in Fig. 1, 
has a load limit of 136,500 lb and was fabricated from Alcan 
658-T6 (U.S. 6061-T6) extrusions and Alean B548S-H11 (U. 8 
5054) plate. Side sheets were '/, in. thick, the side posts were 
formed from plate */,4 in. thick and roof sheets were !/s in. thick. 

These covered hopper cars were built to a design which had 
proved satisfactory for service in Jamaica. However, since the 
cars were made in Canada a welded aluminum center sill of 
the AAR type was substituted for the lighter built-up center sill 
originally specified. The body-to-sill connections on these cars 
were not altered to suit North American requirements but, for 
the purpose of the impact tests, the pedestal connections on the 
car were replaced by diaphragms. These single diaphragms 
were joined by welding to the middle of the center sill and the 
hopper slope sheets. It was realized that the diaphragms were 
probably not adequate for service conditions, but would yield 
the required impact and fatigue data under test conditions. Also, 
additional end sill diagonal braces were added. This increased 
the empty weight of the car to 32,500 lb. The car was filled with 
crushed rock to give an on-the-rail weight of 168,000 Ib. 


Strike Car 


A Roberval and Saguenay Railway (R. & 8.) open hopper (No. 
1304) was used as the “strike” car during the impact tests. It 
was loaded with sand to give an on-the-rail weight of approxi- 
mately 200,000 lb. 

Aluminum hopper cars made their first appearance in Canada 
in 1948 when The Eastern Car Company Ltd. built 30 standard 
70-ton cars with riveted-aluminum bodies for the R. & 8. Railway. 
These cars were made from Alean 65S8-T6 (U. 8. 6061-T6) plate 
and extrusions. The weight saved per car by employing 6500 Ib 
of aluminum was 12,000 lb. Between 1949 and 1951, 60 addi- 
tional cars were built for this company bringing its total to 90 
aluminum ears. In 1952, the Canadian National Railways (CNR) 
ordered five cars of this type. In 1955, the R. & 8. Railway 
bought 28 aluminum open-bodied hopper cars of welded con- 
struction—a world first. These cars, illustrated in Fig. 2, in- 
corporated many new design features, some of which were the 
result of experience gained in operating the 90 riveted cars while 
others were the result of ten-year tests on cars built according to 
a new concept of hopper-car construction originated by Mr. R. 
Cabana of the R. & 58. Railway. Using the newly developed alloy 
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Fig. 1 


Fig. 2 
of these cars was used as the strike car. 


Alean B548, the structural-design staff of The Aluminum Com- 
pany of Canada, Ltd. (Alean) prepared the design brief and gen- 
eral-layout drawing. These were then modified by the Canadian 
Car Company Ltd. so that their modern fabricating techniques 
and equipment could be used. Aluminium Laboratories Limited 
made a substantial contribution at this time by supplying techni- 
cal information and training welders in the high-speed welding of 
aluminum. The light weight of these cars was 36,600 lb, while 
the load limit was 173,400 lb, which represents an increase in pay- 
load of 6 tons. 


Backup Cars 

As a safety precaution, four fully loaded boxcars were placed 
about 35 feet downgrade from the test ¢ar. The backup car 
nearest the test car was the all-aluminum R. & S. 1500. This 
50-ton car was designed by Alcan and built for the R. & 8. Rail- 
way by the Angus Shops of the Canadian Pacific Railway Com- 
pany (CPR) in 1949. The R. & 8. 1500 was the first boxcar 
with an all-aluminum body, underframe, and center sill of riveted 
construction in which 9500 lb of aluminum was used to give a 
light weight of 34,000 lb. The weight sdved over a standard 
steel car was 12,100 lb. It was loaded to capacity with aluminum 
ingot which was held in place with steel strapping. 

The other three backup cars were decommissioned boxcars 
made available by the CNR; they were fully loaded with sand. 


Test car of all-aluminum welded construction including underframe with AAR-t} 


n open hopper cars with welded aluminum bodies riveted to standard steel center sills. 


ter sill 


One 


The hand brakes on all of the backup cars were set and prior to 
each test the cars were checked to see that the emergency air- 
brakes were fully applied. 


Instrumentation 

Electrical resistance SR-4 strain gages, type A5-1, were located 
on the test car to determine the stresses at various locations along 
the center sill and in the body-to-sill connections as well as to 
determine the distribution of force from the center sill to car body. 
Table 1 gives a description of the various gages and their locations, 
while Fig. 3 illustrates the gage locations. During the first series 
of tests, gages 21 and 22 were added to replace gages 11 and 19 
which had already provided sufficient data. The gages were 
connected in three different ways depending on the strain meas- 
urement desired: A single gage was used to indicate one com- 
ponent of strain at a point, two gages were used in series on op- 
posite sides of a member to record average strain and cancel bend- 
ing strain, or four gages were used in series-parallel to average 
the direct strains from two members, again canceling the bend- 
ing strains. This latter arrangement was used on the end-sill 
diagonal braces. 

Compensating gages, either singly or in pairs as required, were 
mounted on 4-in. squares of '/,-in-thick aluminum which were 
housed in a box just outside the instrument station. Short 
shielded lead wires were used to connect these gages to the in- 
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Fig. 3 Location of strain gages on test car 


struments. The capacitance of the lead wires to the active gages 
was balanced approximately by fixed capacitors across the com- 
pensating gages. Also, the additional resistance of the lead wires 
in the active arm of the bridge circuit was balanced approximately 
by ashort length of constantan wire in series with the compensat- 
ing gage. The active and compensating gages formed two arms 
of a bridge circuit, while the other two arms were an integral part 
of the balancing and amplifying units of the oscillographs. 


The impact force was determined by a dynamometer which re- 


placed the coupling on the test car, Fig.4. Since the dynamome- 
ter was subjected to bending strains, because it was difficult to 
center it with the impact ram of the strike car, it was necessary 
to provide a gage circuit which would cancel bending strains and 
indicate only average strain or thrust. Two longitudinally 
directed gages were mounted near the edge of each face of the 
reduced section of the dynamometer, as shown in Fig. 5, thus pro- 
viding a total of eight gages. A similar arrangement of eight 
transversely mounted gages was provided to improve the sen- 
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Table 1 Location and purpose of strain gages on test car 


1 Dynamometer replacing coupler on impacted end of test 
car; to indicate impact force applied to center sill. 

2C Two gages on the centroid of the end sill diagonal brace 
in tension on side C; gages connected in series to indicate average 
axial strain. 

2D Two gages on the centroid of the end sill diagonal brace 
in tension on side D; gages connected in series to indicate aver- 
age axial strain. 

Gages 2C and*2D were connected in parallel to indicate 
average axial strain in the end sill diagonal braces in tension on 
the impacted end of test car. 

3&4 Two longitudinally directed gages on the lower flanges 
of center sill at section A-A; to indicate strains in extreme fibers. 

5 Single gage on the underside of top of center sill at section 
A-A; to indicate longitudinal strain. 

6&8 Two longitudinally directed gages on the lower flange 
of center sill at section B-B; to indicate strains in extreme fibers. 

7 Single gage on the underside of top of center sill at section 
B-B; to indicate longitudinal strain. 

9 Two gages, one on the front and one on the back of the 
vertical member at the center of the bolster truss at the im- 
pacted end; to indicate average strain. 

10 Single gage on the first full-length side post at the impacted 
end; to indicate maximum bending strain due to lateral pressure 
of shifting load. 

11 Two gages near the centroidal axis of the inside diagonal 
member of the bolster truss; to indicate the average axial strain. 

12 Two gages near the centroidal axis of the outside diagonal 
member of the bolster truss; to indicate the average axial strain. 

13 Twog mounted transversely on the top of the center 
sill near the fillet weld at the back end of the center diaphragm; 
gages connected in series to indicate the bending strain in the top 
of the center sill caused by the upward force exerted by the dia- 
phragm. 

14 Two gages mounted vertically */, in. from the back edge 
of the center diaphragm and 2 in. above the top of the center sill; 
gages connected in series to indicate average tensile strain caused 
by upward force of diaphragm. 

15 Two gages mounted in the same manner as No. 14 but on 
the diaphragm at the impacted end of car; gages connected in 
series to indicate average tensile strain caused by upward force in 
diaphragm. 

16 ‘Single gage on the outstanding leg of slope-sheet stiffener 
angle at impacted end of car; to indicate bending strain caused 
by pressure of load. 

17 Two gages, one on each side of the diaphragm, at the im- 
pacted end of car; to indicate the compressive strain normal to 
slope sheet caused by the pressure of the load under impact. 

18 Single gage on slope sheet normal to the stiffener angles 
and close to the stiffener at impacted end; to indicate combined 
bending and membrane strain in the sheet near the edge of the 
panel. 

19 Single gage on the slope sheet normal to the stiffener 
angles and at the center of the panel at impacted end; to indicate 
the maximum bending and membrane strain in the sheet. 

20 Four gages on the centroids of the end sill diagonal brace 
in compression; gages connected in parallel to indicate average 
axial strain in the end sill diagonal braces in compression on the 
impacted end of test car. 

21 Two gages mounted transversely on top of center sill near 
the fillet weld at the back end of diaphragm at impacted end of 
car; gages connected in series to indicate bending strain in the 
top of center sill caused by upward force of diaphragm. 

22 One gage mounted longitudinally on the inside of the ver- 
tical leg of the side sill several inches behind the attachment of 
the bottom flange of the bolster to the side sill; to indicate longi- 
tudinal strain in side sill. 


sitivity and to compensate for changes in temperature. Two 
similar gages on each face were wired in series and then these 
gages were connected in parallel with the two similar gages on the 
opposite face. Hence one active arm of the dynamometer cir- 
cuit was arranged as shown in Fig. 5. All four arms of the bridge 
circuit on the dynamometer were active arms, two opposite arms 
(active) indicating compression and two opposite arms (com- 
pensating) indicating tension due to the effect of Poisson’s ratio. 
The dynamometer was calibrated statically in compression in a 
Universal testing machine to determine the sensitivity. = 


ALLOY STEEL 


ACTIVE OR 
LONGITUDINAL 


ACTIVE ARM A, 


Fig. 5 Details of dynamometer used to measure impact forces on 
test car 


The strain gages were wired back to the instrument station 
using 100-ft lengths of 18-gage shielded, rubber-jacketed cable. 
The lead wires were fastened securely to the test car using small 
metal clamps and nylon adhesive tape. Particular care was 
taken during this operation to fix the lead wires so that they would 
not exert any force on the gages during impact testing. The lead 
wires were then soldered to the gages and the joints were insulated 
from the aluminum by thin rubber tape. The gages were covered 
with a thin coat of wax and waterproofed with a thiakol-type 
rubber compound (Minnesota Mining and Manufacturing Co., 
EC-801). The thiakol compound in addition to its waterproofing 
function also helped to hold the ends of the lead wires firmly to 
the car. The lead wires were all brought to the impacted end of 
the test car where they were tied together in a group. The group 
of conductors was then laid in a wooden trough running along the 
side of the track toward the instrument station. In this way, the 


TRANSACTIONS OF THE ASME 
| 
( 
; Fig. 4 Dynamometer replacing standard type-E coupler on test car 
2-10" — 
| T 3 
| 
| 
a2 
= 
( 
| WV. A A, 
OR TRANSVERSE| > / 
A, 
= 


NOVEMBER, 1958 


Fig. 6 Velocity-measuring device 


conductors were dragged down the trough as the car was moved 
by an impact and were pulled back up the trough when the car 
was repositioned. As a safety measure, a pull-type disconnect 
joint was provided in each lead just outside the instrument 
station. 

The dynamometer and seven other circuits were connected 
through amplifiers to a Heiland oscillograph which recorded the 
signals on 8-in-wide photographic paper. Two types of galva- 
nometer were available: One was capable of measuring fre- 
quencies to 600 cycles per second and the other to 1000 cps; 
the latter type was used for the dynamometer. A chart speed 
of 36 inches per second was employed; at this speed the time- 
lines indicating 0.01 sec were about 0.36 in. apart. 

The strains indicated by the remainder of the gages were re- 
corded on a 12-channel Hathaway oscillograph owned and oper- 
ated by the C. N. R. This instrument used galvanometers ca- 
pable of measuring frequencies above 1000 cps. The 12-in-wide 
recording chart was run at a speed of 17 ips which resulted in the 
lines indicating 0.01 a see being spaced 0.17 in. apart. 

Throughout the tests the amplification on each channel was 
adjusted to obtain a reasonable signal amplitude on the chart. 
Frequent calibrations were made; these calibrations were facili- 
tated by built-in devices which gave a signal equivalent to a 
predetermined value of strain for the gage circuit used. 

The velocity of the strike car was measured using a device 
which consisted of a 12-ft length of 2 X 4-in. wood, fastened to the 
ties outside the rails, in which pairs of round-headed brass screws 
were located every 4 in. The screws were wired in parallel and 
the lead wires were connected through dry cells to the Heiland 
oscillograph. A spring wiper mounted on the strike car short- 
circuited each pair of screws as it moved past, as shown in Fig. 6. 
The signals thus provided were recorded on the Heiland oscillo- 
graph and gave a precise measure of time lapses between impulses. 
A Brush oscillograph was used to provide a visual but less ac- 
curate measure of the strike-car velocity. 

Deflection measurements were taken after each impact test 
to determine the amount of residual deformation in the end and 
center sill of the test car, and in the sides and center sill of the 
strike car. Piano wires were used as reference lines and deflec- 
tions were obtained by measuring with a ruler the distance be- 
tween the wire and the car body or center sill. 

Test Site and Facilities 

The impact tests were carried out on a straight section of 
track near Aluminium Laboratories Limited having the following 
grades: 


175 ft of 0.75 percent grade 


250 ft of 2.5 per cent grade 
450 ft of 3.8 per cent grade 


The location of the point at which the impacts were to occur 
was chosen to be about 100 ft down the 3.8 per cent grade. By 
starting the strike car from various locations on the grades above 

his point, it was possible to obtain strike velocities up to about 
6 mph. A 200-hp yard engine was used to spot the strike and 
test cars. 


Testing Procedure 


The standard braking systems on the test and strike cars were 
iodified to permit accurate braking of the cars by remote con- 
‘ol. This was accomplished by using electric solenoid valves 
perated by limit and hand switches. The limit switches were 
laced on the ties beside the track and were tripped by the mov- 
ig cars, while the hand switches were operated from the control 

station. The limit and hand switches were interconnected as a 
safety measure. The air brake reservoirs were charged, on both 
sides, with air at 90 psi which permitted about four brake ap- 
plications before the pressure dropped to the standard train air 
line pressure of 70 psi. 

Fig. 7 gives an over-all view of the test site, cars, and in- 
strument station. The general procedure followed during the 
tests was to spot the test car at a set location and to spot the 
strike car at a predetermined distance up the track, and hold it 
there temporarily by means of its braking systems and wooden 
chocks. While the strike car was being positioned, the oscillo- 
graphs were balanced and calibrated. When this had been com- 
pleted, the traffic-control operator ordered all personnel from the 
test site by means of a public-address system and then released 
the brakes on the strike car. The limit switches of the braking 
systems were located so that the brakes on the strike car were 
applied at the moment of impact while those on the test car 
were actuated about 2 ft down the grade from the point of impact. 
The test car was held in position before impact by a light appli- 
cation of the hand brake. After each impact the test car was 
inspected for damage and end-sheet deflection. The cars were 
then repositioned and the testing continued. 

An outline of the impact test program is given in Fig. 8 where 
it can be seen that the 75 tests can be divided conveniently into 
six series: 

The first series consisted of 23 tests of which the first 13 im- 
pacts were at a force of about 200,000 lb and were carried out to 
determine the details of car handling and instrumentation. Dur- 
ing the last 10 impacts the force was increased gradually up to 
690,000 Ib. Throughout this series of tests, the test car was not 
backed up and both the test and strike cars were equipped with 
friction draft gear. 

The second series consisted of 15 tests (Nos. 24 to 38) and was 
conducted mainly to check the reproducibility of results and to 
determine the effect of impact forces ranging from 550,000 to 
870,000 lb. During the second series, the test car was not backed 
up and both the test and strike cars were equipped with friction 
draft gear. After test No. 36, the loads in both cars were re- 
leveled. 

The third series consisted of 8 tests (Nos. 39 to 46) during which 
the test car was backed up by four fully loaded and braked box- 
cars. The backup cars were coupled together and about one 
half the slack had been taken up in their friction draft gears. 
During the third series of tests the impact force varied from 300,- 
000 to 840,000 Ib. After test No. 42 the sand in the strike car 
was releveled and shored. 

The fourth series consisted of 10 tests (Nos. 47 to 56) during 
which the behavior of various components of the test car under 
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Steel Center Sill. 
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Sill. Riveted Construction. 
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100,000 1b 
134,600 1b 
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Fig. 7 Impact-testing site showing strike, test, and backup cars, and instrument station 


impact was studied using a high-speed (Fastax) movie camera. 
In this series of tests the test car was not backed up and the im- 
pact force ranged from 800,000 to 930,000 lb. Poth cars were 
equipped with friction draft gear. 

The fifth series consisted of 7 tests (Nos. 57 to 63) and was car- 
ried out to determine the effect on impact force of the damage to 
the car and draft gear incurred during previous tests, as well as 
the effect of the shifting and releveling of the loads. During 
this series, the test car was not backed up and both the strike and 
test cars were equipped with friction draft gear. The impact 
force varied from 240,000 to 820,000 lb. 

The sixth series consisted of 12 tests (Nos. 64 to 75) and was 


FIRST SERIES SECOND 


carried out after the steel draft lugs in the test car had been re- 
paired and the friction draft gear had been replaced by rubber 
draft gear in both the strike and test cars. During this series, 
the test car was not backed up and the impact force was increased 
from 170,000 to 947,000 lb. 

Complete oscillograph records of force, velocity, and strains 
were obtained for each impact. After each test, the strike and 
test cars were inspected carefully for deformation and damage. 
Also, the loads in both cars were inspected frequently to deter- 
mine the amount and effect of shifting. During the tests it was 
necessary to relevel the loads several times, as mentioned pre- 
viously. 
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Fig. 8 Outline of impact test program and forces involved 
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Test Results 
Center Sill 


The results of 75 impact tests indicate that the aluminum center 
sill could withstand considerably higher forces than the 947,000 
lb obtained, since the tests were limited by the failure of the 
welded-steel draft lugs. Notes from the design brief for the two- 
piece extruded aluminum center sill are given in Fig. 9. The 
force for each of the 75 impacts is given in Fig. 8, while the average 
longitudinal compressive stresses developed in the aluminum 
center sill under the first hopper are given in Fig. 10. The aver- 
age compressive stresses obtained in the first series of tests are 
lower for the same impact load than those obtained in the later 
tests because damage to the welds connecting the impact end dia- 
phragm to the center sill and damage of the connections of the 
impact end diagonal braces changed the force distribution be- 
tween the center sill and the car body. There were no appreciable 
differences between the center-sill stresses found when the test 
car was backed up by the fully loaded boxcars and those when the 
test car was free. This is because the peak impact force was 
reached before the test car had moved sufficiently to close fully 
the draft gears in the backup cars. The relationship between 
impact force and velocity of the strike car is shown in Fig. 11. 

The short time intervals required to reach the peak force dur- 
ing a typical impact are shown on the chart trace in Fig. 12. For 
example, at an impact velocity of 9.85 mph, 0.03 sec was re- 
quired for the closure of the draft gears on the strike and test 
cars, a further 0.01 sec to reach a peak force of 872,000 lb, and 
another 0.03 sec was required for the load to drop to about 10 
per cent of the peak force. 


Damage to Test Car 


Draft Gears and Lugs. The most serious damage to the test car 
was caused by the failure of the steel draft gear and lugs. In the 
first series of tests, the friction draft gear suffered excessive de- 
formation in the body of the gear itself and in the end piece which 
made contact with the draft lugs as shown in Fig. 13. At the 
same time, the rear draft lugs attached to the center sill were 
seriously deformed (see Fig. 14). They were repaired later by 
welding. The rivets holding the draft lugs to the center sill 

were tight, indicating that these connections were adequate. 
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Fig. 9 Design brief for two-piece extruded aluminum AAR-type 
center sill in Alcan 65S-T6 alloy 
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Fig. 10 Average longitudinal compressive stresses, excluding bending, in the aluminum center sill 


of test car under the first hopper. 


Bending stresses did not exceed 7000 psi. 
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Relationship between impact forces and velocity of strike car 


GALGE MAKIMUM CALIBRATION 
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Fig. 12 Typical oscillograph record, test No. 38, in which impact force was 872,000 lb and velocity was 9.85 mph 


Further proof of this was found in high-speed photographs taken 
at 3000 and 4000 frames per sec by the National Research Council 
of Canada. 

In the final test, the steel rear draft lugs failed completely. 
This allowed the rubber draft gear to be driven back into the 
combined bolster center-filler and rear draft-lug assembly which 
caused some bulging of this assembly and the center sill and some 
damage to the draft gear itself. Fig. 15 illustrates the gen- 
eral damage to draft lugs, center-filler assembly, and center sill. 
It also shows that the center-sill weld was adequate. Fig. 16 
illustrates the damage to the rubber draft gear and draft lugs. 

Body-to-Sill Co ions. The impact tests confirmed that 

Body-to-Sill Connections. Lhe imy 


the body-to-sill connections on the strike car were adequate and 
superior to those used on the test car. When the modifications 
to the body-to-sill connections on the test car were being made, 
prior to the impact tests, it was realized that these connections 
would probably fail when an impact force of 1,000,000 lb was 
placed on the center sill. The distribution of force estimated at 
that time for such a high-impact loading is given in the top line 
of Fig. 17 while the average distribution determined by tests for 
impacts up to 500,000 lb is shown in the second row of figures. 
Table 2 lists the actual forces measured during a number of rep- 
resentative tests. At impacts above 500,000 Ib the distribution 
of force varies slightly as can be seen from the data in Table 2. 
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Fig. 13 Damage to friction draft gear after 63 impacts during which 
the maximum force was 935,000 Ib and the maximum velocity was 
11.1 mph 


Fig. 14 Damage to steel rear draft lug after 63 impacts (see Fig. 13) 


During test No. 28 in which the impact force was 715,000 lb, 
the end-sill diagonal braces at the impact end of the car carried 
a total longitudinal component of 236,000 lb. This represented 
an average tensile stress of 25,500 psi in the two end-sill diagonal 
braces. At this stage a small crack was detected in the weld 
joining one end of one of these members to the bottom flange of 
the bolster. This weld failed during test No. 34 in which the 
impact force was 810,000 lb and the average tensile stress in the 
two end-sill diagonal braces was 29,800 psi. The joint was re- 
paired by using four °/s-in-diam high-tensile steel bolts, as shown 
in Fig. 18. No further damage occurred in the joints of the end- 
sill diagonal braces at the impact end of the test car, even though 
the maximum tensile stresses in the repaired member reached 
32,800 psi and in the other member they reached 34,900 psi. 
The maximum of the average compressive stresses reached in 
the other two end sill diagonal braces was 36,200 psi. 


Fig. 15 Damage to steel rear draft lugs and bulging of steel draft 
lug assembly and aluminum center sill after 75 impacts. The maxi- 
mum force was 947,000 lb and the maximum velocity was 15.4 mph. 


Fig. 16 Damage to rubber draft gear and steel rear draft lugs and 
assembly after impact test no. 75 (see Fig. 15) 


The yielding of the end sill diagonal braces in test No. 34 caused 
more of the impact force to be taken up by the diaphragms, This 
redistribution of force resulted in a longitudinal displacement 
of 0.2 in. of the center sill in relation to the car body. Because of 
this displacement, there were tension as well as shear stresses in 
the welds joining the back ends of the front and middle dia- 
phragms to the center sill. These combined stresses caused 
the ends of the welds to crack progressively (see Fig. 19), but at 
the same time the diaphragms continued to carry most of the 
load for which they were designed, as can be seen from Table 2. 

Body. The body of the test car suffered no significant damage 
despite the large impact forces involved and the fact that the im- 
pacts were all in the same direction. 


Damage io Strike Car 

Draft Gears and Lugs. The combined bolster center filler and 
rear draft lug assembly used in the strike car was cast steel, 
while that used in the test car was a lighter welded-steel assembly. 
The cast-steel rear draft lugs did not fail during the test program 
but did undergo significant yielding as shown in Figs. 20 and 21. 
The design of the cast-steel lugs was superior to that of the welded 
type. In the cast lugs, the ribs were an integral part of the face 
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Impact Force. 


Component of impact force taken from the center sill by the two 
diagonal end sill braces in compression. 


— Component of impact force taken from the center sill by the two 
diagonal end sill braces in tension. 


Component of impact force taken from the center sill by the 
bolster, diaphragm and truck. 


Component of impact force remaining as compression in the center 
Sill under the first hopper. 


Component of impact force taken from the center sill vy the central 
diaphragn. 


Component of impact force remaining as compression in the center 
sill under the second hopper und hence distributed to tne back 
end of the car. 


Force distribution from center sill to car body. At high 
impact forces the distribution varies slightly. 


Table 2 Distribution of force from center sill to car body 
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P(BB) 
71.7 


103.0 
188.0 
247.0 
291.0 
303.0 
314.0 
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337.0 

55.2 
172.0 
260.0 
366.0 
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Fig. 18 Crack in weld joining end sil] diagonal brace to bolster Fig. 20 Damage to cast steel rear draft lugs after test No. 63. Note 
flange. Weld failed in test No. 34, during which the impact force deformation of ribs and face. 

was 810,000 Ib and the average tensile stress in the end sill diagonal 

braces was 29,800 psi. The joint wv i‘ 


Fig. 19 Crack in weld joining diaphragm to center sill caused by Fig. 21 Damage to cast steel rear draft lugs after test No. 75. 
combined tension and shear stresses developed during the 75 impacts Note deformation of ribs and face and  poamemne of crosstie. 


Fig. 22 Effect of impacts up to 15.4 mph on load and timber shor- 
ing in strike car. The tierods were added to counterbalance the 
forces exerted by the timber shoring which was held in place by 
wedges driven against the top of the car sides. 
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Fig. 23 


and side of the assembly, whereas in the welded type they were 
joined only by smal! fillet welds. Also, in the cast assembly a 
crosstie was provided to resist lateral bulging of the side of the 
assembly and center sill. No such crosstie was provided in the 
welded-steel assembly. 

Body. The body of the strike car suffered no significant dam- 
age throughout the 75 tests. - indication of the severity of the 
—_ can be gained from Fig. 22 by noting the damage to the 
2 X 12-in. and 5 X 5-in. havdwont timber shoring caused by 
shifting of the load in the strike car. At the conclusion of the 
tests, there was visible deflection of the side sheets caused by the 
sand being forced into the front end of the car by the impacts 
which were all in the same direction. When the sand was re- 
moved the deflection disappeared, which proved that it was elas- 
tic and not significant. 

Two of the four side braces, shown in Fig. 23, joining the car 
sides to the hopper peaks failed because of the shifting of the load 
during the tests. It is significant that the two side braces which 
did not fail were reinforced where they joined the hopper peaks. 
The two tie rods visible in Figs. 22 and 23 were used to counter- 
balance the forces exerted by the timber shoring which was held 
in place by wedges driven against the top of the car sides. 


Summary 

The impact tests at collision speeds have demonstrated that 
aluminum has high impact resistance. The tests also proved 
that the welded-aluminum center sill met the published design 
requirements of the AAR. Moreover, valuable data were obtained 
on body-to-sill connections and on the performance of draft gear 
and rear draft lugs. 

The information gained from these tests has already been in- 
corporated in the design ef 30 welded aluminum hopper cars 
built for the R. & S. Railway in 1957 as well as the 17 covered 
welded aluminum hopper cars now on order for Aljam, and the 
5 all-aluminum refrigerator cars now on order for the CNR. 


Damage to body side braces in strike car 


Discussion 


Thomas C. Gray.’ The discusser’s company is much interested 
in the potentialities of aluminum in rolling stock and has done 
considerable research and development along with the building of 
some aluminum cars. 

A real worth-while contribution has been made in the design, 
building, and testing of these Canadian cars. The discusser cer- 
tainly wants to congratulate the authors for their most interesting 
paper. However, the statement therein pursuant to tests being 
limited by failure of welded steel draft lugs is of concern to us. 

Our draft lug arrangement is our standard welded built-up and 
are-welded design which we believe has well proved its sufficiency 
by more than 20 years of service. The welded striker, welded 
draft lugs, and welded center filler are all important components 
in our design, thoroughly proved in service after passing many 
static tests, unit impact tests, as well as car impact tests. This 
standard type construction is essentially standard on nearly 200,- 
000 cars and provides the all important advantages of sturdy 
construction combined with savings in weight and costs. We 
have used two welded hopper cars with this construction as 
striker cars in our research laboratory car impact tests. These 
two cars have experienced 1956 impacts with velocity range im- 
pact from 1 to 16 mph and in varying ambients from well below 
852 of these impacts were at 5 mph or lower. 
1104 were at speeds of 5 mph or over. The great majority of 
these tests were with rail weight of 169,000 lb. 73 of the im- 
pacts resulted in impact forces of more than one million pounds. 
There have been no failures or alarming damage to the draft lugs 
after these tests. We can only conclude that the draft lug design 
used in the Canadian test, both welded and cast types, is ques- 
tionable 


freezing to 90 F. 


6 Vice-President, Engineering, Pullman-Standard Car Manufactur- 
ing Company, Chicago, Ill. Fellow ASME. 
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We would like tothank Mr. Gray for his comments on our paper. 
We agree with his conclusion that the draft lugs used in both of 
the cars involved in the tests were inadequate. 

When the impact test program which has been described was 
undertaken, there was no intention of trying to evaluate or com- 
pare the performance of different designs of draft lugs. In fact, 


Authors’ Closure® 


6 Written by J. G. Sutherland. 
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during execution of the tests it became evident that too little 
attention had been given to this component of the cars. The 
results which we have given regarding the performance of draft 
lugs apply, of course, only to those designs which happened to 
have been used in the test cars. We do not doubt that adequately 
strong draft lugs, of either the welded or cast type, are available 
or can be designed. In fact, compared to those used in the test 
car, draft lugs of improved design have been used in aluminum 
cars which have been built since completion of this test program, 
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Vibration and Shoc kj in Freight Cars as 


Causes of Lading Damage 


By JAMES C. SETTLES,' COLUMBUS, OHIO 


The high costs resulting from merchandise damaged in rail- 
way freight transit in recent years indicate a need for improve- 
ment and justify major changes in equipment design where neces- 
sary to meet the requirements of present operating conditions. 
Vibration and shock are two probable causes of lading damage. 
These two problems are analyzed briefly and on the basis of the 
findings methods are suggested for improving equipment design 
to reduce damage to both lading and equipment due to these two 
causes. 


Introduction 


Ir 1s common knowledge that since about 1950 the railroads of 
the United States have been paying shippers an average of about 
$100,000,000 annually for freight damaged in transit. Costs 
such as these indicate a need for improvement and justify major — 
changes in equipment design where necessary to meet the re- 
quirements of present operating conditions. 

Damage in transit is due to dynamic forces exerted upon the 
car and the lading by the motion of the car. Vibration and 
shock are two possible sources of such forces. 

Vibration of the type which may become damaging can be 
caused by the wavy nature of the road bed over which the car 
runs. The body is forced to oscillate on its springs at the same 
frequency at which the car passes over the rail waves. Under 
certain conditions of speed the motion of the body may become 
quite large and the acceleration of the vibration may produce 
forces which are damaging to fragile lading. These accelerations 
occur at the rate of about 300 in each direction, up and down, 
per mile of track traveled. Even if not excessive in magnitude, 
they can by their very number produce an accumulation of 
damage to fragile lading. 

Shock may be caused by end impacts between cars in train 
service or during switching or humping operations. The forces 
developed in such end impacts can be destructive to both lading 
and equipment. 

In order to recommend effective methods for improvement, 
it is necessary to analyze both of these problems separately 
and to compare the operating characteristics of present equip- 
ment with the proper requirements for improved operating 
conditions. 


FORCED VIBRATION OF THE CAR BODY 
The Track 


The track provides the forcing function. The rails are more 
flexible and the ballast tends to become dislocated more readily 
at the joints than at the centers of the rails. These conditions 
produce a wavy track profile over which the vehicle passes with 
the waves repeating every half rail length when both rails of the 


1 Assistant Chief Mechanical Engineer, The Buckeye Steel Castings 
Company. Mem. ASME. 

Contributed by the Railroad Division of THe AMERICAN Society 
or MECHANICAL ENGINEERS and presented at the joint ASME- 
AIEE Railroad Conference, Cleveland, Ohio, April 9-10, 1958. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Janu- 
ary 8,1958. Paper No. 58—RR-4. 


(c) 
BOUNCE AND PITCH 


Fig. 1 Track forcing conditions 

track and the staggered locations of the joints in opposite rails 
are considered. Regardless of the exact profile of the waves, 
the track exerts a periodic forcing amplitude on the bottoms © 
of the load-supporting springs as the car moves over it. 

This forcing action induces forced vibrations of the car body 
both linear and/or rotational depending upon how the car wheel 
base fits the rail joints. Fig. 1 shows three possible conditions 
of fit. In (a) the wheel base of the car is equal to some multiple — 
of the wave length and only linear motion or “bounce” of the 
body is induced. In (6) the wheel base is equal to some multi-— 
ple plus one half of a wave length and only rotational motion or | 
“pitch” of the body is induced. In (c) the wheel base fits be- | 
tween a multiple and a multiple and a half of a wave length and | 
both bounce and pitch of the body are induced simultaneously. 
Furthermore, the staggered joints in opposite rails tend to induce 
a forced “rolling’’ motion of the body combined with the bounce 
and pitch. 

These three modes of vibration of the car body—bounce, 
pitch, and roll—are independent of each other and may occur 
separately or simultaneously depending only upon the forcing 
conditions. The total motion of the body is the sum of the | 
independent motions. 

Railroad cars are also subject to vibration in other degrees of 
freedom due to causes other than rail profile. These motions 
are studies in themselves and are not considered in this dis- 
cussion. 


Amplitude and Acceleration of the Body 


Fig. 2 shows typical amplitude curves for forced vibrations of 
one degree of freedom such as those considered herein. These — 
curves show the relation between the amplitude of the motion 
of the body and the forcing frequency or the speed of the car. 

We are interested primarily in the acceleration produced by 
the vibration because it is a direct measure of the force exerted 
upon the body and the lading and, therefore, an indication of — 
possible lading damage. The magnitude of the acceleration is 
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proportional to the product of the square of the speed of the car 
and the amplitude of the motion of the body. Consequently, 
we can have large amplitude of motion at very low speeds without 
producing high accelerations. At high speecs, however, the 
amplitude must be very small in order to avoid high accelerations. 

Curves are shown in Fig. 2 for two conditions of damping: 
Zero, and sliding friction as used in most modern friction-con- 
trolled trucks. When the speed is very slow the body tends to 
follow the rail waves for both conditions of damping and there 
is practically no flexure induced in the springs. Consequently, 
both curves start at the ordinate one. 

If the damping is zero [1, 4],? the amplitude of the forced 
motion increases as the speed increases and becomes indefinitely 
large at the resonant frequency or critical speed. At this point 
the forcing frequency is just equal to the natural frequency of 
the system. As the speed increases beyond the critical speed the 
amplitude of the motion reduces and becomes equal to the am- 
plitude of the rail wave when the speed equals +/2 times the 
critical speed. If there were no springs in the car, the amplitude 
curve would follow the ordinate one for all speeds. Therefore 
up to the \/2 times the critical speed no benefit is obtained from 
the springs as far as the amplitude of the forced vibration is 
concerned. Beyond this point, however, the amplitude of the 
body continues to reduce and when the speed reaches five to 
seven times the critical speed good cushioning is obtained. At 
five times the critical speed the amplitude of the body is 1/24 
the amplitude of the rail wave and at seven times the critical 
speed it is only 1/48 the amplitude of the rail wave. For pur- 
poses of illustration we shall use the lower speed of five times 
the critical speed as that at which good cushioning action is 
obtained. At these high speeds the disturbances from the rail 
occur so rapidly that the body does not have time to follow 
them and the spring suspension, therefore, isolates the body from 
the rail irregularities. This is the typical character of an un- 
damped forced vibration of one deg-ve of freedom and is equally 
valid for each of the respective motions considered herein. The 
curve of Fig. 2 shows that in order to obtain any benefit from 
the spring suspension it must be soft enough for the usual operat- 
ing speeds to be at least equal to ~/2 times the critical speed 
and preferably five or more times as great. 

Fig. 2 shows several horizontal speed scales for a half-loaded 
car which corresponds approximately to a fragile-lading load. 
These scales are all for bounce on 39-ft rail lengths. Similar 
scales for pitch generally have higher corresponding speeds 
depending upon the distribution of the load in the car. The 
first scale is for a freight car equipped with AAR Standard 15/,- 
in. total-deflection springs. The critical speed occurs at 60 mph, 
benefit of the springs starts at 85 mph, and good cushioning is 
obtained at 300 mph. It is obvious that such a car operates at 
all practical speeds in the hard-riding region of its spring sus- 
pension and that the lading carried by it is subject to possible 
damage from high accelerations. 

Modern friction-controlled trucks have improved the situa- 
tion by softening the springs, thereby reducing the critical 
speed, and by adding dry sliding friction to absorb some of the 
energy of the vibration. Fig. 2 shows the approximate amplitude 
curve for Coulomb or dry sliding friction [2, 5, 7] as provided 
in most modern trucks. The addition of the friction does not 
change the value of the critical speed but does narrow the peak 
of the curve and reduces the amplitude of the forced motion for 
all speeds except zero and the critical. It is still possible, how- 
ever, for the amplitude to build up indefinitely if the car is held 
at the critical speed for a sufficient length of time. 

The second speed scale of Fig. 2 is for modern friction-con- 
trolled trucks equipped with AAR Alternate Standard 3!/j.-in. 
~~ 2 Numbers in brackets designate References at end of paper. 
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Fig. 2 Amplitude-speed curves (one degree of freedom) “ail 


total-deflection springs. For these springs the critical speed is 
35 mph, benefit of the springs starts at 50 mph, and good cush- 
ioning is obtained at 175 mph. Although these springs fail to 
place the full range of operating speeds in the good-riding re- 
gion, they do represent a substantial improvement over the 
earlier spring arrangements using AAR 15/,-in. total-deflection 
coil springs. Furthermore, the amplitude of the motion has 
been reduced somewhat by the addition of the sliding friction. 

By far the most effective procedure for improving such con- 
ditions, and the one which is usually employed where possi- 
ble, is to greatly soften the spring suspension as indicated by 
the speed scale marked “improved” in Fig. 2. Here the critical 
speed has been shown as 10 mph, benefit of the springs starts at 
14 mph, and good cushioning action is obtained at 50 mph. 
The range of usual operating speeds now falls in the region where 
benefit is obtained from the springs. Furthermore, the accel- 
erations resulting from forced vibrations of this soft suspension 
would be relatively small because the high amplitudes occur at 
relatively low frequencies and at the high frequencies the 
amplitudes are very small. 

The static spring deflection required to produce this result is 
about 17!/2 in. This approximates passenger-car conditions and 
is one of the basic reasons why passenger cars ride better than 
freight cars. It is not practical to use ordinary springs of this 
softness in present freight cars because the coupler height limi- 
tations will not permit a static spring deflection between light 
and loaded car much greater than the 2 in. now produced by 
the present 3""/j-in. total-deflection springs. Two possible 
methods of softening the spring suspension without violating 
the coupler height limitations are: (1) Springing the car body 
above the coupler; and (2) using constant height air springs. 


The Dynamic Vibration Absorber 

In cases where it is not possible to soften the suspension and it 
is, therefore, necessary to operate at frequencies in the poor-cush- 
ioning region, other means can be used to reduce the amplitude of 
the forced motion in the region of resonance. There are several 
methods of accomplishing this result. One very effective method 
which will be described briefly is the use of the principle of the 
dynamic vibration absorber (3, 6, 8, 9]. 

When applied to a vehicle such as railway car, the absorber 
should be arranged as shown in Fig. 3, in order to make it ef- 
fective in controlling bounce, pitch, and roll, simultaneously 
(10, 11]. This is a diagrammatic representation of a vehicle 
consisting of a main mass or body portion m, supported near 
each end by a main spring k;. Identical absorber masses m, 
are mounted on the main mass near each end, each by a spring kz. 
Viscous damping b is provided between each absorber mass and 
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Fig. 3 Dynamic vibration ab- 
sorber for bounce, pitch, and roll 
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Fig. 4 Amplitude curves for a dynamic vibration absorber system 
tuned to the optimum 


the main mass. Each absorber mass extends across the width of 
the main mass as shown in the end view. Under bounce ex- 
citation the absorber masses will move vertically in phase with 
each other. Under pitch excitation they will move vertically 
180 deg out of phase with each other and under rolling ex- 
citation they will rotate about the horizontal axis through their 
centers of gravity in the end view. All of these motions of the 
absorber masses can occur independently of each other and, if 
the absorber arrangement is designed properly, all three of these 
forced motions of the main mass can be controlled effectively 
and simultaneously. 

Fig. 4 shows typical amplitude curves for the main mass of 
Fig. 3. Three conditions of damping are shown: Zero, infinity, 


and optimum. 


When the damping is zero the system has two resonant frequen- 
cies at which the amplitude builds up indefinitely. Between the 
two resonant peaks there is one frequency at which the amplitude 
is zero. This characteristic is very useful in systems which 
operate at a fixed frequency but is not particularly useful in 
connection with vehicles which operate over a wide rangefof 
speeds. Damping must be added between the auxiliary masses 
and the main mass in order to make the absorber effective over 
a wide range of frequencies. 

When the damping is infinite the auxiliary masses and the 
main mass are locked together and the amplitude curve for this 
condition has only one resonant frequency similar to the curve 
shown in Fig. 2. 

These two sets of curves of Fig. 4 cross each other at two points 
indicated as P and Q. Since these two points are common to 
both sets of curves the amplitude at each of these frequencies 
is independent of the damping and depends only upon the 
“tuning” of the system; that is, the relation of the auxiliary 
and main masses and their respective springings. Optimum 
tuning is that which makes the amplitudes at points P and Q 
equal and is the proper criterion for the design of the auxiliary 
springs. The system of Fig. 4 is tuned to the optimum. Opti- 
mum damping is that which makes the amplitude curve hori- 
zontal at points P and Q. The curve for optimum damping is 
shown in Fig. 4, from which it will be seen that points P and Q 
have the same amplitude due to the optimum tuning and the 
curve is practically horizontal at both of these points due to the 
optimum damping. The resonant peaks have been eliminated 
and the dynamic vibration absorber when tuned and damped 
in this manner produces a practically uniform low amplitude of 
motion of the main mass throughout the range of speeds in which 
freight cars are now subject to their worst riding conditions. 


Fig. 5 Arrangement of absorbers on a 
freight car 
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In general, the optimum tuning and damping for bounce and 
pitch for a boxcar are near enough alike that the average of them 
produces excellent results in controlling both of these motions. 
The optimums for roll can be made equal to the average optimums 
for bounce and pitch by properly spacing the auxiliary-mass 
springs and dampers transversely of the car. Consequently, 
the absorber arrangement shown in Fig. 3 can be made effective 
to control simultaneously bounce, pitch, and roll substantially 
as illustrated by the optimum curve of Fig. 4. 

Both the optimum tuning and the optimum damping depend 
upon the ratio of the weights of the absorber and main masses. 
In order to maintain optimum conditions for all loads, this mass 
ratio must be maintained as a constant. To accomplish this 
result, and as indicated in Fig. 5, it is proposed that the floor at 
each end of the car be arranged as a platform properly spring 
supported on the underframe and properly damped; that is, to 
the optimum conditions. These platforms should have a weight 
equal to some predetermined ratio of the spring-supported 
weight of the empty car and this same ratio of the weight of 
any lading placed in the car should be carried on these plat- 
forms and the remainder should be carried on the rigid floor of 
the car. 

In this manner the mass ratio will remain constant and opti- 
mum conditions can be maintained for all loads. With the 
increasing use of palletized shipments or even packaged mer- 
chandise this arrangement should present no great difficulties 
of loading. 

SHOCK IN FREIGHT CARS 
Basic Conditions 


In any collision of two bodies a certain quantity of energy must 
be absorbed by them which depends only upon their weights 
and the square of their velocity of approach at the instant of 
collision. This quantity of energy will be absorbed by two 
colliding cars independently of the type or design of cushioning 
means used. The problem is to provide a mechanism which 
will absorb the required amount of energy without developing 
forces between the cars which are destructive to either the 
lading or the equipment. 

The energy absorbed by such a device is equal to the area under 
its force-closure curve from which it is obvious that the force can 
be kept relatively small only if the closure is relatively large. 
Furthermore, the shape of the force-closure curve of the device 
is important as will be seen in Fig. 6, which shows three typical 
types of force-closure curves for the same maximum force and 
the same maximum closure. Curve (a) shows a constant force 
acting throughout the entire closure which produces a rectangular- 
shaped force-closure curve. This is the optimum shape because 
it provides the maximum energy-absorbing capacity for a given 
maximum force and maximum closure. Curve (b) is for mechani- 
cal springs and the energy-absorbing capacity represented by 
the area under it is only one half that under curve (a). Curve 
(c) represents mechanical springs plus friction increasing with 
closure and is also similar to the static compression curve for 


rubber. The area under curve (c) is less than half that under 
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the optimum curve (a) for the same maximum force and maximum 
closure. 


Present Draft Gears 

Most friction-type draft gears now in service conform to an 
AAT Specification which limits the maximum energy-absorbing 
capacity of the gear to 324,000 in-lb (27,000 ft-lb). For com- 
parison with this AAR maximum capacity, Table 1 shows the 
amounts of energy in in-lb which must be absorbed in the col- 
lision of two like cars of the weights shown at various speeds 
of approach up to 20 mph. 

In Table 1, the spaces to the left of the heavy line fall within 
the maximum of 648,000 in-lb which assumes a gear of AAR 
maximum capacity in each of twocolliding cars. If collisions occur 
at higher speeds than these, both gears will close to a solid con- 
dition and the excess energy must be absorbed directly by the 
body and the Jading with resulting high forces being developed 
between the cars. Four to five miles per hour is the highest 
speed at which most cars should collide when equipped with 
friction draft gears in accordance with the AAR Specification. 
These conditions have been verified by impact tests and ex- 
cessive accelerations and destructive forces have been measured 
at speeds of approach above the gear-closure speed. 

More recently, rubber and also friction-type gears have been 
designed with somewhat increased capacity and closure com- 
pared with the earlier gears mentioned herein. 


Requirements for Improved Designs 

Damage to lading and equipment due to end shocks can be re- 
duced substantially if the following requirements are met: 

1 Maximum approach speed: 10 mph with an improved 
device in one car only. ; 

2 Force-closure curve: The rectangular shape is optimum. 

3 Maximum force: 450,000 lb to prevent damage to the 
equipment. 

4 Maximum acceleration: 3 and preferably 2 times gravity 
acceleration to prevent damage to the lading. ’ 

5 Recoil: Only sufficient to restore device to normal position 
in order to prevent recoil impact against closed coupler knuckles. 

6 Fragile lading: Should be secured to the car body in sep- 
arate units of small weight in order (a) to prevent secondary im- 
pacts within the car due to shifting of the lading and (b) to pre- 
vent excessive inertial forces being exerted against the lading in 
one end of the car during collisions. 

Table 2 shows these requirements applied to cars of various 
weights. It is assumed that the maximum energy condition 
for a car of any weight occurs when it is in collision with a 251,000- 
lb car. It is also assumed that the energy-absorbing mechanism 
provides a rectangular-shaped force-closure curve in all cases 
shown. 

Table 2 shows that the force developed must vary with the 
weight of the car in order to meet the acceleration requirements 
and the mechanism must at the same time use its full closure 
for all car weights in order to absorb the required amounts of 


energy. 


Table 1 Energy in 1000 in-pounds absorbed in collision of 


two like cars 


CAR SPEED OF APPROACH IN M.P.H. 


Capacity 6 7 8 9 10 


Empty 362} 495| 645) 1,008 


1/2 load 725| 988|1,290 2,016 


1,0-Ton 986 1,754 2,740 


50-Ton 2,180 3,402 


70-Ton 2,705 4,225 


100-Ton 3,235 5,050 
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If only one of two colliding cars is equipped with such an 
improved device, it will absorb most of the energy of the col- 
lision. If a mechanism with the characteristics shown in Table 
2 is provided in both of two colliding cars, the maximum speed 
of approach will increase from 10 mph to 14 mph. If the force 
does not remain constant during the entire closure, as is assumed 
in Table 2, the closure must be increased above the 12 in. shown. 

The maximum speed of approach for design purposes is de- 
pendent upon operating practices which may differ on different 
railroads. A single overspeed collision can cause extensive 
damage. For cars operating in interchange service, the capacity 
of the cushioning means should be designed for the worst con- 
ditions and preferably with some reserve capacity as a safety 
factor. 


Hydraulic Impact Energy Absorbing Devices 

We have been interested for some time in the problem of 
lading damage due to end impacts. Our work to date in this 
area includes the development of a direct-acting cylinder and 
piston-type metered hydraulic impact energy absorbing mecha- 
nism which can be applied to cars with AAR standard double-Z- 
type center sills. The following contains an explanation of the 
methods used to meter the mechanism and a brief review of the 
impact test results for two fully loaded 50-ton capacity cars 
equipped with AAR friction-type draft gears compared with the 
test results obtained when one of the cars was equipped with 
the hydraulic mechanism. 

The design requirements shown in Table 2 are difficult to 
meet using the usual type of draft gear construction. They can, 
however, be closely approached by use of a properly metered 
hydraulic type energy absorbing device. 

Compared to springs or rubber material, the hydraulic mecha- 
nism has the important advantage that it can be metered to pro- 
duce, within reason, any desired force-closure curve and, further, 
that it dissipates practically all of the energy which it absorbs. 
Theoretically, the closure is independent of the speed of collision. 
Consequently, if properly metered for one speed, there is little 
chance of solid closure at higher speeds. 

Fluid leakage and wear are perhaps the two most important 
maintenance problems in connection with the use of hydraulic 
mechanisms. It would seem, however, that some extra in- 
spection and maintenance of such mechanisms could be justified 
by the savings which they produce in damage claims. 

The energy which must be absorbed in the collision of two cars 
is given by Equation (1): 


W\W.V? 


2(W, + W2)g 


= the energy absorbed 

= the respective weights of the colliding cars 
the speed of approach at the instant of collision 
the gravity acceleration constant 


Table 2 Design requirements 
Acceleration Constant | |Capacity 
In Gravity Force |Ciosure) 1,000 


Accelerations|| 1,000 Lbs,| Inches |tn. Lbs. 1,000 In, Lbs, 


209 145 22 1,740 1,686 
250 2,880 


Collision snergy 
10 mep.h. with 
251,000 Lb, Car 


3,498 
4,04, 
4,584, 


5,050 


1A 
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Viscous forces developed during closure of the mechanism are 
usually small and can be neglected. The kinetic energy force 
due to closure of a hydraulic device depends upon the metering 
and is given by Equation (2): 


= the force developed 
the density of the fluid 
the net end area of the piston 
the velocity of closure 
= the discharge coefficient 
= the gravity acceleration constant 
= the area of the orifice 


The change in the velocity of approach of the two cars during 
collision is given by the impulse Equation (3): 


where 


= the velocity change in time dt 
the time interval considered 
the force acting during time dt 
= the gravity acceleration constant 
= the weight of the body upon which force F acts 


Equations (2) and (3) can be used together in a step-by-step 
procedure to determine the orifice areas required to produce a 
desired force-closure curve, or to determine the force-closure 
curve resulting from a given metering of the orifice. The area 
under the completed curve must equal the energy given by 
Equation (1). This serves as a check on the work. 

Fig. 7 shows the force-closure curves for a hydraulic device 
designed according to the described procedure to meet as nearly 
as possible the requirements of Table 2. The orifice areas were 
designed during the first part of the closure to maintain a con- 
stant force of 145,000 lb on the 50,000-lb car in order to prevent 
excessive acceleration of very lightly loaded cars carrying fragile 
merchandise. At the same time and using the orifice areas thus 
determined the force-closure curve was calculated for the 251,- 
000-lb car. Starting at the closure point at which this latter 
curve just reached a force of 450,000 lb the orifice areas 
were designed to maintain this force at this constant value 
throughout the remainder of the closure in order to prevent 
damage to the equipment. Using the orifice areas thus de- 
termined the force-closure curves were then calculated for the 
other car weights producing the respective curves shown for 
these cars. 

The optimum rectangular-shaped force-closure curve is not 
entirely realized for any load and the maximum closure, there- 
fore, varies from about 13 to 17 in. compared to the optimum 
12 in. shown in Table 2. The procedure used, however, does 
meet the proposed requirements of maximum force and ac- 
celeration for all loads and is, therefore, effective in protecting 
both lading and equipment from damage in collisions with fully 
loaded 100-ton cars at speeds up to 10 mph. 


Impact-Test Results 


Following the procedure described, a direct-acting cylinder 
and piston-type hydraulic impact energy absorbing device was 
designed, manufactured, and applied to one of our 50-ton capacity 


gondola cars having an AAR double-Z-type center sill. This 
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Fig. 7 Force-closure curves for a hydraulic impact energy absorbing mechanism 
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mechanism has been impact-tested over a wide range of loads 
and collision speeds. 

Fig. 8 shows speed-acceleration curves obtained in these tests 
for collisions between two test cars loaded to full 50-ton capacity 
(169,000 pounds rail load). 

Curve (a) shows the results obtained when both cars were 
equipped with AAR friction-type draft gears. The draft gears 
closed solidly at about 4'/, miles per hour as predicted by the 
energy conditions shown in Table 1. The acceleration curve 
rises rapidly for speeds above the gear closure speed and at about 
8 miles per hour an acceleration of about 20 g (20 times gravity 
acceleration) was obtained. This corresponds to a force of 
about 3,380,000 lb acting between the two cars. 

Curve (b) shows the results obtained when one car was equipped 
with the AAR friction-type draft gear and the other car was 
equipped with the metered hydraulic mechanism. An accelera- 
tion of 1 g was obtained when the collision speed reached 7 mph. 
The tests were carried up to 12 mph where an acceleration of 
only 3 g was obtained. This corresponds to a force of about 
507,000 lb acting between the two cars. 

These results and those obtained from tests for other loads 
were entirely consistent with the force-closure curves of Fig. 7 
and verified the mathematically predicted performance of the 
hydraulic device. Consequently, if properly metered, such a 
device can be very effective in reducing lading damage due to 
end impacts. 


SUMMARY AND CONCLUSIONS 


Forced Vibrations 


Modern friction-controlled trucks have provided much im- 
provement over earlier designs with short stiff springs. How- 
ever, freight cars still operate in the hard-riding region of our 


softest spring suspensions and the possibility of damaging ac- 
celerations due to forced vibrations still exists as a probable 
These accelerations occur continuously 
at a high rate per mile of track traveled and can, by their very 
number, produce an accumulation of damage to fragile lading. 

The most effective improvement can be obtained by further 
softening the springs so that the usual operating speeds lie in 


source of lading damage. 


the good-cushioning region of the suspension. This, however, 
must be done without adding substantially to the present coupler- 
height variation between empty and loaded-car conditions. 


ob 
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If further softening of the springs cannot be accomplished, 
means such as the dynamic vibration absorber can be used to 
reduce substantially the amplitude of the forced motion of the 
car body in the hard-riding region and thereby reduce the mag- 
nitude of the accelerations due to the forced vibrations. 


Shock 


The probability of lading damage due to end impacts is high 
because of increased speeds of train service and switching and 
humping operations. 

Unlike forced vibrations, impacts occur only occasionally, 
but the forces developed by exceeding the gear-closure speed 
can be destructive to lading and equipment. There is, therefore, 
great need for improvement in this field. 

Improved energy absorbing mechanisms should limit the force 
developed in any collision to a maximum which will damage 
neither the lading nor the car structure. Some definite re- 
quirements have been suggested for accomplishing this result. 
These requirements can be met by a properly metered hydraulic 
mechanism. Greatly increased closure over that provided in 
present draft gears is a basic requirement for improvement. 
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Analysis of the Steam- 


~ = 

Nomenclature 4 
Tue following nomenclature is used in this paper: 
E = 
F, = 
G, = 


extraction for heaters above reheat point, lb/hr 
flow to low-pressure turbine, lb/hr 
fractional reduction in heat rate achieved by addition of 
reheat to a low-pressure system, dimensionless 
theoretical fractional reduction in heat rate achieved by 
addition of reheat to a low-pressure system, dimen- 
sionless 
enthalpy of steam at inlet to low-pressure turbine, 
Btu/Ib 
enthalpy of steam at inlet to high-pressure turbine, 
Btu/lb 
effective extraction enthalpy (flow-weighted average) 
in high-pressure cycle, Btu/Ib 
= enthalpy of exhaust of high-pressure turbine, Btu/Ib 
average weighted enthalpy of s quantities, Btu/Ib 
= enthalpy of feedwater leaving low-pressure cycle, 
Btu/lb 
enthalpy of feedwater leaving high-pressure cycle, 
Btu/lb 
Ah = rise in feedwater enthalpy in high-pressure heater(s), 
Btu/Ib 
heat rate of low-pressure cycle with interconnections 
not charged, Btu/kwhr 
heat rate of low-pressure cycle with interconnections 
charged, Btu/kwhr 
heat rate of low-pressure cycle with no interconnections, 
Btu/kwhr 
L approximate cycle loss due to cycle aberration (see 
Equation [4] ), dimensionless 
make-up, lb/hr 


(hr), 
(hr), 


(hr), 


power output of low-pressure portion of cycle, kw 
= power output of high-pressure portion of cycle, kw 
heat supplied to low-pressure cycle, Btu/hr 
= increment in heat supplied to complete cycle as a result 
of interconnections, Btu/hr 
= heat rejected from low-pressure cycle, Btu/hr 
= increase in heat rejected when make-up is heated to hz 
instead of h;, Btu/hr 
dimensionless heat rate of low-pressure cycle, Btu/Btu 
dimensionless heat rate of complete cycle, Btu/Btu 
dimensionless heat rate of low-pressure cycle with no 
interconnections, Btu/Btu 
summation of valve-stem leakage, gland leakage, and 
other steam quantities that enter low-pressure system 
as interconnections, lb/hr 
as defined by Equation [6] 


= as defined by Equation [8] 
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= enthalpy of drains leaving drain-cooler heater, Btu/Ib — 


Turbine Reheat Cycle 


= 


_ @ = fraction of Q, that exists at inlet to low-pressure system 
@ as a result of conversion of part of Q, into useful work 
i in high-pressure turbine system, dimensionless 
ratio of thermal efficiency of interconnections in low- 
pressure cycle to that of main steam, dimensionless 
A fractional increase in condensate flow leaving over that 
entering high-pressure heater(s), dimensionless 
n fraction of G,, realized when interconnections are 
present, dimensionless 


Introduction 


The primary purpose of analysis of power-plant cycles is to gain 
understanding of the mechanism by which changes in heat rate 
occur. Understanding of this mechanism enables one to detect 
and specify the magnitude of various changes in the cycle, and 
occasionally to improve the cycle. In addition, economic evalua- 
tion of changes in heat rate in terms of change in equipment cost 
may be accomplished. 

Previous work by the author? has analyzed the regenerative 
cycle. In this work the cycle was reduced to its essential ele- 
ments, and successive approximations applied to find the final 
heat rate; that is, starting with a basic nonextraction cycle the 
gain resulting from the use of an infinite number of heaters heat- 
ing the feedwater to saturation temperature was first found. As 
a second approximation, the fraction of this gain that is realized 
by use of a finite number of heaters in an ideal cycle was found. 

The “ideal cycle’’ was defined as a series of contact heaters or 
their equivalent. Thermodynamic equivalents of the contact 
heater are found both in the pumped heater with zero terminal 
difference and in a drain-cooler heater which cools the drains to 
the temperature of the incoming condensate. A third approxima- 
tion was then applied. This approximation concerned itself with 
corrections for losses arising from the cascading of drains, unequal 
spacing of heaters, terminal-difference and pressure-drop losses, 
boiler-feed pump loss, and so on. 

The result of this approach, through successive approximations, 
is that one may determine losses which occur in the simple re- 
generative cycle for any reason whatsoever. He also may specify 
with accuracy the difference in performance of alternative cycles. 
Because the losses are found directly from the variables which 
determine them, the accuracy of the method is greater than any 
except the most meticulous comparative calculations of complete 
heat balances. 

Application of a similar approach to the steam-turbine reheat 
cycle has not hitherto been undertaken. Widespread use of the 
reheat cycle in modern power plants makes such an analysis long 
overdue. It is the purpose of this paper to present a method by 
which the mechanism of the reheat cycle may be understood 
better than it has been understood in the past, in the hope that 
such understanding will facilitate the evaluation of various 
changes in the system. The methods which have been used for 
analysis of the simple regenerative cycle are not directly applicable 
in a reheat cycle. It is the second purpose of this paper to permit 


2 (a) “Steam Turbines and Their Cycles,’’ by J. Kenneth Salisbury, 
John Wiley & Sons, New York, N. Y., 1950. 

(b) “The Steam Turbine Regenerative Cycle—An Analytical Ap- 
proach,” by J. Kenneth Salisbury, Trans. ASME, vol. 64, 1942, pp. 
231-245. 

(c) “Power Plant-Cycle Evaluation,” by J. Kenneth Salisbury, 
Trans. ASME, vol. 71, 1949, pp. 593-604. 
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their application by translation of the effect of a change in the 


low-pressure portion into a net effect on the over-all reheat cycle. 

The foregoing objectives will be accomplished by presentation, 
first, of a new viewpoint for the reheat cycle. This is followed by 
an analytical determination of the gain that results from addition 
of reheat in an idealized manner to a low-pressure system. The 
use of this idealized gain for evaluating losses in the low-pressure 
cycle in terms of the entire plant is then presented because fre- 
quently such losses may be found for the low-pressure system by 
using already available methods. 

Consideration is then given to analysis of the gain due to re- 
heat that is realized in an actual cycle when the high-pressure 
system is superimposed on the low-pressure system. First the 
effect of interconnections between the two is evaluated, and a 
numerical example presented illustrating the application of the 
method for an actual heat balance. The second component of 
the loss with respect to the ideal system is then analyzed, and 
shown to be due to ineffective use of energy in the high-pressure 
system. A numerical example is presented to find the magni- 
tude of this component which, when added to the interconnection 
loss, yields the total loss with respect to an ideal system. 


A New Viewpoint 


It is customary to think of the “gain due to reheat’’ as being 
about 4 to 5 per cent in heat rate. This gain represents the dif- 
ference in heat rate between a system in which the high-pressure 
turbine is exhausted directly into a low-pressure turbine, and a 
system in which the exhaust steam of the same high-pressure tur- 
bine is returned to the boiler for reheating to a higher temperature 
before admission to the low-pressure turbine. Thus in this 
method of considering the reheat cycle the gain due to reheat 
arises from increase of the inlet temperature of the low-pressure 
turbine over that of the nonreheat cycle. This approach to the 
reheat cycle is widely used; in fact, to the author’s knowledge no 
other viewpoint has been used to date. 

Proposed herein is a new and completely different viewpoint 
that has much merit from several standpoints. Under this 
method the reheat cycle is considered to consist of a low-pressure, 
high-temperature, regenerative-cycle system upon which is super- 
imposed a high-pressure, high-temperature turbine, a reheater, 
and additional feedwater heaters. The problem then becomes 
that of determining how much improvement in heat rate can be 
realized by superimposing the high-pressure system, including the 
reheater for raising the temperature of its exhaust steam to that 
of the existing low-pressure turbine. 

The gain due to reheat, G,, is defined as the fractional decrease 
in heat rate that results from adding the reheat portion. 

An idealized reheat cycle, as illustrated in Fig. 1, may be used 
to illustrate this concept of gain due to reheat. Consider that 


H, REHTR 


Fig. 1 Simple cycle 
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portion of the cycle in the right-hand box, referred to as the low- 
pressure cycle. It has a heat rate defined by 


Low-pressure-cycle heat rate = = 3412.75r, 
The complete reheat cycle has a heat rate defined by 
(F, + E)(H2 — he) + — H,) 
Pa + Pr 


Reheat heat rate = 


= 3412.75r, 


One virtue of this viewpoint, in which the high-pressure turbine 
is regarded as an “improver”’ of the heat rate of an existing low- 
pressure turbine, lies in the fact that the thermodynamic mecha- 
nism by which the heat rate of the low-pressure turbine is achieved 
is well understood. The heat rate of this portion of the plant is 
amenable to analysis by existing methods, so that new methods of 
analysis are needed for only the high-pressure system. A second 
virtue of this approach lies in the fact that the low-pressure tur- 
bine remains unchanged, both physically and thermodynamically, 
as one goes from the nonreheat to the reheat cycle. The new 
viewpoint will be used throughout the remainder of this paper. 

It is reasonably obvious that the gains calculated under this 
approach are much greater than under the previous approach, be- 
cause simultaneously with the addition of reheat to the system, 
the initial pressure of the plant is raised to a much higher level. 
In some respects this method of analysis is analogous to deter- 
mining the improvement that results from superposition of a 
high-pressure turbine on an existing low-pressure plant, as hap- 
pened so commonly one to two decades ago. 

Once the gain due to superposition of a reheat turbine on an 
existing low-pressure plant is understood analytically, changes in 
the low-pressure plant may be found and interpreted in terms of 
their effect on a complete plant through the relationship between 
low-pressure and high-pressure portions; that is, if the gain due 
to reheat, G,, is known, we may write 


= G,) =f, 


Then the gain due to reheat, G,, is defined as 


G, = 


Tn 


It is clear then that 


where Ar/r, is a change in heat rate that may have occurred in 
the low-pressure cycle. Stated in words, the fractional change in 
heat rate of a reheat cycle is equal to the fractional change in heat 
rate of the low-pressure portion plus any effect that the latter 
may have on the gain due to reheat, G,, as shown by Equation 
[2]. 

Equation [2] also may be used in the alternative case in which 
the low-pressure cycle remains unchanged, but the high-pressure 
portion changes. For example, it will be shown later that the 
value of G, is dependent on the used energy of the high-pressure 
turbine, and on the rise in condensate enthalpy through the high- 
pressure heater. Knowing the functional relationship, it is possi- 
ble to calculate the effect of either on G,, hence on the over-all 
heat rate. 


Mechanism of Gain 

Let us now consider some basic facts and derive some relation- 
ships which apply to any power-plant cycle. Attention is directed 
to the fact that the heat rate of any power plant, regardless of its 
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type, is uniquely determined by the ratio of heat rejected to heat 
supplied, g/Q. In fact, one may express the dimensionless heat 
rate r in terms of these variables 

Q 
Thus it is obvious that any change in either qg or Q will change 
the heat rate, unless by some remote chance both are changed in 
the same direction by the same percentage. 

It is therefore literally impossible to cause the heat rate of a 
power plant to become either poorer or better without changing 
either g or Q. Because this is true, the gains in heat rate for both 
the regenerative cycle and the reheat cycle must arise from de- 
crease in the ratio q/Q. 

Considering the regenerative cycle for a moment, it is com- 
monly stated that the application of feedwater heaters increases 
the reversibility of the cycle. By well-known thermodynamic 
principles the thermal efficiency of the cycle is therefore im- 
proved. Such statements as these often lack tangibility aud are 
barely understood by those not skilled in thermodynamics. 

In actual fact, perhaps the most tangible reason for the im- 
provement in heat rate that results from use of the regenerative 
cycle is that for a constant condenser flow (hence constant re- 
jected heat) the throttle flow is increased by a greater percentage 
than the heat supplied in the boiler (per pound of steam) is de- 
creased, so that there is a net increase in the heat supplied, Q, for 
the same heat rejected, g. If a single feedwater heater were used 
and supplied with steam extracted at the throttle of the turbine, 
there would be no gain. Even though the flow to the boiler would 
be increased appreciably, the decrease in heat supplied per pound 
in the boiler would exactly balance the increase in flow, so that 
there would be no net increase in heat supplied, hence no gain. 

The gains which arise from use of the reheat cycle also result 
from increase in the heat supplied to the working fluid per unit of 
heat rejected. The heat supplied, Q, is increased because after 
work has been done in the high-pressure turbine, reducing the 
enthalpy of the steam, the steam is returned to the boiler and 
additional heat is supplied, all without any increase in the con- 
denser heat rejection. It is apparent that the additional heat 
which is supplied in the reheater is completely dependent on the 
used energy in the high-pressure turbine, and is proportional to 
this quantity. Under this concept the additional heat supplied 
in the boiler is not proportional to the increase in enthalpy in the 
reheater, hence the gain due to reheat is not directly related to 
this quantity, but instead it is proportional to the work done in 
the high-pressure turbine. It will be seen later that the used 
energy in the high-pressure turbine is a factor of the expression 
which gives the gain due to reheat. 

Previous work? has established a method of finding change in 
heat rate as a function of the fractional change in heat rejected 
and the fractional change in heat supplied. The relationship is 
universally applicable for any change that may be made to any 
cycle. The relationship is indeed a powerful tool in the analysis of 
power-plant cycles. It has been shown that where r,, is the di- 
mensionless heat rate of a reference cycle 


where 
L = (r, — 1)X.... 
. 


in which X= 


3 Footnote 2, reference (a), p. 373. 
: 


[3] 
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The original intent of these relationships was to determine the 
losses which arise in a cycle with respect to a certain reference 
cycle, usually the ideal cycle. For this reason the heat rate of the 
reference cycle, r,, was used in Equation [5]. Often this is the 
case in the present problem; that is, the heat rate of the low- 
pressure system is known and the foregoing relationships apply. 
However, occasionally the problem is reversed. The final cycle 
heat rate is known, and it is desired to find the “loss’’ that has 
been incurred with respect to the reference cycle in arriving at the 
heat rate of the final cycle. Under these conditions the heat rate 
of the reference cycle, r,, is not known, but the final reheat heat 
rate r,is known. This is frequently the situation in analysis of 
an existing reheat cycle. One knows the final heat rate of the re- 
heat cycle, and wishes to find the loss (negative, hence actually a 
gain) that has been incurred with respect to the reference, or 
nonreheat cycle, comprising the low-pressure, high-temperature 
turbine and its associated heaters. 

Under this condition, it is necessary to recast the relationship of 
Equation [5] to express the right-hand member in terms of r,. 
(Throughout this entire analysis one must observe rigorously the 
algebraic signs. Losses are always considered to be positive and 
Aq and AQ represent increases in the values of g or Q, respectively, 
over that of a reference cycle, taken here to be the original low- 
pressure cycle.) It is readily seen that the relationship of Equa- 
tions [4] and [5] then becomes 


Ar r, 


Tr Tn 


-1 = (r, — 1) =(r,-1)Y = —G,. . [7] 


x 
1+X 


in which the fractional improvement due to reheat is designated by 
G,. It is seen by Equation [6] that 
y X_ _ - 40/9 
1+X 1+ Agq/q 


r 


hence 


When the reheat-cycle heat rate is known, and it is desired to 
determine the heat rate of the low-pressure cycle from the known 
heat rate, by Equation [7] 


Tr 


% = 


Equation [7] gives the fractional increases in heat rate of the 
nonreheat cycle due to application of reheat. In reheat cycles, 
where AQ/Q invariably is positive, Y is negative. Thus Equation 
[7] yields a negative fractional change, or a gain in heat rate as 
shown by Equation [9]. The fractional change in heat rate is ap- 
plied to the nonreheat heat rate to determine the actual change. 

Use will now be made of the foregoing relationships in deter- 
mining the gain due to reheat, with respect to an existing low- 
pressure, high-temperature cycle. Analysis of the reheat cycle 
will be made in two steps. The first is a simplified approach, in 
which an ‘“‘ideal’’ reheat system is created from a low-pressure 
system by adding reheat and one or more contact heaters, with 
only the main steam and condensate flowing between the two 
portions of the system. The second is a more complex approach 
which is applicable to actual cycles, because it includes flashed 
drains, gland leakage, make-up, and other quantities that are 
present in an actual cycle. Even though the former approach 
intentionally ignores such elements as these, the simplicity of the 
result makes it extremely useful. 

Under the simplified point of view, one may find the gain that 


¢ 
0] 
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is achieved by superposition of a high-pressure turbine on an 
existing cycle under the idealized conditions in which there is no 
make-up water, no gland steam, or valve-stem leakage flowing 
from the high-pressure portion of the cycle into the low-pressure 
cycle, and no contribution of heat to the low-pressure cycle by 
drains cascaded to it from the high-pressure portion. The latter 
condition can be realized by considering the highest-pressure 
heater (in the reheat portion) to be a pumped heater having zero 
terminal difference. 

This system will be analyzed first and an expression de- 
veloped for the gain due to reheat. Later the second step will be 
taken and an actual cycle will be analyzed in which certain 
‘nuisance items,’’ or “‘interconnections,’’ exist, such as those just 
mentioned. Under the alternative point of view, the analysis is 
considerably more complex and the calculated gain is less. How- 
ever, these additional elements usually exist in practice and it is 
therefore necessary to develop the more complex relationship 
which applies to this cycle, taking into account all of the inter- 
connections. The effect of these elements on the net gain may be 
perceived from the final results and a measure defined of the 
effectiveness with which reheat has been added. ‘ 


Analysis of Gain Due to Adding Reheat to a Basic 
Low-Pressure Plant, Without Interconnections 

Shown in Fig. 1 is a simplified plant, idealized as described in 
the foregoing, which now will be analyzed. For simplification, 
only a single heater has been shown in both the high and low- 
pressure portions of Fig. 1, which are separated by the wavy line. 
Each of these is equivalent to one or more heaters, provided only 
that the enthalpy of the extraction steam entering the heater is 
the flow-weighted average enthalpy of steam supplied to the 
actual heaters. For present purposes, the number of heaters 
actually installed is of no consequence, since only external phe- 
nomena are analyzed in determining the gain due to reheat. 

It is apparent from Fig. 1 that 


(Fi + EH: — — Ah) + — H,)... [12] 


eo 
Q, = — hi) [13] 


To find the change in heat rate, it is necessary to find the frac- 
tional change in Q. This is accomplished by dividing Equation 
{12} by Equation [13] and subtracting unity from the quotient 


Q, E \ (Hz — hy — Ah 


{14} 


A heat balance may be written around the heater connected to 
the reheat turbine, and the fractional extraction found.* Heater- 
terminal difference is taken to be zero 

E Ah 

F, H, — he 
Performing the subtraction indicated in Equation [14], we have 


AQ (1 + E/Fi)(H2 — he) — (H, 


Q 


The relationship of Equation [16] may be simplified by using 
Equation |15] and rationalized to the following form 


4 Although to simplify the explanation a single contact heater is 
used, a simple analytical means for handling more than one such 
heater is available, footnote 2, reference (a), p. 356. 
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AQ 


(: Ay He) 
the fractional increase in heat supplied due to adding reheat in 
the cycle of Fig. 1. It will be noted that for this idealized arrange- 
ment the heat rejected, g, does not change. It is also to be noted 
that when the high-pressure heater is connected to the exhaust 
of the reheat turbine, as frequently happens in practice, the 
second factor within the bracket becomes unity, considerably 
simplifying the equation. 
It is seen from Equation [9] that, since Ag = 0 


= (r, — 1(4Q/Q) 


in which AQ/Q is given by Equation [17]. The symbol G,, 
signifies the ‘theoretical gain due to reheat.’’ Because AQ/Q is 
positive, G,, is positive, hence the change in heat rate will be a 
decrease. 

The fractional increase in heat rate which can be expected by 
an idealized addition of an actual reheat turbine to an existing 
low-pressure cycle may be found directly from Equations [17] and 
{18]. The only interconnections which exist between the two 
portions are the main steam and condensate lines. Although this 
simplification ignores the degradation of energy which normally 
flows from the higher to the lower portion, usually a small loss, 
the simplicity of these relationships, which account for all major 
parameters, has much to recommend it. Application of the fore- 
going principles will be illustrated by an example calculated for an 
actual reheat cycle. 

Let us now consider the application of G,, to evaluation of the 
effect of low-pressure-cycle losses on the complete plant. As will 
be seen later, G,, is a sufficiently accurate approximation of the 
true gain G, to serve this purpose. 


Effect of a Loss in Low-Pressure Cycle - 
on Complete Reheat Cycle ; 

Having found the gain G,* which results from application of re- 
heat to a given low-pressure cycle, it is now possible, through the 
use of Equation [1], to evaluate the change in reheat heat rate 
that is incurred by a change in heat rate of the low-pressure cycle. 

Nomenclature for this analysis follows: 


heat rate of reheat cycle, without loss in low-pressure 
portion 

= heat rate of nonreheat or low-pressure portion, before 
loss is incurred 

heat rate of reheat cycle after loss is incurred in low- 
pressure portion 

heat rate of nonreheat or low-pressure portion after a 
loss Ar,, is incurred 


= 


r 


fractional reduction in heat rate due to reheat, 1 — - 
n 


before low-pressure-cycle loss is incurred 
fractional reduction in heat rate due to reheat, after 
loss Ar has been incurred in low-pressure cycle 


By definition 


Then, by division 


5 Either G, or G,; may be used; since G,: is more readily found, it 
usually is more convenient to use it. aes | 
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Using Equations [4], [5], and {6] (which are applicable for any 
change in a thermal power system) to express the ratio of reheat 
to low-pressure cycle heat rate, 1 — G,, it is seen that 


in which X is evaluated from the changes in g and Q that result 
from adding reheat, using Equation [6]. 

Changes in the low-pressure cycle most often affect the throttle 
flow to the low-pressure cycle per pound of condenser flow. 
Nevertheless, since AQ/Q depends only on enthalpy values, as 
shown by Equation [17], it will remain unchanged by losses that 
occur in the low-pressure cycle. Thus, in general, X’ = X. 

From Equation [22] and its counterpart (not shown) for 
(1 G,’) 


1 — G,’ 
i-¢ 
From Equation [22] 


—(r, — 1)X 
1 — — 1)X 


Hence, by Equations [23] and [24] 
1 —G,’ 


1+ G, - 
r,— 1 


The increase in reheat heat rate may be found by using Equa- 
tions [21] and [25] 


1521. 3H 1, 536, 100@ 


1, 698, 000¢ 2415P 
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So that for small values of the change in the fractional low- 
pressure cycle heat rate, Ar/r,, it is sufficiently accurate to write 


Ar, 


(1 — G, approximately... . [28] 


n 


Obviously the change in heat rate is not very sensitive with re- 
spect to G,, hence as a close approximation the value of G,, may 
be found from Equation [17]. If additional accuracy is desired, 
the value of G,, thus found may be reduced by about 0.01, to 
account for the failure to realize the full gain because of flow of 
energy from high to low-pressure cycle, in practice. The use of 
this empirical reduction is justified by the example, given later. 
Analysis of Gain Due to Adding Reheat to a -_ 
Basic Low-Pressure Plant With Interconnections ’ 


The analysis of an ideal reheat system developed relationships 
from which the gain due to reheat may be determined for a cycle 
containing a contact heater above the reheat point, and having no 
interconnections between the high and low-pressure cycles. Rela- 
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tionships now will be derived for the gain with interconnections 
between the two portions of the reheat cycle with a drain-cooler 
heater used in place of the contact heater, as in the heat balance 
of Fig. 2. This development will be made as an extension of the 
foregoing analysis of the ‘‘theoretical gain.’’ The chief difference 
lies in the fact that extra quantities of heat are supplied to both 
high and low-pressure cycles, and additional heat is rejected by 
the make-up. 

Two effects result from the inclusion of interconnections in the 
analysis. The heat rate is made poorer when the low-pressure 
cycle is charged with the heat supplied to it by the interconnec- 
tions, since the power output of the low-pressure cycle is con- 
sidered to be fixed at the value implicit in the heat balance for the 
complete reheat cycle. The second effect is that additional heat 
is rejected in the amount of the additional energy added to the 
make-up water in the high-pressure heater. In determining the 
gain which results from reheat, we shall consider the heat rate of 
the low-pressure cycle as that which results when the heat sup- 
plied through the interconnections is charged against it, as though 
it were supplied from an external source rather than in the high- 
pressure cycle, as is actually the case. Such a heat rate is a fair 
measure of the performance of the low-pressure cycle, since the 
energy entering the low-pressure system produces an incremental 
output which already is contained in the output shown by the 
heat balance. It is to be noted parenthetically that the incre- 
ment in power thus produced is obviously made at a somewhat 
lower thermal efficiency than the main output. 

In other words, our effort will be to find the improvement in 
heat rate of the reheat cycle over a low-pressure cycle with the 
interconnections that actually exist and to compare this im- 
provement in heat rate with the gain that would result if there 
were no interconnections and a contact heater were used above 
the reheat point. The latter arrangement is defined as the “‘ideal’’ 
system and represents the standard with which we will compare 
our actual cycle. The ratio of the actual reheat gain to the 
theoretical reheat gain will be designated as 7; and represents 
the efficacy with which we have realized the potential gain due to 
reheat. 

The diagram, Fig. 3, illustrates the nomenclature of a general- 
ized reheat cycle with interconnections. The quantity Q is de- 
fined as the throttle flow to the low-pressure turbine multiplied by 
the increase in enthalpy which occurs in a hypothetical low-pres- 
sure boiler. The quantity q is the heat rejected in the condenser 
plus heat rejected in mechanical and electrical losses and heat 
rejected in the make-up. 

The net effect of the interconnections is to cause an additional 
quantity of heat, aQ;, to be supplied to the low- 
pressure cycle. This increment in heat supplied is 
utilized in the low-pressure cycle at some thermal 
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the same term in our analysis of the ideal reheat system. AQ is 
defined in this manner to preserve completely the analogy with 
the previous analysis of the ideal system. Any additional incre- 
ment in heat supplied that may exist in the actual cycle is desig- 
nated as Q;. This incremental quantity of heat supplied is par- 
tially used to produce power in the high-pressure cycle. The 
residual quantity, aQ;, is rejected to the low-pressure cycle. It 
must be borne in mind that both Q; and aQ; designate the in- 
crements in heat supplied which result from the presence of inter- 
connections, regardless of type. Ag represents an increment in 
the heat rejected which results from heating the make-up to a 
higher temperature. 

Derivation of n;. Defining G,, as the theoretical gain due to 
adding reheat in an ideal system (without interconnections), and 
G, as the actual gain (with interconnections), and reproducing 
Equation [9] for reference 


AQ/Q — Aq/a 
1+ Ag/q 


a general relationship in which the quantities AQ and Ag repre- 
sent, respectively, the éotal increase in heat supplied and heat re- 
jected. For the cycle illustrated in Fig. 3, we must rewrite 
Equation [29] in terms of the nomenclature of Fig. 3 as follows 


G, = (r, — 1) [29] 


40+ Q(1-a@)  Agn 


. [30] 


In the ideal reheat system previously analyzed there is no 
increase in heat rejected when the high-pressure portion is 
added, that is, (Ag/q) = 0, so that for the ideal system 


To find 7;, it is necessary only to divide Equation [30] by Equa- 
tion [18], yielding 


(2) + Q(1 (nit) 
_ _ Q + aQ; AQ/Q 
Adm 
q 


.. [31] 
which also may be written in a more convenient form 


- 


] (Fiat) 
1 + (aQ,/Q) (@/1 — a(AQ/Q) 139) 


efficiency (lower than that of the main energy), 
producing a quantity of power which already is in- 
cluded in the power output shown on the diagram. 

Looking at the high-pressure portion, AQ is the increment in 
heat supplied over that supplied to the throttle flow of the low- 
pressure turbine. It is the primary increase in heat supplied 
which results from the application of reheat and is analogous to 
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Fig. 3 Reheat-cycle energy quantities 
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Several terms in Equation [32] are of extremely small magni- 
tude, so that a simplification may be made by neglecting terms of 
higher order 
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It is shown in the example given later that Equation [33] is an 
excellent approximation of 7;. An even further simplification 
may be made by noting the relationship of Equation [18]. From 
the latter 
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q 


aw G,, Q 
The results obtained by Equations [33] and [35] are identical, but 
in many cases Equation [35] provides a more direct solution. 
Equations [32], [33], and [35] provide means for finding the 
fraction of the theoretical gain G,, that is obtained in a cycle 
with interconnections. Equation [32] is strictly accurate, while 
Equations [33] and [35] are close approximations of ;. Since 


G, Gini 


it is seen that r, = — 


Example 


Let us use Fig. 2 to calculate an example. The heat balance of 
Fig. 2 is typical of a modern reheat power plant. The wavy line 
designates the boundary between the high-pressure and low- 
pressure systems. Using the foregoing analysis we will find the 
theoretical and true gains, G,, and G,, respectively, and compare 
these to find 7;. Because considerable detail is involved, the 
calculations given hereinafter are slightly abbreviated, but are 
sufficiently complete to permit their understanding. 

In analyzing this system it must be recognized that a drain- 
cooler heater is used above the reheat point. Several methods of 
treatment are possible, but it is recommended that the drain- 
cooler heater be handled in a manner similar to a contact heater 
or pumped heater, with the flashed drains considered separately 
as one of the interconnections. 

The total flow leaving a contact heater exceeds the flow which 
enters it by a fraction A. That is, for unity flow entering the 
heater the discharge flow is(1 + A). It is necessary that we find 
the value of A for the drain-cooler heater in our analysis in order 
to take cognizance of the increase of high-pressure extraction 
caused by passage of the extraneous flows through the high- 
pressure heater. For example, passage of a quantity of make-up 
water m through the high-pressure heater causes an increase in 
extraction from the high-pressure turbine in the amount mA 

In finding the quantity A, one must use the enthalpy at which 
the drains leave the drain-cooler heater as the level to which the 
extraction steam is cooled. We may then write 

1 


= 1.092645 


~ 1328.7 — 373.4 


Having this value, our effort now will be to assemble data for use 
in Equations [18] and [32]. 

Bearing in mind that Q is the heat supplied to the throttle flow 
of the low-pressure turbine, we find that 


Q = F,(H, — hi) = 1,532,070(1521.3 — 366.3) = 


1769.5408 [39 ] 


in which, as hereinafter, heat quantities are given in millions of 
Btu per hour. 
We also may find (Q + AQ) 


Q + AQ = Fi(1 + A): — he) = 1,532,070(1.092645)(1493.7 — 447.3) val 
+ 1,532,070(1521.3 — 1328.7) [40] 


The factor (1 + A) provides for the high-pressure extraction re- 
quired to heat the throttle flow to the low-pressure turbine only. 
Other components of the total extraction are accounted for with 
the interconnections. Then 


os AQ 2046.7569 
Q _—1769.5408 


It is necessary to find the dimensionless reheat heat rate r, and 
the heat rejected q¢ 


7539 


q & (7539 — 3412.75)274,825 = 1131.809° 


— 1 = 0.15666 


Using Equation [41] and Equation [18], it is seen that 
G,, = (r, — 1)AQ/Q = 1.209068 X 0.15666 = 0.1894126.. [44] 


that is, if there were no interconnections the gain due to addition 
of reheat to the basic low-pressure cycle would be 18.94 per cent. 
Because interconnections exist in the amount shown on the dia- 
gram of Fig. 2, the actual gain will be somewhat less, as shown by 
Equation [36]. 

Let us now consider Fig. 4, which illustrates the nomenclature 
for various quantities shown in Fig. 2. It will be noted that, as in 
Fig. 3, certain additional quantities of heat supply exist for both 
the high-pressure and low-pressure cycle. The values of Q; and 
aQ; must now be calculated, using the data of the heat balance. 

By comparison with the simple cycle having no interconnec- 
tions, we have added in the condensate line a quantity of make-up 
water m and a total quantity of valve and gland-steam leakage 
from the high-pressure to the low-pressure cycle, s. Returned to 
the low-pressure cycle are the drains and the seal leakages. Our 

* Although Ag should be subtracted from this quantity, this is an 
unnecessary refinement. 
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analysis will consider each component as a separate superimposed 
stream of fluid. Each of these streams passes through the high- 
pressure heater, and causes an increase in the extraction from the 
high-pressure turbine. Thus, in calculating values of Q;, we must 
take account of the increase in extraction that is caused by the 
presence of m and s. 

To find the contribution to Q, that is due to seal leakage s, we 
must find the average weighted value of the enthalpy of the seal 
steam that enters the low-pressure cycle, H,. This is accom- 
plished by using the diagram in Fig. 2 and summing up the various 
quantities of leakage multiplied by their enthalpies to find the net 
total quantity and average weighted enthalpy 

sH, = = (leakages X H) = 19,670 X 1367.93.... [45] 


To find the incremental heat supplied to the low-pressure cycle, 
aQ,;, we must add the contribution of the leakages given by 
Equation [45] and the contribution of the drains; that is 


aQ,; = sH, + (Fi + s + m)A(hy — he) | 
= 20.740525 J 


. [46] 


in which the second term represents the component due to the 
flashed drains. 

To find the value of Q,, one must account for the increase in ex- 
traction required to heat the gland steam, as well as the gland- 
steam quantity itself, since both participate in the heat addition 
which occurs in the high-pressure boiler. In so far as the make-up 
is concerned, we need not include the make-up quantity itself, 
since it is rejected from the cycle after the top heater, but only 
the increase in extraction that is caused by passage of the 
make-up through the top heater. Thus we have 


= s(1 + A)(H2 — he) + mA(H2 — hs) 
= 19,670(1.092645)1367.93 + 27,000(0.092645)1046.4 
= 25.10707 } 


[47] 


Having both Q; and aQ,, we may find various functions of a 


= 0.8261; 


= (1 — a) = 0.1739; 
25.1071 


From Equations [39], [47], and [48] 
25.1071 


-Q/Q = = 0.014188 
= 1769.5408 
Q 


a = 0.8261 0.014188 = 0.011721... . [50] 


The superposition of the high-pressure portion of the cycle on 
the low-pressure portion causes the make-up water to be heated 
to a higher temperature before its heat is rejected from the sys- 
tem, hence an increment in heat rejection results 


Aq, = m(Ah) = 27,000 K 81 = 2.187 


The fractional increase in heat rejection may then be found, using 
Equation [43] 
Aq. 


187 
q _1131.809 


(52) 

Calculation of Gain. We now have accumulated the data 
necessary to solve Equations [18], [32], and [36]. To check the 
results it is desirable to find the heat rate of the low-pressure tur- 
bine, with the heat supplied by the interconnections charged 


(1 
1.011721 4.7504 X 0.15666 


against the cycle. In calculating the heat rate of the low-pressure 
turbine, the mechanical and electrical losses of the high-pres- 
sure turbine are used as heat rejected from the low-pressure cycle, 
since only the thermal cycle of the high-pressure system is of in- 
terest. In other words, the power output of the low-pressure 
turbine alone will be found by subtracting the internal output of 
the high-pressure turbine from the net value shown in Fig. 2.’ 

From the heat-balance diagram in Fig. 2, the internal output of 
the high-pressure turbine is found to be 81,857.62 kw, and the 
output of the low-pressure system, found by subtracting this 
quantity from the net output shown on the diagram, is 192,967.38 
kw. Using this output (which includes mechanical and electrical 
losses of the high-pressure system) the “‘heat rate’’ of the low- 
pressure system without charging a@Q, is seen to be 


— 
total kw — internal kw of HPT 
1769.5408/192,967.38 = 9170.155 Btu/kwhr 


(hr), = 


When aQ, is charged against the low-pressure heat rate, the latter 
becomes 


= 9170.155(1 + aQ;/Q) 


= 9277.64 Btu/kwhr 


This heat rate includes a charge for all of the heat supplied to the 
low-pressure cycle and will form the base for caleulation of the 
gain due to reheat. 

Using the theoretical gain found in Equation [44], the heat 
rate of the complete reheat cycle without interconnections may 
be found 


(br), = 
= 7520.338 Btu/kwhr 


9277.64(1 — 0.1894126) 


From the heat balance the actual heat rate is 7539, about 19 Btu/ 
kwhr poorer, which represents the loss due to interconnections 
and use of a drain-cooler heater instead of a contact heater. 

Having all the necessary datu, we may evaluate Equation [32] 
and apply the results to Equation [44] to find G,, to determine 
whether we can check the actual heat rate. Using Equation [32] 
and the data found in the foregoing 


0.0019323 


1.0019323 
= 0.989735 
It is seen then, by Equation [36], that 


= 0.1894126 0.989735 


= 0.187468 


Applying Equation [57] to the results of Equation [54] 


hr = 
= 


9277.64(1 — 0.187468) 


7 An alternative method of solution would be that in which the high- 
pressure-turbine output is charged for its own mechanical and elec- 
trical losses in obtaining the low-pressure-turbine output. Under 
such an arrangement, which is somewhat more cumbersome, the 
losses are then considered as an increment in heat rejected when the 
high-pressure turbine is superimposed on the low-pressure cycle. Still 
a third method deals with the internal output of both high-pressure 
and low-pressure turbines. The simpler method used herein is appro- 
priate for explanation because we wish to concentrate our attention 
only on the thermal aspects of the system. 
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a check of the heat rate that is within the accuracy of the heat- 
balance diagram, Fig. 2. 

The result also may be checked by either Equation [33] or 
Equation [35], which are different forms of an approximation. 
Applying Equation [35] to find 7; and the heat rate 


n, = 1 — [(1 + 6.38325)(0.0011721 + 0.0019323) 


— 6.38325 0.014188} 
= 0.9894925 - 159) 


hr = 7538.803 


This is an excellent check of the result found in Equation [58]. 


Summary 


It is seen that the theoretical gain due to addition of reheat 
without interconnections may be found by using Equation [44]. 
The fraction of this gain that is realized when interconnections 
exist may then be found by using Equation [32] or [35]. By 
multiplying the two, the actual gain is found. It is seen that 7, is 
very nearly unity and that when it is applied to G,, the actual 
gain G, is found with excellent accuracy. 

These results suggest a method of closely approximating the 
heat rate of a reheat cycle. Given the heat rate of a low-pressure 
high-temperature cycle, the theoretical gain resulting from super- 
position of a reheat portion may be found assuming contact 
heaters above the reheat point and no interconnections, using the 
relationship of Equations [17] and {18]. Since in a typical case it 
was seen (see Equation [56]) that 7; ~ 0.99, this factor may then 
be applied to the theoretical gain to obtain a close approximation 
of the actual gain. The latter may then be applied to the low- 
pressure cycle heat rate to obtain the reheat heat rate. 


Additional Loss in Low-Pressure System 


The foregoing analysis of the loss due to interconnections dealt 
entirely with degradation of energy through its incomplete utiliza- 
tion in the high-pressure system and subsequent delivery at 
lower than ideal availability to the low-pressure system; that is, 
the faults which have been found are primarily those of the high- 
pressure system. 

An additional loss is suffered in the low-pressure system be- 
cause of the low availability of the energy that is supplied to it by 
the interconnections. The magnitude of this loss will now be de- 
fined in terms of the ratio 8 of the thermal efficiency in the low- 
pressure system of the degraded energy to that of the prime flow 
of this system, that is 

thermal efficiency at which aQ, is utilized 


thermal efficiency at which Q is utilized 

If the heat rate of the low-pressure system without interconnec- 
tions is 7,,, it may be shown that with interconnections it becomes 


This represents an additional loss, not implicit in the previous 
analysis which pertained to the high-pressure system alone. 

If we wish to find the total loss due to interconnections we must 
add the two. Neglecting higher order terms it may be shown that 
the total loss, including both components is given by 
(Ar); _ ( _ Q 

Q 


1 — G,, 
In most instances the value of 8 will be between 0.5 and 0.8, 
and must be evaluated by detailed study of the low-pressure sys- 


(1 — B) ... [62] 
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tem. Assuming it to be 0.8 for illustrative purposes and evaluat- 


ing Equation [62] from the previous data — 
r,  0.8105874 
+ 0.011721(1 — 08) 


= 0.0023986 + 0.0023442 —_ 


= 0.474 per cent 
74 per cen a 
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V. F. Estcourt. The author's clear and simple presentation of 
a rather difficult subject has been accomplished without detracting 
in any way from a painstaking and rigorous analysis of the factors 
involved. From a purely theoretical point of view he has pre- 
sented a new and valuable method for the evaluation of the 
components in a reheat cycle. In a sense, the treatment may be 
regarded as a building-block approach and the manner of utilizing 
the ratio of heat rejected to heat supplied (¢/Q) represents a useful 
simplification of concept. 

It is pointed out that the widely used method of analyzing the 
gain due to reheat is to determine ‘‘the difference in heat rate be- 
tween a system in which the high-pressure turbine is exhausted 
directly into a low-pressure turbine, and a system in which the 
exhaust steam of the high-pressure turbine is returned to the boiler 
for reheating to higher temperature before admission to the 
low-pressure turbine.’’ The author presents a radically different 
concept wherein ‘‘the reheat cycle is considered to consist of a 
low-pressure, high-temperature, regenerative cycle system upon 
which is superimposed a high-pressure, high-temperature turbine, 
a reheater, and additional feedwater heaters.’’ The advantages 
claimed for this method are: 


(a) The low-pressure turbine remains unchanged both physi- 
cally and thermodynamically as one goes from nonreheat to re- 
heat. 

(b) Since the thermodynamic mechanism by which the heat 
rate at the low-pressure turbine is achieved is amenable to 
analysis by existing methods, this new approach requires that 
new methods of analysis be applied only to the high-pressure 
system. 


As pointed out by the author, the gains under this new ap- 
proach are obviously much greater because of the larger number 
of components in the system which are credited to the addition of 
reheat. 

Certainly, the method described is an ingenious and valuable 
tool in the light of strictly theoretical considerations, and it adds 
a great deal in providing a better understanding of the thermody- 
namic components of both the reheat and nonreheat cycles. How- 
ever, when viewed in terms of what we actually desire to know 
in selecting a reheat or nonreheat cycle, and later in attempting 
to compare the actual gains with the theoretical gains, it is doubt- 
ful whether we are as interested in evaluating the benefits relating 
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to the superposition of a high-pressure turbine and reheater upon 
a low-pressure turbine as might have been the case some years 
ago. The practical application of this concept, although ob- 
served by the author to have been common one or two decades 
ago as applying to the superposition of a high-pressure turbine on 
an existing low-pressure plant, is of limited current interest for 
well-known reasons. Economic studies today center more fre- 
quently around the choice of a high pressure-low pressure turbine 
combination with or without reheat, and therefore the evaluation 
of these two cycles in relation to first cost and fuel rate is usually 
the point of particular interest. 

It is noted that the author states his paper represents the 
‘initial step in the solution of the complex problem of performance 
monitoring’’ which is being undertaken in conjunction with the 
Bailey Meter Company. Since we have had considerable to do 
with bringing the two principals together in this effort we have 
more than an average interest in the ultimate outcome of this 
undertaking. Although this initial effort by the author should 
stand on its own feet as an outstanding contribution in the field 
of thermodynamic analysis, we believe that it is appropricte here 
to consider also the significance of the author’s methods in their 
possible application to the practical field of performance monitor- 
ing. 

When attempts are made to determine by test methods whether 
the cycle is performing according to calculated values, we are 
confronted with a major problem. By using the most up-to-date 
methods and test instrumentation, the best attainable accuracy is 
slightly better than +0.5 per cent. On a unit having a gross 
heat rate of 8000 Btu per kwhr this is of the order of +40 Btu per 
kwhr. This is a relatively large figure when one is considering the 
effects on cycle performance of variations in equipment or cycle 
arrangement. Actually, with a large reheat machine having a 
capacity of 150-200 mw, this represents an annual fuel cost of 
approximately $20,000 per year. The equivalent in capital out- 
lay is roughly $175,000. 

The concept of performance monitoring must include not only 
the measurement of changes in heat rate but also the determina- 
tion of the actual over-all performance of the turbine cycle. If 
the problems were confined to changes in heat rate resulting from 
deterioration in the performance of the various components, the 
difficulty in measuring small values is minimized to some extent 
because some of the errors in measurement may be fixed quanti- 
ties which will cancel out. However, we are also greatly interested 
in proving by actual test whether the performance levels of vari- 
ous cycle components in relation to over-all heat rate have been 
realized and thereby have justified the capital outlay in each in- 
stance. A simple illustration will suffice. 

In presenting examples of the application of the equations 
derived by the author, both the accuracy and simplicity of such 
applications are fully demonstrated. As an example, in applying 
Equation [55], the heat rate of the complete reheat cycle without 
interconnections is compared with the actual heat rate, and it is 
shown that the latter is about 19 Btu per kwhr poorer because of 
these interconnections and the use of a drain-cooler heater instead 
of a contact heater. This loss is of the order of 0.25 per cent of 
the actual heat rate. An attempt to measure such small numbers 
by actual test is out of the question. In our theoretical study we 
can substitute a drain cooler for a contact heater, calculate the 
gain or loss to the cycle, and evaluate the economic justification 
for the one or the other. However, having made the decision we 
cannot afford to construct the plant by both methods in order to 
determine the actual difference in performance. A test of over-all 
cycle performance is our only tool, and the best accuracy we can 
obtain is +40 Btu per kwhr when we are actually looking for 19 
Btu per kwhr. 

The problem is further aggravated by the fact that the actual 


performance of the various pieces of equipment in the cycle also 
will vary from the original calculations. Seldom do any com- 
ponents perform exactly as designed because it is not practical 
to construct the equivalent hardware of the various cycle com- 
ponents to match the theoretical computations exactly. Further- 
more, each group of hardware such as heat exchangers, pumps, 
turbine, and so forth, is bought on the basis of individual per- 
formance guarantees. The basis of these performance guarantees 
probably will not match exactly the values assumed in the heat- 
cycle computations. Even though performance may be better 
than guarantee in certain components, this may serve to aggra- 
vate the problem of measuring the over-all cycle heat rate. As 
an example, the turbine is designed to meet certain extraction 
conditions which are rarely duplicated in actual service in terms 
of the small heat values in which we are interested. Our only re- 
course is to resort to a multitude of cycle corrections in order to 
determine whether the guarantee has been met. These cycle 
corrections merely remove us one or more steps further away 
from the measurement of actual performance as found. The use 
of the main turbine to drive the boiler feed pump adds still 
another headache to the problem of cycle evaluation by testing. 

Another factor which is rapidly becoming a major stumbling 
block in attempts to reconcile actual performance with calculated 
performance is the rapid deterioration in turbine heat rate which 
occurs as a result of relatively minor deposits on the blades. 
The cycle gain in raising the throttle steam pressure from 1450 to 
1800 psi is approximately 1.8 per cent. Based upon a number of 
turbines tested, the results indicate that half of this (roughly 70 
Btu per kwhr) may be lost within the first montl owing to slight 
films of deposits of the order of 2 or 3 mils.® 

Although theoretical calculations of the contribution of each 
component to the cycle heat rate are entirely valid for the assump- 
tions made, the difficulty in determining how much is realized in 
actual practice lies in the large number of variables which in- 
evitably do not conform to these assumptions and the relatively 
crude techniques available for testing. It has been shown already 
that errors which are introduced in attempts to simplify the prob- 
lem of testing, even though small, frequently represent a sizable 
annual fuel cost. On the other hand, the author’s demonstration 
of the extreme accuracy of his theoretical analysis is not only ap- 
propriate but also substantiates some important conclusions in 
his paper. 

With further reference to the possible use of the methods set 
forth in the paper for practical monitoring purposes, it also should 
be pointed out that it is desirable to analyze the actual per- 
formance of the heater chain as a component separate from the 
main turbine or condenser. Such a breakdown is to be preferred 
for a number of practical reasons when monitoring the deteriora- 
tion of the various items of cycle hardware and in programing 
corrective measures to restore the cycle to its maximum per- 
formance. The author’s consideration of the low-pressure turbine 
with its extraction heaters as one component and the high-pres- 
sure turbine with the reheater and additional feedwater heaters 
as another component does not appear to lend itself readily to 
this approach. We are confident that the author is aware of 
these difficulties, at least to some extent, and it is hoped 
that these comments will serve to place additional emphasis upon 
their importance as well as to establish in some degree a larger 
perspective of the general problem. 


H. H. Gorrie.” In recent years great interest has developed 
in the continuous monitoring of the performance of boilers and 


*“Observed Effects of Deposits on Steam Turbine Efficiency,” by 
J. Angelo and K. C. Cotton, ASME Paper No. 57—A-116. 
10 Vice-President, Bailey Meter Company, Cleveland, Ohio. 
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turbine cycles, because it presents one of the few remaining 
economic opportunities for improving performance, year in and 
year out. 

The new approach to reheat-cycle analysis developed by the 
author provides a means for ‘‘sectionalizing’’ the heat cycle for 
the purpose of continuous-performance monitoring. This work 
is particularly timely. The general acceptance of single boiler- 
single turbine heat cycles makes continuous-performance monitor- 
ing practical, and the present and projected size of generating 
units makes it an economic necessity to know the relation between 
day-to-day operating and design efficiency. 

A potential advantage of the author’s concept as compared to 
conventional fault-monitoring procedures lies in the manner in 
which operating information may be displayed. It is practical 
to apply analog-computer equipment that will display con- 
tinuously the over-all cycle heat rate. Using the author’s concept 
it may be possible to segregate and display continuously the per- 
formance of the high and low-pressure sections of the turbine 
cycle in a quantitative manner, for example Btu per kwhr. 

By displaying these data as a deviation from test operation, the 
operating personnel is made aware of deterioration in either the 
reheat or low-pressure section of the cycle and can take immediate 
action. 

General acceptance of the concept of performance display can 
only come from a demonstration of its accuracy as an index of per- 
formance under all conditions of abnormality or deterioration in 
efficiency of prime mover or auxiliary equipment. This requires 
further work which currently is in process, and which will be 
accelerated greatly by the practical application of continuous- 
performance-monitoring equipment. 

The author’s disposition of certain “‘nuisance’’ factors such as 
drains, leakages, and so forth, represents one method, but cer- 
tainly is not the only method of accounting for these items. 
Fortunately, however, these items come under the heading of 
“bookkeeping’’ and seem to be of relatively small importance 
when it is considered that the total effect of all such factors on the 
heat cycle usually is about 1 per cent or less, and the utility of the 
index is not affected as long as the same method is employed at all 
times. 

In the practical application of performance-monitoring equip- 
ment to present-day heat cycles, these nuisance factors must be 
‘‘prescheduled’’ since they are numerous and difficult to measure. 
Since the disposition of these items in the cycle affect the heat 
rate to a minor degree, this gives rise to the thought that cycle 
designers might well consider the disposal of leakages and drains 
in such a manner as to simplify and improve the accuracy of con- 
tinuous performance-monitoring techniques. 

This thought is prompted by the philosophy that a slight de- 
crease in design efficiency can be tolerated if means can be de- 
vised to narrow the gap between the design heat rate and that 
generally achieved in operation. A continuous display of per- 
formance in the major sections of the heat cycle is the first re- 
quirement in obtaining this goal. 

The author is to be congratulated for his contribution and it is 
hoped that his work may stimulate others to make a critical analy- 
sis of power-plant heat cycles since a thorough knowledge of the 
heat cycle with emphasis on the problems of continuous measure- 
ment and computation is a prerequisite to any thought of auto- 
matic optimization of generating-unit operation. 


D. Nabow.'! The author has again emphasized the value of 
sound analysis as a tool which the power-plant designer can use 
in his continuing effort to build the economically efficient power 
plant. His method is especially useful because it calculates frac- 


11 Chief Engineer, Duke Power Company, Charlotte, N.C. Fellow 
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tional percentage losses from the cycle parameter with an ac- 
curacy which is within acceptable limits of the losses themselves. 
This method permits study in depth of many phases of the cycle. 
Thus for the 275/295-mw units for our Allen Plant units Nos. 3 
and 4, a total of 22 different arrangements of drain coolers and 
drain pumps have been studied for the seven heaters, and the 
losses for each arrangement were determined in reference to the 
“ideal cycle’’ consisting of contact heaters. The heat-balance 
diagram shown in the author’s Fig. 2 was arrangement No. 13 
with a loss of 0.15 per cent. The poorest arrangement, consisting 
of seven heaters without drain coolers or drain pumps, showed 
a heat rate loss of 0.81 per cent. The final evaluated and adopted 
arrangement No. 17 with six drain coolers and one heater drain 
pump on the No. 5 heater (HP heater No. 1) showed a loss of only 
0.06 per cent. 


Other cycle losses which have been evaluated include: 


1 Loss in heat rate resulting from each degree of terminal dif- 
ference at each heater and due to each 1 per cent pressure drop 
in each extraction line. 

2 Loss in heat rate as a function of drain-cooler effectiveness. 

3 Distribution loss resulting from distortion from ‘‘equal 
rise’’ distribution. 


Within the subcritical range of operation we are approaching 
a condition of narrowing horizons of performance gains which, in 
the past, were made possible by use of larger size units and higher 
pressures and temperatures. Larger size of units and rising fuel 
costs make it necessary to attack every possible source of losses. 
The author has given us an effective weapon for the attack on the 
losses in the feedwater-heating cycle. 


M. J. Steinberg.'? This paper extends the analysis of power- 
plant cycles to include the reheat cycle. To this extent the paper 
is a most valuable addition to the available literature and gives 
promise of becoming an important tool for the calculation of cycle 
thermal performance and the evaluation of the effect of cycle de- 
sign changes on the over-all performance of reheat cycles. 

The author has introduced a new concept in method of ap- 
proach by analysis of the effect of superimposing a reheat section 
upon the nonreheat condensing section of the cycle. A review of 
the mathematical analysis discloses no errors in fundamental 
theory. Such simplifying assumptions as have been made are 
considered reasonable in light of acceptable precision. The fact 
that the author’s methods result in heat rates, as shown by Equa- 
tions [58] and [59] of the paper, which vary by less than 0.5 Btu 
per kwhr from the value derived by conventional methods of com- 
putation, indicated in Fig. 2, is sufficient evidence of the effective- 
ness of the author’s method. 

It is noted with interest, however, that the author states in his 
introduction that the method which he developed for analysis of 
the nonreheat cycle has not hitherto been applied and is not 
directly applicable to a reheat cycle. With respect to this state- 
ment, we have been privileged to supervise a thesis’? by two 
students who did succeed in extending the author’s method of 
analysis to include the reheat cycle. The material in the thesis 
is too voluminous for inclusion herein, but it may be of interest 
to describe generally how this was accomplished. First it should 
be noted that the author’s method of application to nonreheat 
cycles involves a three-step calculation: 


1 The theoretical maximum gain due to regenerative feed 


12 Division Engineer, Consolidated Edison Company of N. Y., Inc. 
Mem. ASME. 

13“*A Method of Analysis for Steam Turbine Cycles,” by S. M. 
Brodsky and E. A. Cotty, a thesis submitted in partial fulfillment of 
the requirements for the degree of MME at the Polytechnic Inst- 
tute of Brooklyn, June, 1955. 
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Table 1 
1050 F/1050 F reheat; 1.5 in. Hg abs. 


Heater number. . . 1 
Type 
Group... .. 


3 


2 
F F 


F3ys 

51.6 

1145.3 
0.045054 
55.5 


0.049102 
0.950898 


TF for group... CG 

4 
54.3 

1130.3 
048040 
.0053364 
.9946636 


1.066419 
0.93772 

0.062282 
0.202446 
0.797554 


93272 
044808 


0.88692 
0.039959 


RL: 


Chart calculations of a 3F-1C-1F-1C-1F cycle for numerical example. 


I 
FF sys P3F2F yy; 
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TFs = 1,335,000 lb per hr; 2015 psig; 


69.7 
1049.4 
0.066419 


1034.1 
0.054443 

59.3 
0.058719 
0.941281 


049114 


5 
040427 


049114 
.95319 

046815 
095662 
904338 
. 721258 


0.89722 
0.048847 .040427 
040427 
959573 
692100 
029158 
.934515 


923,954 lb/hr 
38,926 lb/hr 
1,247,578 lb/hr 


Minor Firows 
4800 |/481.5 
5700 3,300 | 1463.2 
200 19,000 |/411.0 
1400 €000| 280 
200 6,006 | 694.8 


(354.2 
49542 
1354.2 
14815 


Fig. 5 WHeat-balance diagram of a 


heating, referred to a nonextraction cycle, is calculated assuming 
the use of an infinite number of contact heaters to heat the feed- 
water to saturation temperature. 

2 The fractional part of the theoretical maximum gain is 
calculated by assuming an “‘ideal’’ cycle consisting of a finite 
number of contact heaters or equivalent, with equal spacing. 

3 The third step involves the approximation of losses due to 
the departure of the actual cycle from the ideal cycle. 


The approach used in the afore-mentioned thesis requires a two- 
step calculation: 


1 The calculation of the heat rate for a ‘‘basic’’ cycle. This 
cycle is the actual cycle with the assumption that no fluid leave or 
enter the cycle, and the absence of steam leakages and reheater 
bypass. 

2 Correction of the basic cycle heat rate for such items as 
steam leakage, introduction of make-up, pump work, generator 


air coolers, and so forth. 


3F-1C-1F-1C-1F cycle for example 


Basically, the thesis outlines a method for determination of 
flows which, together with appropriate enthalpy values, permits 
application of Equation [3] of the paper. The flows are deter- 
mined by the methods developed by the author with some modi- 
fications in the interest of simplification. The calculation of the 
flow through the reheater is rather simple and involves no com- 
plicated formulas. 

A sample calculation of the thesis method (Fig. 5 and Tables 1 
and 2 of this discussion) applied to the reheat cycle of an actual 
installation is included herein. A variation of 4.2 Btu per kwhr, 
equivalent to 0.056 per cent, was obtained. Additional refine- 
ments could reduce this variation although we consider this to be 
unnecessary since the results are within acceptable engineering 
precision without such refinements. 

The availability of another method of approach does not de- 
tract from the value of the paper, and we offer our congratula- 
tions to the author for an excellent and original approach to the 
problem. 
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Table 2 Leakage and make-up adjustments of a 3F-1C-1F-1C-1F cycle for numerical example 


La Le Le Lp 

byps to htr 4 tocond toSJAE Le 

rhtr byps rht bypsrht byps rht 
18000 200 1400 
00010487 
1354.2 
100.8 
1253.4 
984.5 
1.27313 
0.27313 
0 .00028643 
000028643 


Leakage flows 
descrip 
L(ib/hr) 
Liib/\b T.F.) 
1354.2 
59.7 


1294.5 


1.02830 
0.02830 
0.00012083 
0.00011330 


Item 

yt — 1) 
> — 1) group 
Basic TF.(1 + 7) 
Lines 2 + 3 
Bypass turb. exh. 

(Le and Le) 
Corrected TF, 

(line 4 — line 5) 


Group IT 
000075292 
000072248 


Group I 
—0 .0039936 
—0.0034656 
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A. O. White.'* This paper adds another important contribu- 
tion to the many that the author has made to the analysis of steam 
power plants and their cycles. As such, it warrants careful study 
to insure a thorough understanding of the principles involved and 
application to investigations of reheat cycles. 

The writer is pleased to see that the author has finally de- 
veloped a strictly analytical method of handling reheat cycles, 
since this is a problem that has bothered the author since he 
published his paper, ‘“The Steam Turbine Regenerative! Cycle— 
An Analytical Approach’’ (footnote 2b of the paper). The 
method presented, while entirely consistent with his previous ap- 
proach to thermodynamic cycles, is certainly a novel one, but 
displays that insight which he has previously displayed, and 
which is necessary to the solution of such problems. While the 
point of view is almost the exact opposite of the conventional one, 
it is a perfectly valid approach, and probably the only one possible 
for the task the author set himself. We would be well advised to 
become thoroughly familiar with it. 

Anyone who takes the trouble can follow the reasoning and 
the method quite readily, particularly if he is familiar with the 
previous basic analysis. The writer believes the division of the 
problems into the determination of an “‘ideal gain’’ and then the 
“realization factor,’’ n;, based on the actual cycle arrangement is 
useful, both in simplifying the analysis and providing an insight 
into the effect of various parameters on a steam cycle. 

Those who follow the example will agree that the method is 
simple to apply and the accuracy completely adequate. It is to 
be hoped that this analytical approach achieves general adoption 
in the industry as its use will save untold man-hours of tedious 
calculation in evaluating various cycles and cycle changes. 

It is hoped the author will be able to publish at some later date 
further information on his work on performance monitoring. 


Author’s Closure 


Mr. Estcourt’s characterization of the method presented in the 
paper as a ‘building-block method”’ is appropriate. Work done 
since presentation of the present paper further breaks the plant 
down into smaller building blocks. This work is nearing com- 
pletion and will be published at a later date. 

The method of the paper is directed primarily at analysis of 


44Gas Turbine Department, General Electric Company, Schenec- 
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28 
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Totals Summary 
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—0.0024567 
0.69521 
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power plant cycles, for the purpose of performance monitoring, 
rather than at the selection of a type of cycle; naturally, however, 
it is applicable to both. The term “superposition’’ is a figure 
of speech, not related to physical apparatus, but rather to the 
process of thermodynamic analysis. 

Mr. Esteourt’s good offices in bringing the principals together 
in the current activity are well recognized and appreciated by 
both. Provided the work that has been undertaken ultimately 
is successful in yielding a satisfactory performance-monitoring 
system, he will have performed a service of inestimable value to 
the utility industry, in the author’s judgment. His continued 
interest and encouragement are much appreciated. 

The author agrees that one cannot test for a heat rate devia- 
tion as small as 19 Btu, and moreover that one cannot afford to 
undertake a complete installation to find such a magnitude by 
test, even if it were possible. This represents a situation where 
one must rely completely on analysis which, after all, is the 
essence of good engineering. The theory by which such changes 
in heat rate may be calculated is well established; the calculation 
of differences of such small magnitude represents the caleu- 
lation of a slope of the heat-rate curve, rather than the abso- 
lute level of the heat rate itself. It is widely agreed that dif- 
ferences calculated by analytical methods are sufficiently accurate 
to permit the predicating of a decision on the installation of 
equipment upon them. Such differences are accepted on the 
same basis that “correction factors’’ are accepted, since these 
also represent the calculation of slope, rather than absolute 
magnitude. 

The extension of the author’s work that currently is under way 
is predicated on the monitoring of individual components of the 
complete power plant system. Since each of these components 
can be monitored with considerable accuracy, the entire plant can 
be monitored with commensurate accuracy, since the total 
deviation in plant heat rate obviously is equal to the sum of the 
individual component deviations, subject only to the root mean 
square value of the error in the individual quantities. When a 
single comprehensive test, such as the acceptance test, is used 
as a reference level, the method provides a means for determining 
changes in plant heat rate with great accuracy. 

The extension of the present paper into monitoring of the 
components nicely takes care of the problem of which Mr. Est- 
court is apparently so acutely aware, namely, that the heater 
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cycle does not normally operate in accordance with the cycle 
assumptions used for guarantees. This is a widely recognized 
problem. The current work, sponsored by the Bailey Meter 
Company, is nearing completion and will be published after it 
has been confirmed by numerous examples and test cases. It 
also provides a ready means for checking the deterioration of 
turbine performance that is mentioned by Mr. Estcourt. 

Mr. Esteourt’s recognition of the ‘‘. . . large number of varia- 
bles. . .’’ and the complexity of the cycle is noted by the author 
with great satisfaction. That the literally hundreds of pres- 
sures, temperatures, enthalpies, flows, leakages, mechanical 
and electrical losses, etc., can be monitored by an ABC system 
is too much to expect. However, by using the “building-block”’ 
approach and certain over-all criteria for each component of the 
system, a considerable reduction in cost of equipment will be 
accomplished. 

To allay Mr. Estcourt’s concern, expressed in the last para- 
graph of his discussion, it is reiterated that the present paper is 
only the ‘‘initial step.’ The original plan was to present a paper 
on performance monitoring, but difficulties in presenting the 
material lucidly developed, and it finally was concluded that 
the present paper was necessary as a preamble to the performance 
monitoring paper. 

The second step has included from the start precisely the 
approach mentioned, that is, the separation of performance of 
the heater system from the turbine and condenser. It was, in 
fact, because of the obvious need for such a breakdown that the 
present paper was written—to first break the plant down into 
two large pieces.. The present effort further breaks these large 
pieces down into smaller ones. 

The author is in general agreement with Mr. Gorrie’s state- 
ments. While it is true that the nuisance items come under the 
heading of “bookkeeping,’’ nevertheless the utilities can afford 
to do much bookkeeping for 1 per cent in efficiency at present 
prices. All efficiency studies and evaluations are essentially 
bookkeeping, anyway. 

The author has discussed with Mr. Gorrie the matter of dis- 
position of leakages in such a manner as to improve the accuracy 
of performance monitoring. Such an approach is highly de- 
sirable if no loss is incurred. On the other hand, if such re- 
arrangement of the secondary flows of the system requires that 
we accept a “‘built-in’’ loss that is present for the life of the plant, 
it will be necessary to demonstrate in each specific instance that 
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the possibility of better monitoring will more than offset the 
built-in loss. That is, the author’s plea is for the best possible 
design efficiency consistent with the economics, without com- 
promise for convenience except in those instances where a profit 
can be demonstrated. High design efficiency is a sine qua non 
of an efficient plant—monitoring can do no more than assist in 
maintaining a high level of efficiency—it cannot raise the level. 

The author wishes to pay public tribute to Mr. Nabow for his 
keen appreciation of the value of careful and precise analysis 
and evaluation of power plant cycles, as demonstrated over the 
author’s many years of association with him. His primary 
criterion, aside from the practicability from an operating stand- 
point, has always been economic evaluation of the many alter- 
natives that invariably are available to the designer. The 
author undertook the work described in his discussion with 
recognition that decisions depended upon the results—a most 
satisfying environment that calls forth one’s best efforts. 

Mr. Steinberg’s support of the author’s work over at least 
seventeen years deserves, and is hereby tendered, the author’s 
deepest gratitude. He has not only taught a series of graduate 
courses from the author’s book, but he has diligently encouraged 
promising students to extend the work into new areas, of which 
his discussion is one example. Mr. Steinberg’s devotion to such 
work represents one means for combating the current complete 
apathy on the part of mechanical engineering students in the 
field of steam power plants. The author feels that it is incum- 
bent on the utilities, universities, and trade associations to 
overcome this apathy if we are to avoid finding ourselves with- 
out adequately trained people in the not too distant future. 

Mr. Steinberg’s continued interest and valuable contributions 
in the author’s current effort to extend the principles of his 
earlier work to cover performance monitoring are solicited. 

The author is appreciative of Mr. A. O. White’s kind words, 
particularly because, as his former associate, he regards him as 
his most competent critic and the only one with sufficient tenacity 
to wade through the manuscript of footnote 2(a) of this paper. 

The absence of a solution by the author of the reheat cycle 
analysis problem has resulted from his diversion by less important 
matters in the intervening years, and the lack of an incentive as 
challenging as the performance monitoring problem. With this 
as an objective, the present work will be extended into areas that 
will require the present paper as a foundation for the additional 
analysis. 
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of the Griffith-Irwin Theory of 
Crack Propagation to the Bursting Behavior 


of Disks, 


Including Analytical and 


Experimental Studies 


By D. H. WINNE? anv B. M. WUNDT,* SCHENECTADY, N. Y. 


This paper presents the results of bursting tests of large, bored, 
and effectively notched disks removed from long rotor forgings. 
Most of the tests were conducted at room temperature. For the 
particular disk geometry employed, the net average tangential 
stress at bursting speed was as low as 25,000 psi for brittle be- 
having materials and as high as 77,000 psi for materials approach- 
ing ductile behavior. These correspond to 26 per cent and 92 per 
cent of yield strength, respectively. The Griffith-Irwin theory of 
crack propagation is adapted to the calculation of G,., fracture 
toughness, from notched-disk bursting-test results. It is shown 
that G. from disk tests agrees with G, obtained from slow notched- 
bend tests, and therefore appears to be a property of material, 
largely independent of specimen size. The actual magnitude of 
G, permits the classification of forgings by the degree of their 
susceptibility to brittle fracture in the presence of discontinuities. 
G,. and the ratio K,, of room temperature bursting strength to 
yield strength are found to correlate well with the material 
Charpy V-notch fracture appearance transition temperature. As 
the latter is reduced, G, and K,, are increased. 


Nomenclature 


Tue following nomenclature is used in the paper: 
c = depth of notch in beam, in. 


modulus of elasticity, psi 
= Charpy V-notch ae transition tem- 
perature, deg F 
strain-energy release rate, in-lb/in.? 
fracture toughness, in-lb/in.? 
net depth of beam at notch, in. 
= 5,./S, = disk tensile-strength ratio 
Kv Soa/S, = disk yield-strength ratio 


1 When this paper was written, the authors included information 
and expressed opinions they believed to be correct and reliable. 
However, because of the constant advance of technical knowledge, 
the widely differing conditions of possible specific applications, and 
the possibility of misapplication, neither the authors nor their em- 
ployer make any warranty with respect to, or assume any liability 
arising out of this paper, its contents, or its use. 

2? Engineer, Large Steam Turbine-Generator Department, General 
Electric Company. Assoc. Mem. ASME. 

Structural Engineer, Large Steam Turbine-Generator Depart- 
ment, General Electric Company. 

Contributed by the Power Division and presented at the Annual 
Meeting, New York, N. Y., December 1-6, 1957, of Toe American 
Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
7, 1957. Paper No. 57—A-249. 
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( gures 
pan & ) yield strength in tangential direction near bore, psi 
di disk thickness or beam width, in. 
= diameter of disk bore, in. t ‘ deg F 
outer diameter of disk, in. 


radial depth of notch, in. 
bending moment per unit beam width, lb-in. 
rpm 
rpm at bursting 

= distance from crack tip, in. 
radius at apex of notch, in. _ 
radius of disk-shaped crack, in. 
dD, /2, in. 
in. 
average tangential stress in a uniform-thickness disk at 

bursting speed 


3 Por 
= mean value of undisturbed stress field normal to planar 
extent of notch, psi 
net average tangential stress at the minimum section 
of a notched disk at bursting speed, psi 
So at bursting speed, psi 
stress at the center of an unbored, thin uniform-thick- 


ness disk = : 2, psi 


tensile strength in tangential direction near bore, 


= angle which radius r makes with plane of crack 
L,’R, = relative notch length 
Pc .sson’s ratio 
mass density of disk material, Ib-sec?/in.* 


stress, psi 


angular velocity, radians/sec 


Introduction 


Recent bursts of large rotors (35 to 39)* have directed attention 
to the brittle behavior of alloy-steel forgings under unusual con- 
ditions. This behavior is characterized by fracture at low aver- 
age stresses with little plastic deformation, and by rapid crack 
propagation originating at severe stress concentrators. 

A related brittle fracture problem is that of ship-plate failures 
(29 to 31). When ship failures due to brittle behavior first oc- 
curred, it was generally assumed that the plate had ductility prop- 
erties below specification values, since the fractured plates re- 
vealed very little plastic deformation. However, samples of the 
failed plates were found to conform in every respect to the applica, 
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ble specifications. The good ductility of material in laboratory 


tests did not seem compatible with the brittle behavior in service. 

In the course of further study, the notch toughness of the steel 
plates was evaluated at various temperatures by means of the 
Charpy V-notch impact test. It was found that the energy re- 
quired to fracture a test specimen decreased markedly as the test 
temperature was lowered. This reduction in energy resulted 
from a change in mode of fracturing from shear to cleavage. The 
temperature at which a bar absorbed 15 ft-lb of energy during 
fracture was defined as transition temperature. This varied, 
among steels tested, over a range from 0 to 140 F. It was noted 
that most ship failures occurred during cold weather, when the 
steel was at a temperature below the transition temperature. 

Transition temperature has also been found to play a significant 
role in the brittle fracture of large forgings. One readily deter- 
mined transition temperature—the fracture-appearance transi- 
tion temperature, FATT—is that temperature at which a Charpy 
V-notch impact specimen fractures with 50 per cent cleavage and 
50 per cent fibrous area on the fracture surface. As shown in 
Table 16 of reference (36), the slow notched-bend strength of 3- 
in-sq specimens increases nearly threefold as the FATT is changed 
from 275 to 40 F. 

Specimen size and severity of discontinuity have likewise been 
found to be important factors. Fig. 18 of (36) shows that the 
notched-bend strength of sharply notched bars of one rotor ma- 
terial drops to about one-quarter of the strength of very small 
specimens as the specimen size increases up to 4 in. However, for 
mildly notched specimens, there is very little reduction in strength 
with size. 

Transition temperature and size effect give qualitative indica- 
tions of the resistance of large forgings to brittle fracture in the 
presence of discontinuities, but have not permitted the prediction 
of bursting speeds of large disks or cylinders. It is desirable to 
be able to predict fracture strength from material properties ob- 

Table 1 


ROOM TEMP 
PROPERTIES 


DESIGNATION 


STRENGTH 


Summary of bursting tests at room temperature. 


LARGE SMALL 
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tainable from laboratory tests, and from the geometry of the 
body with its discontinuities and the conditions of loading. 
To develop a better understanding of the brittle fracture of 
rotors, a quantitative evaluation of the pertinent facters was 
undertaken. This paper reports significant results to date. 


Disk-Bursting Tests 


In order to investigate the behavior of rotor materials under 
conditions of stress and loading which simulate those existing 
in actual rotors, disk-bursting tests were made on various ma- 
terials at different temperatures. Several disk geometries were 
employed, including both notched and unnotched disks. 

The average tangential stress 5, at bursting speed w, for a uni- 
form-thickness disk is given by 


— Ri 


1 
47 R21 + X 
RoR, 7 X +X)... 


1 
5, = 
where X = 


For steel with p = 7.35 XK 10~‘ lb-sec?/in.‘, letting w, = 27 


N, \2 
= 2.69R (1+ X + 


re 
For a disk with two diametrically opposite radial notches at the 
bore, each of length L, Fig. 1(a), the net average tangential stress 


_ 


L 
where A = OF using Equation [2] 
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The average tangential stress at bursting divided by the tensile 
strength yields the well-known ‘‘disk-tensile-strength ratio” 
§ Son 


Kee = 
S, S; 


2.69R,? 


Son 


or 


A new ratio, formed by dividing the average tangential stress at 
bursting by the yield strength, is called the ‘disk-yield-strength 


Kys = 


Unnotched Disks at Room Temperature. Some of the recent 
tests of unnotched disks and various older tests dating back te 
1943 are summarized in Table 1. These include pioneering tests 
performed by Robinson (27). From this table it may be ob- 
served that: (a) The disk-yield-strength ratio Kys is at least equa! 
to and generally larger than unity; and (b) the disk-tensile- 
strength ratio Kts is usually less than and occasionally equal to 
unity. In other words, the average tangential stress S, falls 
roughly between the yield strength S, and tensile strength S, for 


ratio’’ 
- 
} all disks with bores, but without notches. Note that all disks in 
"9.005 OR 0.010 IN. Table 1 are classified as sound, i.e., without effective discontinui- 
ties. 
OO Notched Disks at Room Temperature. Some of the results of 
bursting tests of notched disks are summarized in Table 2. Ail 
disks included are large (24 in. OD) and range from 2 to 6 in. 
thick. Each disk had two notches usually 1 in. deep, machined 
diametrically opposite at the bore. Some notches were V-shaped 
and others were narrow slots, Fig. 1. The notch-root radius was 
either 5 or 10 mils. These disks were removed coaxially from 
forgings and most were burst at room temperature. 
It may be observed from Table 2 that each of these large e- 
- ~ fectively notched disks burst at a net average tangential stress 


- (a) a on ase below the yield strength of the material, that is, at a ratio Kys 
Fig. 1 Geometry of notches for disk-bursting specimens 


less than unity. The ratio Ay, may exceed unity for materials 
Table 2 Summary of bursting tests. 
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Table 3 Summary of bursting tests. 
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which are tougher or more ductile than those listed in Table 2. 

It was observed, further, that the appearance of the fracture 
surfaces of the burst disks varied. Some of the fracture surfaces 
were predominantly of the cleavage type and others were largely 
fibrous. Therefore on the basis of fracture appearance, the 
disks of Table 2 have been divided into two rather broad cate- 
gories: quasi-brittle and quasi-ductile. Figs. 2 and 3 show typi- 
cal quasi-brittle and quasi-ductile fractures, respectively. 
Disk WD3A, Fig. 2, fractured primarily by cleavage, leaving a 
relatively smooth surface with fracture striations emanating from 
the roots of the notches. Disk IN1A, Fig. 3, fractured mainly by 
fibrous tearing, which produced a rugged fracture surface. 

Quasi-brittleness indicates that, for the particular geometry 
employed, the material is susceptible to the notches, and the disk 
exhibits little over-all ductility in bursting at a net average tan- 
gential stress which is considerably less than the yield strength. 
Quasi-ductility, on the other hand, indicates relatively low sensi- 
tivity to notches, and occurs when disks burst with a considerable 
degree of ductility at a net average tangential stress which may 
approach or possibly exceed the yield strength. 

It was found that most disks which burst at Kys less than about 
(0.6 were quasi-brittle, and most of those which burst at Ays greater 
than about 0.7 were quasi-ductile, based on the fracture appear- 
ance. This apparent boundary between quasi-brittle and quasi- 
ductile behavior at Kys between 0.6 and 0.7 may be related to the 
mean value of the undisturbed stress field Som normal to the 
planar extent of the notch. For the particular geometry of the 
disks in Table 2, Soa is approximately equal to 0.65 Spm where 


Spm is the tangential stress which would exist midway between the 


_ TRANSACTIONS OF THE ASME 


Fig. 3 Fractured disk exhibiting quasi-ductile behavior 


Small bored and notched disks. 
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bore and the location of the bottom of the notch in an identical 
disk without notches. The latter seems to be a reasonable choice 
for the mean stress field in the vicinity of the notch. Conse- 
quently, it appears that the observed boundary between quasi- 
brittle and quasi-ductile bursting behavior at Kys equal to about 
0.65 corresponds to bursting when the stress field in the vicinity 
of the notch equals the yield strength of the material. 

The behavior of disks is dependent on the disk and notch 
geometry, as well as on the test temperature and the location in 
the forging from which a disk is removed. In order to severely 
test the material and to promote brittle behavior, the 
notches must be designed to be effective, like those used in disks 
summarized in Table 2. As will be shown later, a most effective 
notch depth can be chosen which minimizes the net average tan- 
gential stress at burst. 

It is very significant to note from Table 2 that strengths of 
specimens in laboratory tests were obtained which are as low as 
the average stresses which existed in large rotors that burst. This 
is in contrast to the higher bursting strengths obtained in tests of 
small notched and cracked disks previously reported (36), and in 
the recent tests described in the following paragraph. 

Bursting-test results for small bored and notched disks taken 
from mid-radius locations in forgings TC ,WD, and WL are sum- 
marized in Table 3. These disks are notched at the bore like the 
large disks, but their outer diameters are only 11, 9, and 8 in. and 
their thicknesses are '/», */,, and */s in., respectively. The room- 
temperature yield-strength ratios Kys for these small disks are 
considerably larger than the corresponding ratios for large disks. 
A comparison is given in Table 4. 
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Table 4 Comparison of room temperature Ky, ratios for small 
and large disks 


It is evident from the data which have been presented that it is 


not possible to evaluate materials directly on the basis of the 
bursting strength of notched disks of arbitrary geometry. In 
order to be able to interpret properly and to correlate the test 
data, a suitable working theory is required. A study of possible 
approaches to the problem led to the belief that the Griffith 
theory of crack propagation, as modified independently by 
Orowan and Irwin, is best suited for these purposes. 


Large disks Small disks Ratio 
0.28 0.56 2.0 
0.31 avg. 0.60 avg. 1.9 
0.53 0.80 1.5 


Forging 
TC 
WD 
WL 


Griffith-Irwin Theory of Crack Propagation 7 


It will not be possible in this paper to review in detail the 
Griffith theory of crack propagation, nor its modification by 
Orowan and Irwin. Those who are interested are referred to the 
literature which by now is quite extensive (1), (3 to 15), and (26). 
In this portion of the paper, a very simple explanation of the 
theory essentially based on the highly readable paper (3) by 
G. R. Irwin will be presented. 

In 1920, Griffith (1) proposed that brittle bodies fail because of 
the presence of numerous internal cracks or flaws which produce 
local stress concentrations. Griffith also stated that the elastic 
body under stress must pass from the unbroken to the broken 
state by a process during which a decrease of potential (elastic) 
energy takes place. He proposed that the condition for fracture 
is reached when the increase in free surface energy (surface ten- 
sion), caused by the extension of the crack, is balanced by the re- 
lease of elastic-strain energy in the volume surrounding the 
crack. The famous relationship derived by Griffith for propaga- 
tion of an internal crack of length 2C in an infinite thin plate under 
a uniform stress ¢ normal to the plane of the crack is 


rC 
where 7’ is surface tension. 

In ceramics, and especially in glasses, hardly any deformation 
accompanies fracture; this led to the surface-tension concept of 
brittle fracture. However, in metals, plastic deformation always 
takes place, and Griffith’s surface-tension concept is not suitable. 
Both Orowan and Irwin independently came to the conclusion 
that the slight plastic flow which occurs in the brittle-fracture 
zone, absorbs a large amount of additional energy, and must be 
considered in determining the energy required to create new 
fracture surfaces (8, 12 to 15). 

It is advisable to introduce the following definitions (17, pp. 
37-38): 

Strain-Energy Release RateG. The quantity of stored elastic- 
strain energy released from a cracking specimen as a result of ex- 
tension of the advancing crack by a unit area. This physical 
quantity will be designated as G following Irwin’s usage. 

Fracture Toughness G,. The component of work irreversibly 
absorbed in loca] plastic flow and cleavage surface tension to 
create a unit area of fracture. Fracture Toughness (22) has also 
been referred to in the literature as Surface Energy Density or 
Fracture Extension Force and is designated as G,. 

The strain-energy release-rate concept was evolved in an at- 
tempt to explain the process of fracture. The condition for frac- 
ture is reached when the strain-energy release rate G equals the 
fracture toughness G,. 

It is assumed that any unit area of cleavage-type fracture sur- 
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face of uniform appearance, which is produced at a given tem- 
perature in a specific material, requires the same quantity of ex- 
pended work G,. As will be shown later, it appears that G, is 
a property of steel in the same sense as yield strength or 
tensile strength. Like these latter properties, G, cannot be calcu- 
lated on the basis of solid physics theory, but must be obtained 
experimentally. It is not yet clear just how complex a property 
G, is. Certain aspects of G, will be discussed later. 

In order to obtain G, experimentally, it is first necessary to ob- 
tain a mathematical expression for G, in terms of crack dimen- 
sions, geometry of the test specimen, modulus of elasticity EZ, 
Poisson's ratio v, and existing stress field o. If the test specimen 
is then loaded, with the stress gradually increasing until a stress 
level is reached which results in fast propagation of the initial 
crack, then G, obtained from the applicable formula, equals the 
required experimental fracture toughness G,. In such manner, 
G, may be determined from a notched-tension test, from a 
notched-bend test, or by bursting a notched disk, provided that 
the test conditions result in brittle fracture. 

The following useful formulas are typical relationships between 
Ganda: 


(a) Infinite plate with internal crack of length 2C in the center 
of plate, or semi-infinite plate with edge crack of length C, stress 
field perpendicular to crack length, Fig. 4 (3) 

for plane strain. . 
= ml — v*)c 


— 
We 


5a] 


for plane stress (Griffith’s formula)... [5b] 


(b) Finite plate of width Z with a central crack of length 2C or 
with two edge cracks each of depth C, Fig. 4, for plane strain (9, 
10) 


(c) Sneddon’s Formula (2, 3) for a thin “disk-shaped’’ crack 
of radius R embedded in a stress field o of extent large as com- 
pared with R. 


Fig. 5 is a plot of Sneddon’s curves. This very important family 
of curves will be discussed later. 

Irwin (8, 11) has shown that G also defines the intensity of 
stress in the close neighborhood of the edge of the crack. The 
approximate expression for the stress perpendicular to the direc- 
tion of crack extension is 


(a) (b) (c) 


Strain-energy release-rate formulas for cracksin plates _ 


Fig. 4 
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Fig. 5 Stress field required to propagate a disk-shaped crack 
6 
cos 
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where r is the distance from the crack tip to the point under con- 
sideration and @ is the angle which radius-vector r makes with the 
plane of the crack. The expression 


6 
cos — 


2 
(: + sin 2 sin 


in Equation [8] is independent of the type of loading, but the 
factor (GE/m)'/? is a function of loading conditions and is defined 
as, the stress intensity factor K 


(GE\? 
Stress intensity factor K = ; 


The stress intensity factor AK is the same for plane strain as for 
plane stress, because E for plane stress is replaced by E/(1 — v?) 
for plane strain, and G for plane stress is replaced by G(1 — v?) for 
plane strain. If the stress distribution around the notch is 
known, the convenient relationship, Equation [8], between G and 
o simplifies the calculation of G by eliminating the need to inte- 
grate the strain energy over the entire body. 

The utility of the Griffith-Irwin theory is realized by deriving 
theoretical formulas for G for practical cases. Using an ex- 
perimentally determined value for G,, the stress field may be 
calculated which will cause a crack to propagate rapidly. It ap- 
pears that this approach to crack propagation will be of considera- 
ble significance in engineering applications. 

The theoretical basis for the relationship between strain-energy 
release rate and fracture toughness, as it is affected by the bound- 
ary conditions of the test specimens, is described by Bueckner 
(26). The difference between “‘fixed-grip conditions’’ and ‘‘con- 
stant-load conditions’ at the boundary is elucidated, and the 
effect of body forces is discussed. 


Application of Theory to an Infinite Plate Containing Cracks 
Radiating From a Circular Hole 


O. L. Bowie reported in 1956 the results he obtained by apply- 
ing Griffith’s theory of crack propagation to a very large rec- 
tangular plate containing radial cracks originating at the cireum- 
ference of an internal circular hole (23). Originally his work was 
reported in a Watertown Arsenal Report in August, 1954 (24), 
which later was followed by a Watertown Report No. 893/183 
in September, 1955. 

Bowie examined a stationary plate of large dimensions loaded 
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Fig. 6 Stress required to propagate different crack geometries 


at its boundaries by a uniform tension o, thus producing a uniform 
field of stress of intensity 0 throughout the plate. The plate is 
assumed to be in a state of plane strain. In the center of the plate 
is a hole of radius R,; with two cracks of length Z (relative length 
\ = L/R;,), extending radially outward from the ends of a diame- 
ter. (See case B in Fig. 6.) The length between crack extremities 
is 2C = AR, + L). 

In case A of Fig. 6, R,; equals zero and the plate contains a 
single crack of length 2C. Equation [5a] defines the stress field 
Innondimensional form 


GE 
(l — al 


If holes of increasing diameter are drilled with their centers 
coinciding with the center of the original crack, smaller and 
smaller cracks will remain protruding from the hole, ratio will 
steadily decrease, and ratio 2, /C of bore diameter to crack length 
will increase until it reaches unity. Case B is to be interpreted 
in the foregoing manner. For this case, Bowie developed an expres- 
sion for the stress field og, which may be written in modified form 
as 


{11 
— v?)R, 


= 
Equation [11] differs from Bowie’s expression because /'(A), 
plotted in Fig. 7, is used here instead of his [f’(A)]~'/2.. Equation 
[11] can also be expressed in the nondimensional form of Equa- 
tion [10]. 


on 


— 


(2 ) F(A) = (1 + A)'AF(A).. [12] 


Equation [12] is plotted in Fig. 6 and designated as curve B. an e 


Case B results in ordinates larger than unity for R,/C > 0.5, but 
for smaller values nearly coincides with case A. In other words, 
a crack whose central portion is partly removed by a smail hole 
behaves essentially as a full-length crack. Only when the re- 
maining radial length of crack L is a small fraction of the hole 
radius R;, is the stress to initiate fracture significantly larger than 
for the undrilled crack. When 95 per cent of the crack is re- 
moved, the stress necessary for propagation is doubled. 

Case C represents two collinear cracks, each of length C — R,, 
separated by distance 2R,. The stress field o, required to propa- 
gate the inner crack extremities toward each other was derived 
by Irwin (9, 10). In nondimensional form 
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Fig. 7 F(A) as a function of relative crack length 
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Fig. 8 Comparison of the stress field oz. to propagate two collinear 
cracks toward each other with the stress field o,. to propagate a single 
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crack 
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Equation [13] is plotted as curve C in Fig. 6. 

When 2; is sufficiently small, the stress required to propagate 
the two collinear cracks of case C toward each other is less than 
that required to propagate crack 2C externally. For example, 
when R,/C = 0.025, only half the stress for case A is required to 
fracture through the narrow web of sound material. It must be 
understood that as soon as the sound material between cracks is 
fractured by applying stresses defined by curve C, a single crack 
of length 2C results. When the stress level equals or is higher 
than that required to propagate a single crack 2C, the process 
continues by outward fast fracturing of crack 2C. When R/C = 
0.085, the ordinate of curve C is unity, and the processes of crack- 
ing inward and outward take place almost simultaneously. 

It is of interest to note that when . approaches unity, the 
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ratio between curves C and B approaches (8)' = 2.83. That is, 
the stress required to propagate two very small cracks, distance 
2C apart, inward toward each other through the sound material 
is 2.83 times the stress required to propagate them outward after 
the sound material is bored out. 

Equation [13] can be expressed in a form convenient for com- 
paring the stress field o4, required to propagate the inner ex- 
tremities of two collinear cracks, each of length 2C, separated by 
distance 2R,, with the stress field o,, required to propagate a 
single crack of iength 2C. 


Equation [14] is pletted in Fig. 8 as a function of R/C, the ratio 
of crack length to the distance between cracks. 


Calculation of G, Values for Notched Disks 


By proper interpretation, Bowie's analysis of a large plate with 
a hole and protruding cracks is adapted here to the very im- 
portant problem of a rotating disk of uniform thickness with a 
bore provided with two radial notches. It is assumed in this 
paper that a rotating disk and Bowie’s infinite plate under a stress 
field o, both of which contain identical holes and radial cracks, 
will have equivalent stress distributions around the holes and 
cracks provided the over-all crack length D,; + 2Z is less than '/, 
of the outer disk diameter D2, if the stress ¢ in the infinite plate 
equals the stress which would exist in the center of the rotating 
disks if it did not contain a bore hole. This assumption appears 
justified by the following considerations: (a) For L = 0, cal- 
culated stress distributions around the holes agree reasonably 
well; and (6) Equation [6] for a plate of finite width containing 
an internal crack differs from Equation [5a] for aa infinite plate 
by less than 5 per cent when the crack length 2C is less than 1/, 
of the plate width L. 

The stress at the center of a solid thin steel disk with outer 
radius R, rotating at speed N is pall 


N \3 
So = 3.36R.2 
1000 


Then to calculate G for notched disks it is only necessary to 
use Equation [11] and to replace stress o in the plate by Sp 
from Equation [15]. 


= (F(A)}*. 


ml — 


m1 — v*) R, 
E [F(A)]? 


= 


N,, So becomes Spo and G becomes G, 


- y?) R, 
E [F(A)}? 
Substituting for Spo from Equation [15] 


Using Equation [19], G, values were calculated for all notched 
disks and entered in Tables 2 and 3. 
It must be understood that, in this paper, G is calculated on the 
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Fig. 9 Variation with temperature of G, from disk-bursting tests 


basis of purely elastic stress and strain distributions, which are 
assumed to exist in the neighborhood of the notch. The fact that, 
for quasi-brittle behavior, there is a small plastic region at the tip 
of the sharp notch does not invalidate this assumption. How- 
ever, the plastic region near the notch in case of quasi-ductile 
behavior is rather extensive, and the formulas for strain-energy 
release rates which were derived for elastic stress-strain distribu- 
tions are not valid. 

In spite of this, G, values were formally calculated for disks 
exhibiting quasi-ductile behavior and are included in Table 2. 
The values are large, from about 600 to 1300 in-lb/in.*. Al- 
though these do not represent true values of G, for the materials, 
they do indicate still larger magnitudes of fracture toughness for 
such disks. They also indicate that the bursting strength of other 
disks or rotors of these materials should be relatively insensitive 
to stress concentrations. 

Disks taken from forgings TC and WD were burst over a range 
of temperatures. G, values for these disks are plotted as a func- 
tion of temperature in Fig. 9; as expected, G, increases with tem- 
perature. Also, the plot indicates a considerable dispersion of G, 
values, which is believed to result from inhomogeneities close to 
the apexes of the notches. 


Interpretation of Net Average Tangential Stress at Bursting 


Equations [4] and [19] permit us to establish an important re- 
lationship between net average tangential stress Spa, dimensions 
of the notched disk, fracture toughness G,, and the modified 
Bowie's function F(X). Substituting 2.*(N,/1000)? from Equa- 


tion [19] into Equation [4] 
0.80 1-X* (GE 


Son = ine 


0.64 


This expression for Spx? is of the same form as other Griffith-Irwin 
relationships between stress and dimensions. 
Introducing a nondimensional function 


F(X) 


Soa? = [21] 


\) = FA) 


Equation [20] becomes 
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Fig. 10 Variation of the function W,(X, \) with \ for several values 
of X 
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Fig. 11 Bursting strength of notched disks having different values of 
fracture toughness 


It is convenient to plot function W; (X, \) as a family of curves 
of constant X, with A = L/R, as an abscissa. These 
curves, shown in Fig. 10, represent the effect of geometry on the 
net average tangential stress 5,. at bursting for disks with the 
same value of G,E/R, (1 — v?). W,(X, A) is very large for small 
values of relative notch depth A, decreases to a flat minimum at 
\ = \» and then increases as the notch extends toward the outer 
radius. However, the curves are not strictly applicable for 
larger than \,, where is defined as follows 


+ = R./4 


Values of A, and Xo are indicated on the curves in Fig. 10. 

Fig. 10 shows that Sin depends to a great extent on the notch 
depth. For a constant-bore radius R,, the curves depict this 
variation for disks with different OD’s. It is evident that in 
order to compare net average tangential stresses at bursting, it is 
necessary to maintain not only the same bore and outer disk 
diameters, but also the same notch depth. 

Dimensions of a standard notched disk for evaluating material 
behavior should be chosen to minimize the net average tangential 
stress at bursting, according to the Griffith-Irwin theory. Thus 
it is advisable to use a small bore diameter D, and large OD, D, 
(small X ratio), and to make the relative notch length close to 
4. A disk of such dimensions will most effectively expose ma- 
terial brittleness in bursting tests. 

The original notched disk used in this investigation had the 
following D, = 3.25in., D, = 24in., L = 1in., X 
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0.135, A = 0.62, and¢ = 6in. 
factory, in view of the flatness of the curves in Fig. 10 in the re- 
gion of the minimum. 

In order to obtain Sta it is necessary to multiply the function 
W(X, \) by 0.80 [G.E/r(1 — v*)R,]'. In the range of G,, in 
which the theory is applicable, the bursting strength of identical 
disks, having the same values of E and », will vary directly as the 
square root of G,. Thus a disk with G, = 100 will burst at half 
the average stress at which a disk with G, = 400 will burst. 

Fig. 11 is a plot of Sta versus A, for different values of G,, using 
R, = 1.625 in., E = 29 X 10° psi, » = 0.3, S, = 80,000 psi, 
and S, = 100,000 psi. As A decreases, the bursting strength does 
not increase indefinitely, as indicated by curves of W,(X, A), Fig. 
10, but approaches a limiting value close to S, As G, be- 
comes larger, this limiting strength is approached at larger values 
of A, until at some value of G, the Griffith-Irwin theory ceases 
to be applicable at any notch depth. In such a case, the ma- 
terial is largely insensitive to notches and behaves in a ductile 
manner. 


Relationship Between Bursting Strength and Fracture-Appear- 
ance Transition Temperature 

It has already been pointed out that the resistance of steels to 
brittle fracture in the presence of severe notches may be judged 
by comparing their fracture appearance transition temperatures. 
The FATT’s in Table 2 were determined from specimens removed 
from the bore region of the forgings from which the disks were 
machined 
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Fig. 12 Effect of fracture-appearance transition temperature on the 
room-temperature bursting behavior of 24-in. notched disks 
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These dimensions are quite satis- 


In Fig. 12, the yield-strength ratio Kys for room temperature 
disk-bursting tests of Table 2 is plotted against FATT. The 
dispersion of test points may be caused by nonhomogeneity of 
the material. Kys increases with decreasing FATT, and may 
level off at about unity. The latter, however, is not established 
at present by the limited data available at low values of FATT. 
The bursting strength of effectively notched disks of the particular 
geometry employed increases greatly as the FATT is lowered to 
about 50 F. 

G, values for the same room-temperature disk-bursting tests 
are also plotted in Fig. 12. Like Kys, G, increases with decreasing 
FATT. At low values of FATT, the corresponding high values of 
G, do not represent true values since the disks fractured in a 
quasi-ductile manner. 

Disks from forgings TC and WD with high FATT’s (475 F 
and 225 F, respectively) were burst at a number of elevated tem- 
peratures, as listed in Table 2. For these series of tests, Kys is 
plotted versus test temperature in Fig. 13. Kys increases con- 
tinuously with temperature, and the type of fracture changes 
from quasi-brittle to quasi-ductile in the vicinity of the FATT. 

The curves of Fig. 13 furnish an indication of the increase in 
bursting strength obtainable by prewarming steel forgings con- 
taining effective discontinuities. By increasing the temperature 
of the disks from 70 F to 150 F, a gain of approximately 25 per 
cent in bursting strength is achieved for materials with FATT’s 
above 200 F. Disks of materials with lower FATT’s have higher 
bursting strengths at room temperature and would be expected to 
show less improvement in bursting strength when warmed up 
to 150 F, as shown by the hypothetical curves. 

It follows from Fig. 12 and from the preceding discussion that 
the FATT of material near the bore of a forging is a good basis 
for judging whether one material will have a notched bursting 
strength higher or lower than another, and for estimating the 
magnitude of the difference. However, unlike G,, FATT does 
not permit the direct quantitative evaluation of bursting strengths 
for various disk and rotor geometries. 


Calculation of G, From Notched-Bend Tests and Correlation With 
Results of Disk-Bursting Tests 


According to the Griffith-Irwin theory, G, is a material property 
and, as such, should be obtainable from tests of different types of 
specimens. Notched-bend tests are easier and less expensive to 
make than disk-bursting tests, and it is desirable to derive formu- 
las for computing G, from such tests. 

A typical notched-bend specimen is a square or rectangular bar, 
sharply notched across the middle of one side, and loaded by ex- 
ternal forces to produce a bending moment M per unit beam width 
at the notched section, as shown in Fig. 14. For shallow-notched 
beams, where the notch depth c is small compared to the 
gross beam d, it is reasonable to determine G from Formula [5a], 
using the maximum stress in the beam 6M /d? as the stress field oc. 
Thus 


G 


t= BEAM WIDTH 
m= 2 = BENDING MOMENT AT THE 
NOTCHED SECTION PER UNIT BEAM WIDTH 


Fig. 14 Typical notched-bend specimen 
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Defining o, as the nominal maximum bending stress at the 
notched beam section of net depth h 


Ed‘ 


For deep-notched beams, where c is a large fraction of d, Lr- 


where 


win’s Equation [8], in conjunction with Neuber’s calculation of 
notch stresses (41, pp. 38-51) may be used to obtain an expression 
for G. Neuber treats the case of a flat bar with deep hyperbolic 
notches on both sides, Fig. 15(a). 
functions for tension and bending of the bar notched on both sides, 
he approximates the solution for pure bending of a bar notched on 
one side only, as represented by half of the double-notched bar on 
one side of the X-axis, Fig. 15(b). Letting the radius at the 


bottom of the notch approach zero, simulating a crack, Neuber’s 
stress equations for the double-notched bar under tension and 
bending may be combined to yield the following expression for 
the stress a, in the plane of the notch for the single-notched bar 
in bending 


Equation [26]. 
h — y, Equation [29] can be written as 


a, =- 
( 


By superimposing the stress. 


Letting r be the distance from the crack tip— 
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Near the notch root, where r/h < 1, Equation [30] becomes ap- 
proximately 


From Irwin’s Equation [8], using E/(1 — v?) for plane strain and 
letting 6 = 0, o, may also be written as 
GE 


2r(1 — v?)r 


Solving for G from Equations [31] and [32] 


2 


For beams in which the notch depth is a moderate fraction of 
the beam depth, neither Equation [27] nor [33] is applicable. 
A method of calculating strain-energy-release rates for notched 
bars in bending, with notches of arbitrary depth, is described by 
Bueckner (42). This method was employed to calculate G for 
three different notch depths. 
the form of Equation [27] where f(c/d) has the values in Table 5. 


The results can be expressed in 


Table 5 Function f(c/d) for notched beam in bending 


c/d 0.1 
f(c/d) 0.23 


These data are presented graphicaliy in Fig. 16, along with curves 
for G based on the shallow and deep-notch formulas, Equations 
[27] and [33], respectively. It appears that the shallow-notch 
formula is adequate for notch depths less than 15 per cent of the 
beam depth, and the deep-notch formula is satisfactory for notch 
depths greater than 50 per cent of the beam depth. 

Notched-bend tests were made on specimens machined from the 
bore region of forging WD, to compare G, values so obtained with 
those determined from bursting tests of disks taken from the 
same forging. Four specimens, each 2 in. wide and having a 2-in. 
net beam depth at the notch, were tested. Results are shown in 
Table 6. 
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Table 6 G, values from notched-bend tests 


Specimen 


no. c/d 


0.20 


G, 
(in-lb /in.*) 
232 
245 
247 
286 


o, at fracture 
(psi) 
103,000 

106, 000 


88.300 pall 


95,000 

7 It is seen that the more deeply notched specimens have the 
lower strength; however, the G, values are fairly close for the two 
notch depths, indicating the validity of the analytical expressions 
for calculating G, for specimens of various notch depths. 

The values of G, from the notched-bend tests may be compared 
using Table 7 with the room temperature G, values from burst- 
ing tests of disks from forging WD, from Table 2. 


0.20 
0.667 
0.667 


Table 7 G, values from room-temperature disk-bursting tests, 
forging WD 
Disk Thickness, Notch depth, 
no. in. in. G,(in-lb/in.*) 
WDIA j 133 
WDIB j 182 
WD2A ) 2402 
WD7A 127 
WDS8A 250 


2 Corrected from 115 F to room temperature. 


The higher spin-test values compare closely with the notched-bend 
test values, supporting the hypothesis that G, is a material prop- 
erty. However, the spin-test values show considerable scatter. 
This illustrates the material-inhomogeneity problem inherent in 
notched tests on rotor material. It is quite likely that lower G, 
values would also be obtained in notched-bend tests if more tests 
were made. 


Bursting Strength of Large Disks Containing Disk-Shaped Cracks 


The experimental determination of the resistance of steel to 
brittle fracture in the presence of discontinuities has thus far 
been accomplished by testing specimens containing notches which 
intersect one or more surfaces of the specimen. It would be 
desirable to measure directly the strength of specimens contain- 
ing internal cracks which do not terminate at free surfaces. 
Such samples are not readily available, due to the infrequent 
occurrence of thermal cracks or hydrogen flakes. However, a 
few disks containing such defects have recently been obtained, 
and these will be burst in the near future. The results of these 
tests may be analyzed using Sneddon’s formula. 

Sneddon (2, 3) has derived Equation [7] for determining G for a 
disk-shaped crack embedded in a stress field ¢ normal to the plane 
of the crack. This formula is expressed graphically in Fig. 5, 
which presents curves of the critical stress 7, necessary to cause 
crack propagation versus the radius FP of the crack, for different 
values of material G,. 

If a discontinuity can be represented by an equivalent disk- 
shaped erack, and if G, for the material in the vicinity of the dis- 
continuity has been determined, then the curves of Fig. 5 can be 
used to calculate the stress in the region of the defect at which 
bursting will occur. Of course, the curves are not strictly applica- 
ble for calculated stresses above the material yield strength, 
when the material behaves in a quasi-ductile manner. 


Geometrical Size Effect 


The Griffith-Irwin theory of brittle fracture shows that the 
stress field required to cause brittle crack propagation is a func- 
tion of dimensions of the specimen and the crack or notch. When 
all linear dimensions including notches are made proportional, 


fracture strengths will vary inversely with the square root of linear 
dimensions, provided that brittle fracture occurs. 
observed from Equation [23] for notched disks, from Equations 
27] and [33] for notched beams, and from Equation [7] for 
large disks or cylinders containing disk-shaped cracks, 

The theory demonstrates that a material which behaves in a 
ductile manner in small size specimens may be made to behave 
in a brittle manner if the specimen size is increased sufficiently. 
This appears to be confirmed by experience, in that large struc- 
tures tend to behave in a more brittle manner than smaller ones. 

In order to determine true G, values from disk-bursting tests, 
the disks must fracture in a quasi-brittle manner, so Sin must be 
limited to a certain fraction of the yield strength. Thus from 
Equation [23! we see that the minimum disk diameter required to 
determine G, varies directly as G,. If G, is doubled, all linear di- 
mensions of the disk must be doubled. Also, the notch depth in 
the specimen must be deep enough to cause brittle fracture. If 
the notch is too shallow, considerable yielding will occur and the 
yield strength or tensile strength of the material rather than G, 
will control] the strength of the specimen (see Fig. 11). 

In employing standard notched disks for comparing material 
behavior on the basis of net average tangential stress at bursting, 
it is important that the disk OD be comparable to the diameter 
of the forging in which the material is to be used. In this way, 
true G, values may be determined if the disk fractures in a brittle 
manner at a low value of Kys. If it fractures in a ductile manner 
at a high value of Kys, then the forging may also be expected to 
behave in a ductile fashion. 

It is also important that « «'sk be thick enough to provide a 
condition of plane strain around the notch. If the disk is too 
thin, the G, so obtained will be too large due to the presence of the 
shear lip on the fracture surface which absorbs additional energy. 
Our tests indicated that a 2-in. thickness was adequate for mate- 
rials which behave in a quasi-brittle manner in effectively 
notched 24-in. disks; however, 3 in. was chosen as a standard 
thickness. 

It is expected that in the case of a long cylinder, equipped with 
the same notches as a standard disk, there will be a greater 
probability of material inhomogeneities existing close to the 
notches, which may result in a lower effective value of G, for the 
cylinder than the disk. This question may be resolved by an 
additional series of rotor and disk-bursting tests which is sched- 
uled for the near future. 

Large, bored, and effectively notched disks, removed concen- 
trically from rotor forgings, burst at average tangential stresses 
which did not exceed the material yield strength, see Table 2. 
Some fractured at average stresses as low as those existing in large 
rotors which burst. This is in contrast to the higher bursting 
strengths obtained in tests of small notched and cracked disks, 
and to unnotched disks, which nearly always develop bursting 
strengths between yield and tensile strength, see Table 1. The 
behavior of effectively notched disks may be divided into two 
broad categories denoted as quasi-brittle and quasi-ductile. 
These correspond to bursting when the mean-stress field in the 
immediate region of the discontinuity is respectively less or 
greater than the yield strength, and which indicate respectively 
relatively high or low sensitivity of the material to notches. For 
the particular disk geometry employed, the dividing line between 
quasi-brittle and quasi-ductile behavior occurs when the ratio 
Kys of net average tangential stress at bursting to yield strength 
equals 0.65. 

The Griffith-Irwin theory of crack propagation is adapted to 
the calculation of material fracture toughness G, from notched- 
disk-bursting tests which result in quasi-brittle behavior. Using 
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G,, & relationship is derived between disk-bursting strength Sta 
and disk geometry, Equation [23]. Further, the bursting 
strengths or bursting speeds of large disks or cylinders containing 
discontinuities, which may be approximated by disk-shaped 
cracks, may be estimated from Sneddon’s formula, plotted in 
Fig. 5. It is shown that, if a large and effectively notched disk 
with fixed dimensions is used in all cases, then it is justifiable 
to compare the sensitivity of materials to discontinuities directly 
on the basis of the bursting strength of notched disks. 

A new method is developed for calculating the strain- 
energy release rate G for a notched bar in bending, Fig. 16. This 
method permits the experimental determination of G, from 
notched-bend tests. It is found that G, from notched-bend tests 
agrees reasonably well with G, from disk-bursting tests of material 
from the same forging, which tends to confirm the hypothesis that 
G, is a material property. Some variation of G, within large 
disks is noted, caused presumably by material inhomogeneities. 

G, and bursting strength are shown to increase with increasing 
temperature, which makes it advantageous to prewarm massive 
steel bodies which may contain discontinuities before subjecting 
them to full load. 

It is found that an important experimental relationship exists 
between FATT and Kys or G,. Fig. 12 indicates the advantage 
of employing materials having low FATT’s, since both Kys 
and G, increase as FATT decreases. However, below about 
50 F, there may be little gain in Kys with decreasing FATT. 
FATT is shown to be a good indicator of notched-bursting 
strength and a useful guide in evaluating materials. 

The Griffith-Irwin theory of brittle fracture demonstrates that 
fracture strengths of notched beams and disks vary inversely 
with the square root of linear dimensions in similar members, 
thus explaining the phenomenon of size effect frequently ob- 
served. Values of G, obtained from tests of notched specimens 
which are too small or in which the notch is too shallow will be 
fictitiously low. However, if the specimen is too thin, resulting 
in a condition approaching plane stress rather than plane strain 
around the notch, the value of G, will be too large. Additional 
bursting tests will be performed to investigate the possible dif- 
ference between a 3-in-thick disk and a long cylinder in respect 
to values of KysandG,. Also, the effect on G, of notch acuity and 
material location in rotor forgings will be studied. 
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Discussion 


D. K. Felbeck. The apparent ease with which an internally 
notched disk could fracture at an average tangential stress of less 
than half the yield stress emphasizes a possibly important dif- 
ference between fracture initiation in a rotating structure and in 
a relatively stationary structure. Although it was not discussed 
in the present paper, there is an additional necessary condition 
that must be met before brittle fracture will occur, at least in 
structures such as ships or oil-storage tanks at temperatures well 
above their purely brittle range. Not only must a flaw be present, 
but appreciable deformation must occur at the root of a notch 
before fracture can be initiated. The energy of this deformation 
per unit area of fracture surface is orders of magnitude greater 
than the plastic deformation that occurs in the surfaces of a 
propagating fracture. The gross plastic deformation introduces 
sufficient triaxiality around the root of the notch to permit an 
increase of the local yield stress by a factor of two or three. As 
the load on the structure is increased, the cleavage strength can 
then be reached at the root of the notch before the yield strength 
is reached. Fracture is thus initiated, and once the crack is 
moving at high speed the increase in yield strength associated 
with high strain rate is sufficient to maintain fracture in the ab- 
sence of gross plastic deformation. The important difference be- 
tween material behavior under fast-response loads (as in rotating 
equipment) and slow-response loads is that the energy available 
from the fast-response load vastly exceeds the elastic strain 
energy of a structure under either fast or slow-response loads. 
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Thus it may be anticipated that the authors might find more 
plastic deformation at the roots of the notches than along the 
remainder of the fracture surface. This difference in magnitude of 
plastic deformation cannot be determined by casual observation; 
the deformation at the surfaces of a running crack may only ex- 
tend to a depth of order of 0.5 mm, whereas the deformation at 
the notch root may involve appreciable volume of material and 
extend entirely through the plate thickness. The former defor- 
mations require x-ray methods for determination, while the latter 
can sometimes be measured as a thickness contraction of a few 
per cent. The energy for deformation prior to fracture initiation 
was probably provided very rapidly by the rotational energy of 
the disk. It is possible that less plastic deformation, if it occurs 
with sufficient speed, is necessary to cause a fracture to attain 
running speed in a fast-response load system than in a slow- 
response system. There have been to date no laboratory ex- 
amples of slow-loaded notched structures, without either gross 
prior plastic deformation or large residual stresses, that failed at 
average applied stresses appreciably below yield. In fact, it is 
even doubtful whether low-stress service fractures have ever 
occurred in undeformed material under slow-response load con- 
ditions, although the unknown magnitude of residual stress prior 
to failure prevents precise calculation of the total stress. 

The researchers on stationary structures who have been pre- 
vented for years from measuring the Griffith-type relation be- 
cause the relation was masked by the requirement of a higher 
initiating stress will be happy to see that such a relation can be 
measured under different conditions of fracture initiation. 


G. R. Irwin. Fracture-mechanics analysis along the general 
lines discussed in this paper is potentially of value to the fracture 
problems in pressurized-cabin airplanes, gas-transmission lines, 
large liquid-storage vessels, and welded ships. The development 
of the topic appropriate to each of these areas is, of course, dif- 
ferent. For example, in the case of pressurized-cabin planes 
emphasis must be placed upon methods of fracture arrest to ob- 
tain a fracture fail-safe design. Considerable progress has been 
made in subjecting fracture tests of large structures to a theoretical] 
fracture-mechanics analysis by several aircraft companies and it 
is to be hoped their work also will be reported in the technical 
literature soon. 

The present paper represents a commendable accomplishment. 
The authors and their associates acquired a thorough understand- 
ing of fracture-mechanics theory. They collected and presented 
in this paper experimental information appropriate both to the 
theory and to their special problem. Table 2 of the paper which 
gives results from more than thirty spin tests of 24-in-diam 
cylinders, in particular, is an impressive and valuable collection 
of data. 

Also noteworthy was their carefiil analysis of these data to in- 
dicate those conditions of test which resulted in apparently low 
G, values because of extensive plastic strains as well as those 
which failed to approximate the desired plane-strain conditions. 

With regard to constancy of the deformation work per unit of 
fracture area it should be remembered that the G. concept for 
crack extension is like the yield-stress concept for plastic deforma- 
tion. One can measure and discuss yield-stress values without 
saying anything about the resistance to deformation beyond 
initial yielding. Similarly, if one defines G, as the value of the 
crack-extension-force, G, for onset of rapid crack extension, this 
definition does not imply that the fracture work rate remains 
constant after rapid crack extension begins. 

At one point the paper states the utility of the fracture-me- 
chanics analysis ‘‘is realized by deriving theoretical formulas for 
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It is hoped this remark did not infer that 
lack of a theoretical formula necessarily prevents knowing the 
value of G. It is clear from references (5 and 11) of the paper that 
several procedures exist for obtaining the relation of G to the ap- 
plied load by methods of experimental stress analysis. The writer 
would like to know whether any experimental procedures were 
used to verify or supplement the theoretical equations for @ re- 
ferred to in the paper. 


G for practical cases.”’ 


R. E. Peterson.’ The present paper, together with the exten- 
sive amount of testing, represents a major contribution in the 
brittle-fracture field as applied to rotors. 

As pointed out by the authors, the value of a basic theory is its 
utility in extending results to other geometries and sizes. In this 
connection, it is of interest to compare the results of the large (24- 
in-diam) disks and the small (8 to 11-in-diam) disks made from 
the same notch-sensitive materials. The G, values are as follows: 
Small disks 

362 
305 


Forging Large disks 
TC 102 
WD (average of 3) 170 
The small disks were '/,-*/, in. thick and the large disks were 
3-6 in. thick. As mentioned in the paper, higher G, values may be 
expected in the thin disks due to the shear lip. Had the small 
disks been thick then the same G, should be obtained, on the 
average, for the large and small disks for these notch-sensitive 
materials, if G, is a material constant. Perhaps such tests have 
been made since the paper was written; and, if so, it would be of 
interest to know the outcome. It is the writer's belief that a 
brittle failure should be expected for such tests, since in rotor- 
burst tests made at Westinghouse last May—August, brittle frac- 
tures were obtained with a 74/,-in-diam rotor, 4 and 8'/» in. long 
(see Fig. 17). The material was the same alloy steel as used in 
previously reported rotor tests. The 50-per-cent shear transition 
temperature was 90 C (194 F). Since our test rotors have a 
notch on one side only, it is not clear how G, should be computed, 
but it is interesting that calculations made according to two 
different approximate methods result in G, values which fall 
within the scatter band of Fig. 12. 


Fig. 17 Brittle fracture of 7°/;-in. diam rotor 


The effect of size of defect is one of the main considerations in 
connection with brittle fracture. For the same G, and the same 
stress level, a 4-in. bore with l-in. notches in a 24-in. disk should, 
according to crack-propagation theory, correspond to a disk- 
shaped notch of 11!/; in. diam in an infinite body or in the middle 
of a large rotor (Equations [23] and [7]). Since such large defects 


Department, Westinghouse Research 


Fellow ASME. 


7Manager, Mechanics 
Laboratories, Pittsburgh, Pa. 


ae TRANSACTIONS OF THE ASME 


are not to be expected in rotors, the effect of smaller defects must 
be either obtained from tests of smaller notches or estimated on 
the basis of constant G,, and variation of fracture stress inversely 
as the square root of the notch diameter. For the G, values in 
Table 2, it can be seen from Fig. 5 that a disk-shaped noteh of, 
'/rin. diam would not be expected to result in brittle failure 
at the stress levels used in rotor design (including overspeed). 
Rather large defects of the order of 2 in. are indicated and, in 
fact, service failures have involved defects of this magnitude. 
This does not mean that we can tolerate cracks of 1/2 in. diam, be- 
cause we must consider other possible types of failure, namely 
fatigue, due to cycles of starting and stopping, and creep-rupture 
for the elevated temperatures of turbine rotors. Questions con- 
cerned with long-time service deserve intensive study and, in 
fact, such studies and tests are in progress. 

The authors have presented a wealth of material concisely and 
clearly. Those of us who have been concerned with rotor testing 
appreciate the magnitude of the work. The authors are to be 
congratulated for a very valuable paper. 


say, 


Ernest L. Robinson.’ This paper is, in this discusser’s opinion, 
one of the important papers of the decade. 
complishments which all designers of high-speed rotating ma- 


It describes ac- 


chines have been seeking for a generation. 

Three years ago, the writer made a l-page summary of each of 
37 reports then available on the subject of rotor bursting and 
then made a second two-page digest of those. Average bursting 
strength indicated in these reports ranged from 7 to 118 per cent of 
nominal tensile strength. 

For sound disks of good material, it has been the writer’s opinion 
for some time that the nominal tensile strength itself is the best 
index of average bursting strength and the most suitable figure to 
use for determining an appropriate “factor of safety.”’ 

The authors place the average bursting strength as at least 
equal to the yield strength and generally larger and usually less 
than tensile strength, and occasionally equal to it. In Table 1, 
the following values of bursting strength relative to tensile 
strength are given: 1.00; 1.00; 1.00; 1.02; 1.14; 1.18, or, in 
other words, 6 out of 22 values equal to or above unity. Certainly 
27 per cent of the entries is more than occasional. With good de- 
sign and good material in particular, the bursting strength may 
occasionally be generously above the nominal tensile strength. 

What has plagued the operators of high-speed machines has 
been the rare but serious case where a generous factor of safety 
has not sufficed to assure 100-per-cent safe operation. The risks 
have been fully insurable but we have wanted for a long time to 
reduce the risks. 

The authors develop the concept of an effectively notched disk, 
by which they seem to mean a disk so notched as effectively to 
represent a defective disk. They find that such disks either show 
a middling good bursting strength in spite of the notch—if the 
material is good—or a rather poor bursting strength—if the ma- 
terial is not so good. 

For many years, the writer has advocated the use of a model 
disk-bursting test for acceptance of rotor materials but without 
getting any converts because most disks show good strength re- 
gardless of quality. 

Here is an effectively notched disk that distinguishes between the 
good and what is a poor risk. 

And what is more, the authors rationalize the whole business by 
determining a material property which they call the fracture 
toughness—inch-pounds of energy per square-inch of surface-— 
by means of which they can describe results. They even claim 
they can determine the fracture toughness in a notch bend test 
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and use that to predict the strength of their effectively notched 
disks. 

Having arrived at this great achievement, let’s use the effec- 
tively notched disk in a bursting test to determine bursting 
strength, and not try to cut corners by using a slow bend test for 
such an important determination. 

Readers should be cautioned against drawing any wrong con- 
clusions from this paper. It deserves careful and painstaking 
study. 

One contrary-to-fact aspect of this paper which should not 
mislead any careful reader should be pointed out. More than 30 
years ago a number of turbine wheels burst at sharp-cornered 
keyways. When sharp-cornered keyways were discontinued that 
type of burst was eliminated. 

The authors show that an effectively notched disk 
than a sharp-cornered keyway—is good for the determination of 
material quality. Let no one conclude that such a detail of design 
would be used on a modern machine. 

Let us remember that, if we make an intentionally defective 
test disk quite differently from a real rotor, then the intentionally 
defective disk will be much weaker than any real rotor except a 
really defective one. 

In other words, the test of the intentionally defective disk is 
contrary to fact in 99 out of 100 times (or 999 out of 1000). But it 
is true in the 1 case in 100 (or 1 in a 1000) where it is important 
to have it true. And this ts the important point. 


worse 


A. A. Wells.’ In the study of crack propagation in engineering 
materials the paper under discussion is of great importance not 
only for its wealth of experimental data but also because of the 
systematic planning of the experiments and analysis of the re- 
sults. It is evident from the latter that a strength analysis based 
on stresses alone cannot explain the results, and that the ap- 
proach based on strain-energy release rate and fracture tough- 
ness correlates more closely with observation even when notch 
depths are varied by a ratio as much as 5 to 1. Such an un- 
equivocal result does not emerge from all notch-brittleness tests, 
and it is helpful to set down some of the features of the present 
tests in relation to others. 

The disk-bursting tests appear to be characterized by: (a) Use 
of alloy steels which, for reasons associated with the large forg- 
ings, have in many cases fracture-appearance transition tempera- 
tures much above the testing temperature, (b) large absolute size 
of specimens. 

Conversely, many other investigations, even on a large scale, 
have been concerned with uniaxial tension on plain low-carbon 
steels in plate form, where transition temperatures have seldom 
been more than the order of 100 F above test temperatures. 
In the discusser’s experience extending over a hundred or 
more notched wide-plate tensile tests in his own laboratory and 
elsewhere, such plates always show general yield before failure, if 
the presence of cold sheared edges and notched and welded joints 
is excluded. By way of comparison with the present tests Ky, 
would always be equal to or greater than unity. 

The existence of the general yield condition is a complicating 
feature in the successful application of strain-energy release-rate 
fracture-toughness treatments, since it introduces an ambiguity 
as to whether a fracture is prevented: (a) Because it cannot be 
initiated, or (6) because it cannot be propagated. On the other 
hand the authors have demonstrated cases where the parent ma- 
terial is sufficiently brittle and where the specimen and notch size 
are sufficient for condition a to be removed. 

The over-all situation may be alternatively summarized by 
examination of the results of geometrically similar notched bend 
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tests of the type performed by Docherty" using the same ma- 
terial and test temperature over a large range of absolute speci- 
men size: 


G. ——— 
From notch 
bend test 

large 
small 
increasing — 
small 


Fracture Minimum 

type 
ductile 
brittle 
brittle 
brittle 


Specimen 
size 
small 
medium 
large 
large 


large 

small 

small 

Authors’ small 
experi- 

ments 

In such cases, once the critical size for brittle failure has been 
exceeded, fracture toughness, at the given temperatures, as de- 
termined by the authors’ method, increases with specimen size. 
With Docherty’s specimens this situation existed with a low 
carbon steel, even up to a 4 X 4-in. cross section. It can only be 
inferred under these circumstances that the real G, at the tem- 
perature in question, is the minimum value obtained with speci- 
mens at the critical size for a ductile brittle transition. By using 
specimens of similar size but in an alloy steel of much higher 
transition temperature, tested at room temperature, the authors 
appear to have avoided this anomaly, and there should be no 
hindrance in the application of their treatment within the limits 
of the materials and loading conditions which they have specified. 
Furthermore, it has been the discusser’s experience that notches 
formed from arrested brittle or fatigue cracks in large plate-type 
specimens are no more severe, as far as brittle fracture initiation 
is concerned, than the sharp-ended slots which the authors have 
used, so that their results should be equally valuable in assessing 
the influence of natural cracks in forgings. 

Although the paper is generally well supplied with supporting 
data, it would be helpful in making comparisons with other 
work if actual or specification chemical compositions could be 
given for the forged materials with brief notes on microstructure. 


Authors’ Closure 


The authors wish to express their appreciation to the discussers 
for the interesting points that have been brought out. Their 
comments indicate the importance of such fracture studies. 

Mr. Felbeck points out the importance of velocity effect so 
ably described by him in (14). In this connection it is pertinent 
to mention that the bursting test of a large disk lasts between 
15 and 30 minutes from start-up to actual burst. The following 
qualitative analysis of events during the disk bursting test 
may help to amplify Mr. Felbeck’s discussion. This analysis, 
although plausible, is, however, almost purely conjectural. 

While the speed is gradually increasing, the intensity of the 
stress field near the notches is increasing with the square of 
the speed. At a certain speed a preliminary plastic flow phase, 
which is a necessary prerequisite to fracture, is initiated. 
This plastic flow causes a gradual building-up of stresses which 
results in a maximum stress due to “plastic constraint”’ (14) of 
the order of 3 times the yield strength. This stress occurs 
along the notch axis, a number of radii of curvature away from 
the apex of the notch (43).™ 

As a result of local plastic deformation within the grains, 
some of them cleave and cracks are formed ahead of the notch 
apex. These cracks soon break down the bridge formed by 
plastically deformed grains, and a continuous crack is formed. 
The disk speed at which incipient cracking occurs is a function 
of the physical condition of the steel just below the notch, 

” J. G. Docherty, Engineering, vol. 133, 1932, pp. 232, 645, and vol. 
139, 1935, p. 211. 

11 Numbers in parentheses from (43) to (46) designate Additional 
References at end of closure. : 
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since the cleavage strength depends on the degree of plastic 
deformation. 

Since the notch is at least 2 or 3 inches long, the point of 
initiation occurs at a location which is most favorable for 
fracturing. Variation in the amount of cold work at the notch 
root caused by machining may contribute to this preference 
for fracture initiation at a certain location. 

It must be remembered that the bursting tests were performed 
on heat-treated alloy steels and not on hot rolled or normalized 
low-carbon steel plates. There is practically no “thumb- 
nail” area evident and gross plastic deformation at the initiation 
point is not discernible. The so-called “mirror surface’ is 
very small and almost all surface from the notch bottom to 
the outside consists of ridges of varying roughness indicating 
high crack velocity. 

The mechanical notch was designed to be a very effective 
discontinuity, and it appears that as soon as an incipient crack 
is initiated at the bottom of the notch, it propagates rapidly. 
The notched disk-bursting test apparently succeeds in com- 
bining effectively the crack initiation and propagation phases 
into an instantaneous event. 

It should be pointed out that there have been a few laboratory 
examples of slow-loaded notched specimens of rotor forging 
steels which failed at average or nominal maximum stresses 
well below the yield strength. Reference (36) reports results 
of slow notched-bend tests in which the strength of a nine-inch 
square bar with a 0.001-in. notch radius was only about 40,000 
psi, or half the material yield strength. Not reported in the 
literature, but also tested at the authors’ company, jwas an 
internally notched plate 9 in. wide and only */s in. thick which 
failed in tension at an average stress just over half the yield 
strength. Two disks identical to WD2T in Table 3 were 
fractured by a spreading force applied across the bore hole by 
means of a split collar and wedge. The disks broke into two 
pieces at average stresses approximately '!/, of the yield strength. 
None of these specimens exhibited any gross plastic deformation. 

The authors would like to draw Mr. Felbeck’s attention 
to tests performed by A. B. Bagsar (44) and N. A. Kahn (45). 
In these tests, called ‘‘cleavage tear’’ tests, a notched tensile- 
bend type coupon is used. If tested below transition tempera- 
ture, the net average tension stress in the notched section is 
less than one half of the yield strength. The disk bursting 
test is somewhat similar because the intensity of the mean 
stress field near the notch is considerably higher than the net 
average tangential stress. 

Dr. Irwin points out that the fracture work rate does not 
remain constant after rapid crack extension begins. However, 
the authors have not been able to discover this variation ex- 
perimentally and would appreciate information which will 
elucidate this point. 

The authors and their associates are making efforts to obtain, 
both theoretically and experimentally, valid formulas for G 
for additional configurations different from the ones described, 
e.g., for a round notched bar in tension. No experiments have 
yet been performed to verify the theoretical expression for G 
for the notched beam in bending. 

The authors appreciate the complimentary remarks and 
excellent discussion offered by Mr. Peterson. In respect to 
the behavior of small cylinders the following comments may 
be made. Whether a notched cylinder or disk bursts in a 
brittle manner in consequence of rapid crack propagation may 
be judged by the relative magnitude of the net average tangen- 
tial stress 5,, at bursting speed. Namely, 5,, must be limited 
to a fraction of the yield strength, defined by the geometry of 
the disk. Only under such conditions will the correct G, be 


obtained. Ina certain sense notch brittleness is not a distinct 
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ah. 
property which a material may or may not possess; it is a mode 
of behavior which is dependent upon the size and geometry of 
the specimen and its discontinuities. 

Tests to evaluate the effect of increasing thickness on disks 
with a small diameter have not been performed. However, 
24-in-diam disks ranging from */, to 6 in. thick have been 
burst. These showed a rather small increase in strength as 
the disk thickness was decreased from 6 inches to */, in. It is 
not expected that the small disks would show any greater 
increase. Some of the difference in G, values between the small 
and large disks may be due to radial variation of properties 
within the forging, since the large disks were machined concen- 
tric with the forging, while the small disks were removed 
between the bore and outer diameter. 

The problem of predicting bursting speeds of rotors containing 
discontinuities of various shapes and sizes is not yet completely 
solved. However, rapid strides are being made which are 
leading to a better understanding of this complex phenomenon. 

Mr. Robinson is very cognizant of the results obtained. 
The authors agree with him in his pertinent analysis of our 
findings. We have been able to burst properly designed notched 
disks at stresses close to those encountered in bursts of large 
rotors. This agreement is a prerequisite of a satisfactory 
testing procedure. 

From our point of view, a sharp cornered keyway is effectively 
a crack at the center, whose length is somewhat less than the 
over-all combined length of bore and keyway depth. See 
Fig. 6, case B versus case A. Fatigue may have provided the 
necessary initiation in the case of the turbine wheel failures, 
and as soon as the critical crack length for the material fracture 
toughness was reached, the crack propagated. 

Dr. Wells correctly points out that in some of our tests the 
mean stress field near the notch is less than the yield strength, 
which is required to initiate cracks in mild steel. For instance, 
in Table 2, Ni-Mo-V disks WD7A and WDIA burst with Ky, 
ratios equal to 0.28. Therefore because the tangential stress 
in the region of the notch is less than twice the average stress, 
the mean stress near the notch is only about one half of the 
yield strength. It is reassuring that Dr. Wells’s experience 
indicates that natural cracks do not appear more severe than 
our mechanically produced notches with 5-mils radius. 

It is difficult to understand why Docherty’s notched-bend 
tests of small specimens, resulting in ductile fractures, yield 
large values of G,. Our tests showed that when the specimen 
size was too small to permit a brittle fracture, the G,-value 
calculated from such a test was fictitiously low. This result 
appears to be confirmed by the Griffith-Irwin theory. 

The authors would like to draw attention to the theoretical 
and experimental work pertaining to fracture of sheet specimens 
which was performed ih England by the British Welding Research 
Association (46). This work came to our attention just recently. 
It enlarges upon the plastic behavior of ductile sheets during 
the process of rapid crack propagation. 
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Treatment of Make-Up Feedwater, 
Condensate, and Recycle Water for 
Supercritical and Nuclear-Reactor 


Power-Plant Cycles 


By V. J. CALISE! ano J. H. DUFF,? NEW YORK, N. Y. 


This paper presents a comprehensive view of the experience 
and practical knowledge, as well as the thought and advanced 
ideas employed in treatment of water in such power plants of the 
future as the supercritical and nuclear power stations. An attempt 
is made to show where pioneering engineering and scientific de- 
velopments are being applied with little practical long-range ex- 
perience to support them. Nevertheless the frontiers of power- 
plant water-treatment engineering are being advanced and we be- 
lieve that the next few years will show substantial accumulation 
of actual performance data useful to power-plant designers of the 
future. 


SUPERCRITICAL and nuclear-power-plant technology demands 
standards of purity for large-scale water treatment which were 
previously possible only on a small laboratory-scale basis. 

It has been the task of the water-conditioning engineer to de- 
sign outage-free, foolproof, easily operable large plants that would 
make available the prescribed water purity in the amounts re- 
quired. Four essential factors must be taken into consideration 
when designing these plants. 


Ultra-Pure Water Zone 


The accomplishment of this objective for these new plant 
cycles has required recognition and development of a new water 
quality, ‘‘ultrapure water,’’ and a new quality target zone which 


can be termed the “ultrapurity zone.’’ In this region of purity, 
concentrations of various impurities are measured not in the well- 
known parts per million but rather, in parts per billion generally 
varying from 5 to 500 ppb. 

One of the principal problems facing the design engineer is the 
need for more refined analytical test methods and procedures that 
will permit precise and accurate measurement of impurities in 
these ranges of concentration [1-—6].* 

Another problem involves establishment of safe maximum 
limits of concentration of these various impurities in these various 
cycles where experience in actual large scale operation has been 
limited. At this point pilot or prototype-scale tests on actual 
cycles-in-miniature, plus (in the case of once-through boiler) 
European experience combined with general American high- 
pressure boiler practice and know-how, have been the sources of 


1General Sales Manager, Graver Water Conditioning Company. 
Mem. ASME. 

? Assistant Technical Manager, Graver Water Conditioning Com- 
pany. 

* Numbers in brackets designate References at end of paper. 

Contributed by the Power Division and presented at a joint session 
of the Power Division and Joint Research Committee on Boiler 
Feedwater Studies at the Annual Meeting, New York, N. Y., Decem- 
ber 1-6, 1957, of Tae American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 11, 1957. Paper No. 57—A-198. 


design data and standards for these early supercri tical and nuclear 
power-plant designs [7-13]. In nuclear cycles, the poisoning effect 
of corrosion and breakdown products that become radioactive 
requires establishment of low limits of tolerance for continued 
plant operation [12 and 14]. 

In the production of ultra-pure water required for these cycles, 
and in the removal of assorted soluble and insoluble impurities 
down to the range of 5 to 500 ppb, the ion-exchange demineralizer 
of various designs (but generally including a mixed-bed unit in 
the cycle as a polisher or scavenger-purifier) has been the single 
most helpful tool for the design engineer. In addition to re- 
moval of soluble and ionizable salts, these ion exchangers are ex- 
cellent “‘ultrafilters’’ reducing colloidal and suspended matter to 
unmeasurably low values. Indeed, so much so, that demineral- 
izers employed in these cycles must be designed with suitable 
prefiltration equipment to avoid excessive pickup of insoluble 
matter such as minute amounts of iron, organic matter, scale, 
alumina, and the like, which may result in resin ‘“‘fouling’’ and 
consequently shortened resin life or poor resin performance [1, 11, 
and 16]. 


Internal Self-Purification of Supercritical and Nuclear Cycles 


In subcritical and supercritical power plants, with both once- 
through and drum-type concentration boilers, there are three 
possible sources of contamination in the cycle: 

1 Dissolved Solids in Make-up. Fig. 1 shows the effect of 
various concentrations of solids in the make-up and per cent 
make-up on the total amount of solids entering the system in lb 
per year [13]. Even with relatively impure make-up of 0.5-1.0 


SOLIDS ADDED FROM MAKE-UP 
(AT (825,000 L8/HR PRIMARY FLOW) 


025 PPM SOLIDS 
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Fig. 1 Amount of solids entering a boiler system from various 
quantities of make-up of different purities 
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Table 1 
Solids 
from Water 

leakage, Percent leaked/hr, 
ppm leakage lb 
0.001 0.0005 
0.005 0.0025 
0.010 0.0050 
0.025 0.0125 
0.050 =0.0250 
0.100 0.0500 
1.000 0.5000 


Solids added to system by condenser leakage“ 


—Solids added to system, lb— 
Per hr Per day Per year 
0.001 0 

0.006 

0.013 

0.032 

0.063 

0.127 3.04 


6340.00 1.270 30.04 11108 


*@Norte: Assuming 1,268,000 !b/hr condensate and condensing 
water solids of 200 ppm. 


ppm and with low make-up of 0.5-1.0 per cent of feedwater flow, 
little total solids are added to the system. 

2 Introduction of Dissolved Solids Into Condensate by Leakage of 
Condenser Cooling Water Into Condensate Stream. Table 1 shows 
the varying amounts of solids added to the system in lb per year 
with changing leakage [13]. Significantly, this table shows that 
even a trace of condenser leakage represents a fairly large amount 
of solids in the system and emphasizes the need for: 

(a) Improved condenser design for minimum leakage. 

(b) Condenser design permitting ease of repair of sections and 
adequate leakage testing and control. 

(c) Demineralizer bypass systems on feedwater in once- 
through boiler systems to purge completely all impurities intro- 
duced by make-up condensate leakage. The effect of bypassing 
and demineralizing various portions of feedwater is shown in Fig. 
2 (13). 

3 Pickup of Metallic Corrosion Products consisting of com- 
pounds of copper, iron, chromium, nickel, molybdenum, and so 
on, in the preboiler and boiler system. This has been a serious 
problem in modern boiler conditioning on drum-type boilers [13, 
16-29]. Solution of corrosion of metal such as iron and copper 
may represent 200 to 300 lb year of metal per boiler. For ex- 
ample 0.01 ppm Fe in the feedwater to a 1,500,000 lb/hr boiler 
represents 140 lb of iron carried into the boiler per year. The 
nonuniform deposition of metals at key locations in the boiler may 
result in consequent overheating or aggressive metal attack by 
salts concentrating under the deposit. 

Although mention has been made in the past of experimental 
work with subcritica! but higher pressure drum-type_ boilers 
(>1800 psi and <3206 psi) employing bypass demineralizers for 
condensate purification or scavenging [37, 31], no serious attempt 
to design cycles with internal self-purification equipment was 
made until supercritical once-through or nonblowable boilers were 


engineered. In these cycles complete ultrafiltration and ultra- 
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Fig. 2 Solids in condensate and feedwater 
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Table 2 American boiler and affiliated industries limits for 
boiler-water concentrations in units with a steam drum 


Total Total 
solids, alkalinity, 

ppm ppm 
3500 700 300 
3000 600 250 
2500 500 150 
400 100 
(1500 300 60 
1250 250 40 
1000 200 20 
750 150 10 
500 100 5 


‘The Company shall not be responsible for carry-over resulting 
from the presence of oil, grease or other foam induc‘ng materials."’ 


Suspended 
solids, 
ppm 


Pressure at outlet of 
steam-generating 
unit, psi 

0-300 
301-450 
451-600 
601-750 
751-900 
901-1000 


1501-2000 
2001 and higher 


Table 3 Recommended concentrations for once-through 
boilers 
Subcritical 
pH 8.8 to 9.2 
Hydrazine Slight excess 
Dissolved oxygen.......... 0.007 ppm 


Supercritical 

Total solids 0.25 ppm (0.5 ppm for short 
periods) 

9.0 to 9.5 (by N.H, and NH;) 

0.01 ppm 

0.01 ppm 

0.02 ppm 

0.007 ppm 


Total iron... .. 

Total copper. 

Silica 

Dissolved oxygen....... 


demineralization of feedwater entering the once-through phase- 
change boiler section removing all three sources of impurities has 
been mandatory. 

This is a new concept in feedwater treatment. Previously, with 
drum-type subcritical boilers, external make-up treatment plus 
internal chemical treatment and blowdown for controlling all 
three sources of impurities was satisfactory treatment. The 
general types of boiler-water treatment found applicable with 
subcritical, blowable, high-pressure boiler plants have been 
listed in the literature [13, 16, 17, 20, 26]. Table 2 shows ABIA 
standards of boiler-water concentrations in blowable subcritical 
boilers with a steam drum. Table 3 shows recommended treat- 
ment and feedwater concentrations for once-through sub and 
supercritical boilers [13]. 

In nuclear reactor power cycles there are three sources of con- 
tamination in the various power loops [12, 14, 32, 33}: 


1 Soluble and insoluble mineral salts introduced with the 
make-up water supply which, depending on the cycle, can con- 
centrate and become radicactive and “‘poison’’ the system. 

2 ‘“Crud’’ or radioactive soluble and insoluble metallic prod- 
ucts of corrosion which can build up in constantly increasing con- 
centration and poison the system. 

3 Gases such as O2, COs, He, and Nz which are introduced or 
formed as a result of high neutron fluxes and exist in radioactive 
form with their prevailing half-lives. 


Internal, self-purification equipment in nuclear power cycles 
consists of filters, demineralizers of both regenerable and throw- 
away-cartridge type, and degasifiers or deaerators for gas re- 
moval as needed. In addition demineralizers and ion exchangers 
are used to concentrate and remove radioactive wastes in the fuel- 
processing cycles. 


Scavenging Demineralizer A New Tool for the Power Engineer 


The single, most helpful tool of the engineer designing super- 
critical and nuclear power cycles and requiring assurance of pre- 
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scribed ultrapure water quality at key points in these cycles is the 
granular ion-exchange demineralizer, generally of the mixed-bed 
or “‘monobed’’ type. The seavenger demineralizer acts very 
much as the kidney does in the human organism, concentrating 
and removing impurities from the system, thus avoiding poisoning 
of the organism. In a previous paper, the author presented the 
various demineralizing processes and equipment designs com- 
mercially available to the power-plant engineer [26]. 

As will be shown later, the use of ultrafilters, preceding and 
sometimes following the mixed-bed demineralizer, has been de- 
veloped to solve the problem of fouling of these ion-exchange 
resins in service where units may run at higher rates of flow for 
long periods of time before washing and regeneration [1, 11]. 

Experience has shown that only the mixed-bed scavenger, alone 
or with prefiltration, can assure ultrapure water quality in the 
range of less than 50 ppb of total dissolved solids [34-46]. 


Automation of Regeneration, End Point 
Instrument Controls, Chemical Handling Systems 


In both supercritical and nuclear power-plant cycles, the prime 
requisite together with prescribed water purity is complete de- 
pendability or foolproofness of operation of the water-treatment 
equipment. In the case of the demineralizers, operation and 
regeneration of this equipment is essentially a chemical-control 
problem [15, 39, 41, 42, 47, 48]. Regeneration involves handling 
of quantities of acids, usually 66-deg-Baumé sulfuric acid and 
caustic soda as a 98 per cent solid or in 25 or 50 per cent solution 
form, on a daily, semiweekly, or other basis. 

For absolute dependability of service, it is important that de- 
sign of this chemical-handling and regeneration equipment be 
given fully as much consideration and attention as the selection 
of resin, and the design of unit shells, instrumentation, and con- 
trols. There are three reasons for this: (a) Dependable service of 
regeneration equipment is required at all times to provide full 
on-steam service of the demineralizer; (b) quantities, concentra- 
tion, and temperature of regenerants must be reproduced ac- 
curately time after time to yield specified demineralized effluent 
purity, otherwise a serious performance failure will result; (c) 
a poorly designed or fabricated regenerant or chemical-handling 
system which requires frequent maintenance and attention is a 
hazard to the operators in the power plant. 

Fig. 3 shows a progressive acid-regeneration system of the type 
required to obtain full optimum cation-exchange performance 
characteristics [15]. Fig. 3 also shows a pressure-type, in-line 
regenerant system which permits obtaining reproducibility of 
results by pumping, measuring, timing, recording, and mixing 
chemicals with water as needed, all under pressure with no 
operator handling chemicals [15]. 

Generally speaking, absolute leakproofness of valves and con- 
trols on demineralizers requires use of Saunders patent individual 
valves operated in sequence by an impulse-sequence time-cycle 


controller [15]. 
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SUPERCRITICAL-PRESSURE BOILER-PLANT WATER 
TREATMENT 


The technology of supercritical boiler design has been covered 
fully in the literature [1, 7, 8, 9, 10, 11, 13, 26, 49-56). 

Although tests of once-through supercritical boilers on an ex- 
perimental basis were completed in the United States [8, 9, 50, 52! 
in the 1920’s, most of the developmental work on once-through 
boilers was completed in Europe, mainly in subcritical units. 
Failures with supercritical boilers in Europe in the 1920's and 
1930’s have been attributed mainly to: 


(a) Water purity was not equal to the needs of the nonblowable 
boilers. 

(b) Metals and materials were not available to permit reaching 
the steam temperatures needed to avoid the wet-steam phases 
during expansion. 


The first United States supercritical-pressure power plant de- 
signed, built, and in operation for many months now is the Philo 
Station of the American Gas and Electric Company system. This 
is a 120,000-kw turbogenerator with steam conditions of 4500 psi 
and 1150 F with two stages of reheat and anticipated heat rate of 
8500 Btu/kwhr. 

Two additional supercritical power plants are designed and 
are being built, one a 250,000-kw unit of 3500 psi, 1110 F, and 
reheat to 1050 F, at Avon Plant No. 8 of Cleveland Electric Il- 
luminating Company and the other, Eddystone No. 1 Unit, of 
Philadelphia Electric Company, a 325,000-kw unit of 5000 psi and 
1200 F with two reheats to 1050 F and ealculated heat rate of 
8016 Btu/kwhr. 


POINTS OF DIFFERENCE IN WATER CYCLES 


These three plants are different in size, boiler and turbine de- 
sign, type of furnace, design and fabrication of accessories, feed 
pumps, fans, pressures and temperatures, and many other 
features of mechanical design. However, there are significant 
differences between these plants which particularly relate to the 
water-treatment equipment design and arrangement ultimately 


adopted. These are: 


1 Ratio of nonferrous to ferrous-metal surface and amount of 
austenitic steel exposed to steam, water, and condensate. 

2 Temperature of feedwater and condensate to key points in 
cycle which determine solubility of metals together with chemical 
treatment. 

3 Internal chemical treatment including selection of oxygen 
scavenger and pH of feedwater to avoid corrosion. 

4 Three different raw waters are employed as sources of 
make-up to the cycle, i.e., respectively—(a) evaporated con- 
densate, (6) Lake Erie supply with organic matter impurities as 
well as mineral salts present, (c) a city-treated Delaware River 
water supply. Process and equipment for treatment of make-up 
varies considerably because of this. 

5 The condenser is different for each unit in design, metal- 
lurgy, provision for avoiding leakage, and in composition of 
water employed for cooling. These will substantially determine 
the degree and type of solids leakage into condensate at the con- 
denser. 

6 The amount of and proportion of condensate and feedwater 
scavenging or ‘‘polishing’’ possible through the condensate filter- 
demineralizing system. This varies from 20 to 100 per cent of 
total feedwater flow. Philo Station subsequently has added addi- 
tional filter-mixed bed demineralizer capacity to increase scaveng- 
ing flow to substantially more than the 20 per cent of feedwater 
flow originally designed. The importance of the amount of feed- 
water bypassed through the demineralizer in reducing leaked 
solids in feedwater is shown in Fig. 2. 
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7 Various features of design of the filter-mixed bed demineral- 
izer combination employed as condensate of feedwater scavenger 
or “‘polisher.’’ 

8 Total storage volume of ‘‘sweet’’ (ultrapure) and ‘“‘bitter’’ 
water in the system, and in methods and materials for handling 
ultrapure feedwater and condensate in storage tanks, pipelines, 
and so on. 

9 Start-up and emergency stand-by procedures for purging 
the system of impurities. 


Heat Cycle, Water Cycle, Water Purity Requirements 


Plant 1—Philo Station. This first United States commercial 
supercritical station design has been fully and excellently de- 
scribed in the literature [1, 7, 9, 49-51]. Fig. 4 shows a water- 
flow diagram for this plant. Table 4 shows the type and order of 
magnitude of surface and volume ratios of ferrous and nonferrous 
materials exposed to steam and water. This shows that for the 
condensate feedwater cycle the ratio of nonferrous to ferrous sur- 
face exposed to water is 1.5. For the surfaces exposed to con- 
densing steam, the ratio is 5.8, and for the entire cycle excluding 
the turbine, the ratio is 0.6. 

Expected maximum values for dissolved oxygen are 20 and 5 
ppb, respectively, for condensate and feedwater. The pH values 
of 9.5-9.6 are obtained by feeding ammonia or hydrazine. In 
this cycle austenitic steel is only 10 per cent of the total and car- 
bon steel 38 per cent. Material for condenser and feedwater 
tubing was selected as 70-30 cupronickel. Here, care must be 
taken in use of amines and selection of pH to avoid copper pickup. 
Water-treatment and chemical feeding equipment for this cycle 
was designed for multipurpose use as follows: 


1 Pre-operating cycle cleanup. 

2 Bypass condensate cleanup during operation. 

3 Solids removal during “‘transient’’ start-up and shutdown of 
steam generator. 
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STORAGE 
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Fig. 4 Water cycle 


Table 4 Philo unit 6 cycle 

Surface 
ratio, 
non- 


Fe/Fe 


——Surface, sq ft——~ 


Non- 
Total 


Ferrous ferrous 


Main and reheat 


steam (exclud- 

ing turbine) 62,000 
Condensate- 

feedwater 9000 14,000 
Bleed steam (in- 

cluding con- 

denser) 
Steam generator 


Total 


62,000 
23,000 


82,000 
66,000 


12,000 70,000 

66,000... 
149,000 84,000 233, 000 
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4 Polishing of condensate make-up to cycle. 


In this cycle, a dual unit, filter-and-mixed-bed demineralizer 
equipment has a capacity of 100,000 lb/hr, equivalent to about 20 
per cent of condensate flow, with filters and demineralizers con- 
nected for separate or combined use. 

Filters were specified originally to protect the mixed-bed de- 
mineralizer resin against fouling from iron oxide. By means of 
the cartridge-type filters with a cellulose precoat, iron is reduced 
from 100-200 ppb range to 1 ppb, and has been found particu- 
larly helpful on boiler start-up where large and continued amounts 
of iron oxide must be purged from the system. 

Two years of experience with a supercritical-cycle pilot plant 
including mixed-bed demineralizers has shown insignificant 
leaching of organic resins from the demineralizer, although trace 
amounts were found from time to time [1]. 

At Philo, tube sheets inside the water box and tube ends have 
been rubber-coated to reduce the possibility of solids leakage. 

Provisions have been made for purifying the condensate from 
the flash-tank system before it is returned to the cycle. This is 
done, as shown in Fig. 4, by suitable arrangement and use of the 
filter-demineralizer equipment, a contaminated-water storage 
tank, and appropriate interlocking controls. Condensate is either 
returned to the cycle after passing through the demineralizer or 
is sent to contaminated-water storage in which even condensate is 
made up to the cycle from the main storage. 

The specifications for feedwater going to the once-through 
boiler section, drawn up in 1953 for this cycle are as follows [1]: 

10 ppb max 


TDS. 
5 ppb max 


Dissolved Or... 


It is understood that actual plant operation has considerably 
improved on these values. 

Make-up to this cycle is provided in the form of condensate from 
other station units. Evaporators are employed in this station 
to provide make-up to other units. Muskingum River water is 
clarified and filtered before being fed to the evaporators. Mus- 
kingum River water is used as condenser cooling water at Philo 
Station. 


500 ppb max 
20 ppb max 
10 ppb max 


Plant 2—Avon No. 8 


Design of this supercritical unit has been described in the litera- 
ture by Dauber [10]. As stated by Dauber, ‘In the latest 2400- 
psi controlled-circulation subcritical boiler at Eastlake Station, 
the feedwater pH is maintained at 9.0 to 9.2 by adding morpho- 
line or ammonia. Feedwater conductivity (undegassed) of 1.0 
to 1.5 micromhos is satisfactory. In the supercritical pressure 
cycle, the feedwater will have the following limitations: 


9.0-9.5. 
otal solids. 
Total iron. 
Total copper. 
Silica. . 
Oxygen. 


By adding ammonia or hydrazine 
.50 ppb max at condensate pump discharge 
.10 ppb max 

10 ppb max 

20 ppb max 

.7 ppb max 


A condensate bypass filtration and demineralization system is 
used to maintain the solids within the required limits. This sys- 
tem serves three major purposes: (a) Protect feedwater cycle from 
condenser tube-sheet weepage (leakage between tube and tube 
sheet) and condenser-tube rupture leakage, (b) ‘‘polish’’ make-up 
water from a two-bed demineralizer system, and (c) remove corro- 
sion products from the cycle. 

Two secondary purposes of the bypass filtration and deminerali- 
zation system are: (a) Polish miscellaneous drains before re- 
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turning to the cycle, and (b) cleanup of the cycle on original 
start-up and following outages. 

Condenser-Leakage Contamination. Highly sensitive tests have 
proved that seepage did exist. The solids introduced into the 
water by this condition were found to be more than the maximum 
allowable for the supercritical-pressure cycle. 

For practical reasons standard rolled tube sheets sprayed with 
neoprene were used to promote tightness. The condenser and 
hot-well designs permit demineralization of 95 to 110 per cent of all 
tube-sheet weepage. 

The transverse divisions in the -ondenser and rectangular hot 
well have been provided in order that 95 to 100 per cent of any 
tube weepage will be caught in the four end sections of the hot 
well. Normally all water in the four end sections will be sent to 
the bypass filtration and demineralization system. The effluent 
from the bypass demineralization system will be sent to the center 
section of the condenser for redeaeration by the condenser before 
the water is returned to the cycle. The full-load design flow for 
the bypass system is 625,000 ib/hr or 50 per cent of condenser 
flow, including low-pressure heater drains. 

The bypass filtration and demineralization system has been 
designed for 100 per cent condenser flow during emergency opera- 
tion. Tube rupture will be detected at the hot-well pump by pre- 
cise conductivity measurements. When abnormally high conduc- 
tivity is detected, all condensate will be sent through the bypass 
filtration and demineralization system. By designing the by- 
pass system for 100 per cent condenser flow, the unit can hold full 
load for 24 hr or longer with no danger of cycle contamination. 
By comparison to other supercritical-pressure plants, the amount 
of stored high-purity water (358,000 Ib) is relatively small. 

In this plant design, it was decided to send the drains directly 
to the condenser. The possibility of significant copper and iron 
pickup by the extraction drains in cascading through the low- 
pressure heaters made it desirable to demineralize low-pressure 
drains as soon as possible. 

A deaerating heater with internal direct-contact vent condens- 
ers is mounted on, and supported by, a horizontal cylindrical steel 
storage tank of 6200-cu-ft capacity. 

Make-up Water. Raw-water make-up to the cycle is Lake 
Erie water, which can contain small amounts of organic matter 
and is therefore clarified with adequate chemical treatment, 
filtered and demineralized with a two-bed demineralizer equipped 
with a vacuum degasifier. This make-up is polished in the mixed- 
bed demineralizers which are a part of the condensate bypass 
system. 

All other sources of condensate and make-up at the station can 
be utilized by processing through the mixed-bed bypass de- 
mineralizer. These include evaporated make-up from the adja- 
cent boilers and stored condensate. 

Prevention and Removal of Corrosion Products. The cycle has 
no special materials, such as stainless steel or rubber-lined pipe 
to prevent corrosion. Control of pH by the addition of ammonia 
or hydrazine at the hot-well condensate pump and deaeration of 
the condensate will be relied upon to protect the metals in pre- 
boiler cycle. The system is equipped with a standard condenser 
with deaeration guaranteed to 0.03 ec of oxygen per liter (42 ppb) 
and a deaerating heater with deaeration guaranteed to 0.005 ce of 
oxygen per liter (7 ppb). The high-pressure heater drains are re- 
turned to the deaerating heater. The low-pressure heater drains 
will be returned to the end sections of the hot-well for bypass 
polishing. 

The filters ahead of the bypass scavenging demineralizers 
are to be relied upon to remove the corrosion products in the con- 
densate. The nature of the filter material has not been es- 
tablished but work has been in progress to determine experi- 
mentally the most desirable filter material. Post-demineralizer 
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filters are used to remove traces of resin from the ion-exchange 


unit effluent. f 4- 
Plant 3—-Eddystone No. 1 


Design of this supercritical unit, the largest at the highest pres- 
sure and highest temperature to date, has been described in the 
literature in a series of papers [8, 11, 52, 53, 55]. 

Condenser [8]. ‘‘The additional insurance of a rubberlike 
coating of tube sheets and tube ends is provided.’’ 

“An important consideration is distinguishing between in- 
creased conductivity due to leakage and that due to the chemical 
added for feedwater conditioning. This latter probably will be a 
volatile such as hydrazine or ammonia. This is expected to 
follow through the entire plant cycle and, therefore, will have a 
considerable effect on the condensate conductivity. To overcome 
these problems the design includes a tray under the tubes which 
will be baffled into about 20 compartments, and provide troughs 
on the inside of each tube sheet. Each of the compartments and 
each trough will return to the hot well through a pipe in which will 
be installed an individual conductivity cell. This arrangement 
provides a means of distinguishing leaks because, if variations in 
conductivity are due to chemical water treatment all cells should 
indicate simultaneous changes, whereas a leak would show up in 
one or possibly two compartments only. Compartmentalizing the 
condenser hot well also makes it possible to arrange the condensate 
pumping in such a way that one pump can be set to pump all the 
water in one third of the condenser. Thus if a leak occurs, it is 
possible to pump the affected third through the condensate- 
scrubber demineralizer and not decrease load, because the other 
two thirds would be pumped directly to the cycle.’’ 

Metal Pickup. Of all three supercritical cycles, the Eddystone 
cycle contains the highest ratio of austenitic steel to feedwater, 
condensate, and steam. As a result, pickup of small amounts of 
metals such as chromium, nickel, and molybdenum is anticipated, 
in addition to iron and copper. Pilot or prototype-unit investi- 
gations with a small supercritical-boiler cycle have been made and 
results obtained indicate some of the effects of metal pickup on 
resin performance. The question of the ability of the ion-ex- 
change resins to remove heavy metals on repeated long-term per- 
formance and the long-range effects of these impurities on the 
resins under specific conditions of water temperature, flow and 
time between regenerations, are points on which further pilot- 
plant and research work is now being completed. 


Table 5 Philadelphia Electric Company—Eddystone Station 


Total dissolved Mo alkalinity, Si0., 
solids, ppm ppm ppm 
Raw city-water 
poll 
izer effluent qual- 
ity 
A—Primary two- 
bed effluent 0.5-3.0 0.5-1.0 0.1 
B—Mixed-bed ef- 
fluent 0.02-0.05 0.005 
or or 
50 ppb 5 ppb 
Demineralized con- 
densate 0.02-0.05 0.005 
or or 
50 ppb 5 ppb 


Table 5 shows raw city water as well as make-up and conden: ate 


water composition and demineralized water quality [11]. pany 


The Water Cycle—Make-up Water Treatment 


Experience gained with large commercial demineralizers at 
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Fig. 5 Flow diagram for make-up water-treatment plant 


other stations plus proper use of pilot-plant tests at the site of the 
Eddystone City water source pinpointed the design of demineral- 
izer finally selected. 

Fig. 5 [11] shows the flow diagram for the make-up water- 
treatment plant which consists of nine units, three hydrogen- 
cation units, three strong-base anion units, and three mixed-bed 
polishing units. Water is pumped from the city water storage 
tank through the hydrogen-cation units which remove most of the 
metallic cations in the water then through the strongly basic 
anion exchanger which removes both strong and weak acids and 
having an effluent water containing 0.5-1.5 ppm total solids. 
Part of this water goes to the soft-water storage tank and from 
there to the low-pressure boilers at this station. Another portion 
of this two-bed demineralized water is polished through the 
mixed-bed units and most of the remaining impurities in the 
water are removed in this unit leaving a total dissolved-solids 
content in the range of 0.2-0.05 ppm of total solids including 
silica. This very pure make-up water then goes to the bitter- 
water storage tank or to the condensers. We believe that the 
normal flow will be to the bitter-water storage tank. 

The primary cation units will be 90-in-diam X 13-ft 6-in. 
straight height containing 6-ft-deep beds of sulfonated styrene 
resin. The rated capacity on the primary system is 600 gpm. 
The primary anion-exchange units will be of the same size as the 
cations and will contain 6-ft-deep beds of a Type I strongly basic 
anion exchanger [15]. The scavenging mixed-bed units of the 
make-up system will be smaller in diameter, 54 in., and slightly 
shorter in straight height, 12 ft, than the cation and anion units, 
and will have a total rated capacity of 225 gpm. 

Fig. 6 is a cutaway view of a mixed-bed unit and similar to the 
units which will be installed at this station. The influent water 
to these make-up mixed-bed units is demineralized water from 
the primary cation and anion units. The water is distributed by 
the top hub lateral distributing system, flows through a 6-ft bed 
of mixed cation and anion exchanger, the same resins as in the 
primary cation and anion units. The effluent from this unit is 
normally so low in conductance that it will not be measurable 
on the conductivity recorder and it probably will be above 
5,000,000 ohms or 0.2 micromho conductance for acceptance. 
The total olfiea concentration of this water will be below 0.01 ppm 


7 TRANSACTIONS OF THE ASME 

based on the results obtained in pilot plant work which was car- 
ried out by Philadelphia Electric engineers at Eddystone on the 
same water supply. 

The middle distributor system and bottom distributor on the 
mixed-bed units at Eddystone have stainless-steel laterals per- 
forated and covered with heavy-duty 316 stainless-steel screening 
to retain resin particles. The middle distributor in addition to 
being a good collector also must have very good mechanical 
strength because of the tremendous forces which are exerted on 
the piping system due to swelling and shrinking of the ion-ex- 
change resin and compression, and expansion of the bed during 
service run and backwash. There is a rather elaborate system 
of support for this middle distributor in these small units and an 
even more elaborate system on the large condensate-scavenging 
mixed-bed units. During the past 6 years, experience at another 
Philadelphia Electric plant, Schuylkill Station, with various 
components of the system has been excellent both from the stand- 
point of operation and maintenance. 

All the units will be operated manually but remotely from the 
units. The operating panel has an individual air cock for open- 
ing and closing each valve, and has a loading station for setting 
the rate on the flow-control valves. This also is similar to the 
Schuylkill Station installation which has worked out quite well. 


Fig. 6 Cutaway view of mixed-bed ion-exchange unit 


A portion of the condensate will flow from the condensers to 
the bitter-water storage tank from which it is pumped through 
three large mixed-bed condensate polishing units. The purpose 
of these units is to remove traces of impurities picked up in the 
cycle or leaking into the system through the condensers. The 
effluent from the polishers goes to the sweet or ultrapure-water 
storage tank from which it is pumped back into the condensers 
and from there to the heaters and boilers. lial 


The Condensate Demineralizers or Scavengers a 

These are three 11-ft 6-in-diam by 12-ft straight-height mixed- 
bed demineralizers supplied from the bitter-water storage tank 
and discharging to the sweet-water storage tank. The purpose of 
these units is to polish or scavenge a portion of the recycle con- 
densate. At normal rating these units will handle 30 per cent of 
the condensate returns but are capable of handling up to 100 per 
cent feedwater flow. 

Basically, these units will be designed with the same distribu- 
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tion systems as shown in Fig. 6 for mixed-bed units, and the pip- 
ing, valving, and controls also will be similar but larger. 

It is known that certain heavy-metal compounds are capable of 
passing through such a unit and considerable thought was given 
in the planning stages on this job to prefiltration equipment 
ahead of the polishing units. It was concluded that such filtra- 
tion can be justified based on small-scale tests plus experience 
obtained in other central-station operations. It is planned to 
provide precoat-element-type filter units with precoats and body 
feeds of pure cellulose and other selective absorbent material to 
precede these mixed-bed units. 


Controls and Regenerating Equipment 


Conductivity recorders will be used on the effluent from the 
primary cation and anion units, one point for each unit and on 
the primer (make-up) mixed-bed units. Conductivity also will 
be measured and recorded, and indicated on the mixed-bed 
scavenger units. Recording equipment for pH also will be used 
as required on some of the effluent streams. Basically, the con- 
trol ef run length on the primary cation exchangers will be based 
on gallonage and conductance as indicated on the anion-unit ef- 
fluent-conductance instrument. The primary anion units will be 
operated on-a gallonage and silica-breakthrough basis. All of the 
mixed beds are to be operated on a safe time-interval basis for 
regeneration, the exact intervals to be determined by experience. 
Panel-mounted flow indicators and recorders are being provided 
on the inlet to the cation units to meter influent water and back- 
wash water, on the effluent of the anion exchangers, on the effluent 
of each make-up mixed-bed unit, and on the inlet to all of the con- 
densate polishing units. In addition, rate-of-flow indication is 
being provided for regenerant dilution water. 

Commercial 66-deg-Baumé sulfuric acid will be used to re- 
generate all of the cation resin beds and 50 per cent liquid caustic 
will be used for all the anion-exchanger beds. These chemicals 
will be stored in bulk. The ‘“‘closed-system’’ regenerating equip- 
ment will consist of positive-displacement metering pumps which 
will take suction from the storage tanks and pump into mixing 
tees where the concentrated chemical will be diluted accurately 
on its way to the resin bed being regenerated, as shown in Fig. 3. 
Caustic for anion regeneration will be similarly handled. 


Waste-Water System 


The plant will neutralize all of the waste water which will be 
used partially to wet down fly ash which will be carted out to sea on 
barges. 


INVESTIGATIONS UNDER WAY 


It was mentioned earlier that because of the newness of this 
plant design, more information is required on limits of tolerable im- 
purities for supercritical boilers and turbines, on the effects of 
impurities picked up from the system on ion-exchange resins, as 
well as more precise and sensitive control methods for operating 
the water-treating equipment. Specific investigations will be 
carried out at either our laboratories, those of the Power Com- 
pany, in stations now operating, or at the supercritical-pressure- 
boiler pilot plant in Chattanooga. 

A considerable amount of pilot-plant work has been done al- 
ready on the make-up water system by Philadelphia Electric 
chemists and engineers. This work has been carried out for well 
over a year and probably will be the subject of a report at a future 
meeting. The results of this pilot-plant work have been very 
valuable on comparative performance of different anion-exchange 
resins and for comparing the quality of the water produced by 
various arrangements of the ion-exchange equipment. It has 
thrown considerable light on the fouling characteristics of this 
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water and basically confirms the soundness of the make-up-water 
demineralizing flow sheet described previously. 

However, using the very best analytical methods available 
today, there is still an element of uncertainty when talking of im- 
purities in the range of a few parts per billion [1-6, 57]. One of 
the first projects undertaken has been to evaluate the best analyti- 
cal methods available for such water constituents as silica, iron, 
copper, chromium, and molybdenum. This project has the objec- 
tive of making available the very best method of measurement of 
these water constituents or potential water constituents so that 
more useful information can be gathered from both the experi- 
mental work and also in plant operation. Considerable progress 
has been made and will be reported at future meetings. 

The problem of trace-metal pickup from the condenser and 
elsewhere in the system has been given serious thought, and work 
is now being carried on measuring the amount of pickup and de- 
termining how much of the material picked up is removed by the 
ion-exchange equipment and how much goes through, and to de- 
termine the effect of it on the boiler and turbine. 

The proper removal of suspended matter and metallic precipi- 
tates such as iron ahead of the scavenging condensate demineral- 
izers is now receiving serious study. 

Part of the work contemplated along these lines will involve 
the development of suitable automatic analytical instruments for 
the measurement of sodium, silica, and possibly other ions or com- 
pounds [14, 57, 58]. Some excellent work has been done recently 
on the improvement of the flame-photometer method of measuring 
sodium which is a good index to condenser leakage, and these 
methods will be studied carefully and almost certainly will be a 
part of the control equipment at this station [57]. Devices also 
are available for measuring and recording silica automatically 
and almost any other ion or compound which develops a color 
with an added reagent. Work is now under way in co-operation 
with the instrument manufacturer to study and, if necessary, im- 
prove such devices to make them suitable for application at this 
station. 

Numerous other projects are under discussion and some of 
them very likely will be started in the near future. One of: these 
concerns the question of the effect of extremely long runs on 
polishing or scavenging units and the possibility of the use of im- 
proved mechanical devices to eliminate some of the bad effects 
of such long runs [11]. 


NUCLEAR POWER-PLANT WATER TREATMENT 


Introduction 


Small-scale reactor-power pilot plants have operated success- 
fully under controlled conditions to provide information neces- 
sary for the design of the large nuclear stations now being de- 
signed and constructed [32, 59-61). 

A great number of materials may be used for removing heat 
from a nuclear reactor [59-62]. Of these materials, light or com- 
mon water (high purity) is a most widely used and considered 
medium with outstanding advantages. 

Water Characteristics. Pure water itself is inherently aggressive 
to most engineering materials. This characteristic is further ag- 
gravated under radiation because of the decomposition of water 
into hydrogen, oxygen, and hydrogen peroxide [12, 14, 63]. In 
the presence of high activity levels, the decomposition products of 
water may recombine. However, water subjected to intense 
neutron bombardment will become radioactive owing to the short- 
lived products of neutron capture by the oxygen in water. The 
solution of air in water subjected to nuclear radiation induces 
further complications. Radiation causes ionization in any ma- 
terial through which it is passing. ‘Therefore dissolved nitrogen 
and oxygen react to form nitric acid. This reaction may be over- 
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come by the addition of hydrogen to the system. In the presence 
of nuclear radiation the hydrogen and nitrogen react to form am- 
monia with a subsequent rise in the pH of the water. 

Welinsky, Cohen, and Seamon [32] describe the effects of oxy- 
gen-hydrogen-nitrogen in the operation of a pressurized-water- 
type reactor at the National Reactor Testing Station in Idaho. 
This test was run to determine the possibility of eliminating hy- 
drogen addition to the system: “In connection with the same ob- 
jective of eliminating the need for hydrogen addition, a test 
start-up was made with dissolved air already in excess. Fig. 7 
illustrates the sequence of chemical events which occurred. The 
test was performed at low power. At the start, the pH and con- 
ductivity were high. Hydrogen was low (less than 3 ce per kg), 
oxygen was approximately 25 ce per kg (35 ppm), and nitrogen 
was 115 ce per kg. As the radiation-induced reaction took effect, 
the oxygen depleted the residual hydrogen and reacted with the 
nitrogen to form nitric acid. The pH dropped from 9.5 to 5.0. 
The conductivity first declined as the hydroxy] ion was neutral- 
ized, and then increased with the formation of nitric acid: It is 
interesting to note that soluble chromate increased. It may have 
come from certain chrome-plated surfaces, from the stainless- 
steel walls, or from dissolution of suspended corrosion products.”’ 

‘‘When the pH reached a low level, hydrogen gas was added to 
the loop water. The result was the reduction of nitrate, chromate, 
and residual oxygen. The pH ultimately returned to the alkaline 
side. The soluble chromate was probably reduced to the insoluble 
chromate oxide.”’ 
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Fig. 7 Plant start-up with air loop, water chemistry (low power) 


Materials of Construction. The use of any fluid in a closed cir- 
cuit will result in the flow and deposition of eorrosion and erosion 
products throughout the system. In nuclear power generation, 
corrosion and erosion products are undesirable because of inter- 
ference with heat transfer due to deposits, and also because of the 
induced radioactivity of these materials in this system which 
makes access for maintenance hazardous. A great deal of work 
has been expended in determining materials of construction 
suitable for water service in the nuclear field [16, 33, 64-71]. 
Koening summarizes the characteristics of the various alloys as 
follows: 
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Cobalt or tantalum alloys are not desired because their radio- 
active isotopes are long-lived. Cobalt-60 has a half life of 112 
days. 

Beryllium, aluminum, magnesium, and their alloys are not suita- 
ble for unclad use in water at 500 to 700 F. 

Chromium, titanium, nickel, and their alloys. First two ma- 
terials have excellent resistance to corrosion in water up to 600 F. 
Nickel and nickel-base alloys have good resistance up to 500 F 
in water with an excess of hydrogen. However, both chromium 
and nickel alloys are susceptible to increased attack by water con- 
taining oxygen. 

Copper and silver alloys have excellent corrosion resistance to 
low-temperature water but corrode so rapidly above 500 F that 
they cannot be used in any extended high-temperature operation. 

Gold and platinum retain their nobility even up to 650 F and 
higher. 

Uranium and thorium are fissionable fuel materials which must 
be jacketed because of their rapid reaction with hot water. 

Zirconium alloys are now in demand for reactor use because of 
their very low neutron-capture cross sections. Exceptionally 
high resistance to corrosion in water and steam is obtained. 

The two alloys in general use today are: Zircalloy 2, containing 
1'/, per cent tin, and small amounts of iron, nickel, and chro- 
mium; and Zircalloy 3, containing '/, per cent tin and '/, per cent 
iron. Both have the desirable reactor property of not shedding 
corrosion products. 

Ferrous alloys are most widely used. Primary coolant systems 
of pressurized-water reactors have been constructed of stainless 
steel. Initially, stabilized grade 347 was preferred, but testing 
under a wide range of conditions shows that 304 stainless steel, 
even in the as-welded condition, has enough corrosion resistance. 
With this material corrosive-acid cleaning operations must be 
avoided after welding for stress relieving. 

To date, the stainless steels and other higher alloys have been 
used extensively in nuclear-reactor systems. The absolute need 
for these materials may not be clear to all but are well justified by 
Amorosi [72]: 

“Tt may not always be necessary to use expensive materials in 
a reactor system. However, the early development of any new 
and involved process can be advanced more rapidly by concen- 
trating on the major problems with the secondary problems likely 
to await experience.”’ 


Nuclear-Reactor Cycles 


Boiling-Water Reactors. At the present time, a number of dif- 
ferent types of nuclear power reactors are being evaluated, de- 
signed, and constructed. 

In a boiling-water reactor, there is only one reactor cooling- 
steam circuit, therefore any impurities in the water will become 
radioactive. Quality is maintained by complete pretreatment, 
including demineralization of the feedwater, and filtration and 
demineralizing of a portion of the condensate. 

Basic water-treating requirements for a dual-cycle plant are the 


same as for a simple boiling-water reactor. (> we 
Pressurized-Water Reactors 


Make-up water for both loops of a pressurized-water reactor 
must be of high quality containing practically no dissolved solids. 
In operation, the hot loop must be continuously treated to remove 
suspended and dissolved solids (filtration-demineralizing) and 
dissolved oxygen (adsorption of excess hydrogen or deaeration). 

The solids of the cold or nonradioactive condensate from the 
condenser hot well can be controlled by a filtration-demineralizer 
system using equipment identical to that widely needed in power 
plants. 
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Liquid-Metal-Cooled Reactors 


In liquid-metal-cooled reactors, the primary coolant—usually 
molten sodium metal—is circulated at relatively low pressure 
through the reactor core. Heat removed by the sodium is trans- 
ferred ultimately to water in a nonradioactive loop, for steam 
generating. As the water in this type of system is nonradioactive, 
conventional power-plant-type equipment is applicable, including 
deaeration, pretreatment, and demineralization of make-up and 
condensate. 

The water-treating equipment required for homogeneous reac- 
tors is essentially the same as that required for pressurized-water 
and sodium-cooled reactor types. 


FACTORS IN DESIGN OF WATER-TREATING EQUIPMENT 


Materials of Construction 


The importance of proper selection of materials of construction 
cannot be overemphasized in applications where radioactive 
water is to be treated. Conventional organic lining materials 
such as rubber cannot be used because of physical breakdown due 
to radiation. Furthermore, decomposition products of organic 
materials subjected to radiation will contaminate the water and 
increase the solids and activity levels. 

To date, most auxiliary equipment, such as water-treating 
equipment, has been constructed of expensive higher alloys. How- 
ever, recent experience with aluminum in condenser-tube service 
indicates that this material may be applicable to water-treating 
equipment handling high-purity radioactive water. Corrosion 
studies in various environments have been reported in the litera- 
ture [73-80]. Aluminum may find application in piping and 
filter and ion-exchanger shells where the resins will be regenerated, 
rinsed, and mixed externally. 


Filters 


Experience has shown that filters are desirable on both hot and 
cold loops to remove suspended matter and permit ion-exchange 
equipment to operate at maximum efficiency [1, 11, 15]. The 
presence of suspended matter in the influent to an ion-exchanger 
forces this unit to function also as a filter thus causing high pres- 
sure losses and reduction in exchange capacity. 

Where ion-exchange equipment is used to remove dissolved 
solids, a post or after-filter been found to be desirable. The 


Table 6 Properties of reactor coolants 


Thermal 
cross- 
section, 
barns 


Gamma Density 
300 C, 


rays, 
Mev Half life gm/ce 
0 0.9 xX 


6.2 X 10~* 
9.5 X 10-4 


1 atm 
Carbon dioxide. . . 6 
1 atm 
Light water...... 6 0.800 
(250 C) 
880 


(250 C) 
0.500 


Heavy water..... 6 ; 0 


13 0.83 see 
betas 
Sodium 1.4-2.8 15 hr 
1.4-2.8 15 hr 0.84. 
12.4 hr 


‘2 5 day 
betas 


Na-K 
56-44 per cent 


Melting Boiling 
point, 
C 


179 


0.88 98 
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post filter removes any traces of ion-exchange resin which may 
appear in the effluent due to attrition of the resin particles and 
also removes any solids or precipitates leaving the demineralizer 
[10]. 

Several types of filter media are available including sintered 
metals, fabric-wound and precoat-type leaf and element. A 
comparison of filters incorporating these media is shown in 
Table 6. 

In operation, the sintered-metal and fabric-wound-type filter 
elements are replaced when high-pressure drops are encountered. 
Sintered-metal elements may be acid-cleaned externally, but this 
is not completely effective, and radioactive wash acid and rinse 
water must be disposed of. 

The precoat-type filters are stripped of the actual filter media 
when high-pressure drops are encountered. In leaf-type filters the 
precoat is essentially backwashed off with water. In types using 
elements, a short-duration backwash produced by an internal 
air bump, is used to strip off the precoat. Little waste water is 
produced. 

A comprehensive evaluation of precoat element-type filters is 
under way on actual condensate at two or more high-pressure, 
fuel-fired stations. The data obtained here will provide a basis 
for design for optimum operating conditions, pressure loss, pre- 
coat and body-feed material, and efficiency of removal of trace 
quantities of metals. 


Ion-Exchange Equipment 


The use of ion-exchange resins to reduce solids and activity 
levels in radioactive-water supplies has been covered extensively 
in the literature [12, 14, 81-90]. If radioactive solids are to be 
removed from a water, the ion-exchange resins will become radio- 
active because of the accumulation of “hot’’ solids. This activity 
will cause some slow breakdown of the ion-exchange resins, but 
the effects on long-term life and capacity have not yet been de- 
termined fully. 

The exhausted ion-exchange resin must be regenerated or re- 
placed at the end of the operating cycle in order to permit con- 
tinual removal of solids from the system. If the ion-exchange 
resin is replaced with new resin, a very small quantity of radioac- 
tive waste will require disposal; however, if the resins are re- 
generated, 60 to 120 gal of radioactive waste will be produced 


per cu ft of ion-exchange resin in mixed-bed-type units. 


conduc- transfer 
tivity coef. 
300 C, (300 C), 

Btu/lb Viscosity, Btu/hr 
ftF centipoise ft-2 F 
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Fig. 8 Simplified flow diagrams of nonregenerable ion-exchange 
units 
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Fig. 9 Simplified diagrams of regenerable ion-exchange units 


Disposable resin-type ion-exchange units are most applicable 
to systems as the primary loop of pressurized-water-type reac- 
tors. This is because of the relatively high long-lines activity 
level in such streams which would result in large volumes of 
highly radioactive waste. Direct disposal of small quantities of 
expended resin is more feasible in small installations. 

Regenerable resin-type units are applicable to larger pressur- 
ized-water primary-loop application and also to the relatively low 
activity conditions found in boiling-water-type reactors. In 
these cases, provision is made to concentrate the regenerant 
wastes by evaporation. Also, provision is made to replace 
readily the exchange resins in case of operating failure, resin deg- 
radation, fuel-element rupture, and the like. 

Nonregenerable Ion-Exchange Units. Fig. 8 shows simplified 
flow diagrams of nonregenerable ion-exchange units. In one type, 
the resin-containing basket is removed manually from the unit 
for either complete disposal or removal and replacement of only 
the resin. In the other, spent resin is removed from the operating 
unit to a remote receiver and replaced with fresh resin under re- 
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mote control. This system permits complete resin charging 
without subjecting personnel to radiation hazards. 

Regenerable Ion-Exchange Units. Figs. 9 and 10 show simplified 
flow diagrams of regenerable ion-exchange units. In the type 
shown in Fig. 9, the exhausted resin is regenerated in the conven- 
tional manner in place. For emergency purposes a fresh resin- 
loading system and a “hot-resin’’ receiver are provided to receive 
exhausted resin hydraulically sluiced from the unit for disposal and 
to reload with fresh ion-exchanger. 

With a system as shown in Fig. 10, exhausted exchange resin is 
hydraulically sluiced to an external regenerating system. Fresh 
resin from regenerated-resin storage is then loaded into the 
operating unit. This system although more complex in operation, 
requiring more space, and being more costly than in-place re- 
generated systems, offers some advantages: 


(a) Unit off-time is reduced. Approximately 30 min is re- 
quired to unload and replace resin in operating unit while re- 
generation may require 90 to 240 min. 

(b) No chance of regenerant chemicals escaping into cycle 
water although double back valves with intermediate bleed-off 
will prevent this on an in-place regenerated system. 

(c) The operating unit is simple in design and potentially less 
troublesome in that no internals other than water and resin inlets 
and outlets are necessary as compared to the necessary re- 
generant and interfacial distributors required by in-place re- 
generation. 

(d) Restoration or supplementary treatment of all or part of 
the exchange resin is readily accomplished. 

(e) Entire system is more flexible. 


Selection of Ion-Exchange System. Ton-exchange systems in- 
corporating H-cycle cation and OH-cycle anion exchange are now 
accepted for treating water in nuclear cycles [12, 14, 27, 90] 
Practically all equipment considered or installed to date for nu- 
clear-reactor cleanup, pool or waste water, and make-up has been 
of the mixed-bed type [27, 45, 46]. However, as the bulk of the 
contamination in these waters is cationic (metals), substantial 
increase in unit run length may be obtained by installing cation- 
exchange units in series with and ahead of mixed-bed units [88, 
90}. 

Operating Flow Rate. In the usual water service, de.aineraliz- 
ing equipment is normally operated at rates in the range of 4 to 10 
gpm per sq ft, for the best results and optimum capacity utiliza- 
tion and resin life. However, in nuclear-cycle applications higher 
area flow rates are possible because of the very low influent-solids 
level and because space is a serious problem. Laboratory and 
pilot-scale work indicates that flow rates of up to 50 to 100 
gpm/ft? are feasible under certain conditions on high-purity 
water [86, 91, 92]. For most applications, resin flow rates under 
15 gpm/ft* are recommended for good practice. However, ion- 
exchange equipment, for repurification of high-purity radioactive 
water and condensate is frequently designed to operate at rates up 
to 25 gpm/ft? in normal service and 50 gpm/ft? whenever 
necessary, with full understanding of the short-term performance 
limitation imposed because of high-rate operation. 

Make-up Water-Treating Equipment. Systems applicable to 
the preparation of make-up water for nuclear stations are de- 
signed and operated as in conventional power plants [15]. 

Waste-Water Treatment. In the operation of a nuclear power 
plant radioactive-waste streams will be produced which may re- 
quire treatment prior to release [93]. These will result from 
drips, shutdowns, fuel-element handling, and so on. There are 
several possible methods of decontaminating these streams in 
addition to demineralizing, such as coagulation and biological 
methods [94, 95]. Ion-exchange demineralizing has the ad- 
vantage of reducing solids and activity level [81, 82, 84, 87, 88), 
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and also producing a minimum volume of waste requiring ultimate 
disposal [96-99]. 

Ion-Exchange-Unit Regeneration Equipment and Controls. Re- 
generating equipment used on nuclear water-treating systems is 
identical with that in widespread use in power-plant-demineralizer 
installation. Water quality control is maintained on the basis of 
the familiar electrical-conductivity method in conjunction with 
radiation monitors. 

Removal of Dissolved Gases. Control of dissolved gases is im- 
portant in every power-plant cycle. In a nuclear system, con- 
ventional deaerating condensers or deaerating heaters are in- 
corporated in the heat cycle. However, precautions must be 
taken to avoid discharging radioactive gases to the atmosphere. 

In pressurized-water systems, simple deaeration of the primary 
loop is not feasible because of the high-pressure conditions. 
Methods utilizing ion-exchange resins operating on an oxidation- 
reduction cycle [100, 101] have been developed which can reduce 
oxygen to less than 50 ppb. The resin beds are regenerated with 
sodium hydrosulfite or similar reducing agents. Oxygen scaven- 
gers of this type must be followed with mixed-bed or other types 
of ion-exchange units to remove traces of copper or sulfurous acid 
in the effluent, depending upon the type of exchanger. 

Another system of dissolved-gas concentration control ap- 
plicable to pressurized-water systems is a modification of con- 
ventional deaerators. Oxygen is very soluble at high pressure so 
that conventional deaeration methods are not applicable [102, 
103]. However, if a deaerator-type stripper is operated at rela- 
tively high exhaust rates, oxygen concentrations can be con- 
trolled. The exhaust is cooled to lower saturation pressures and 
passed through a second deaeration-type stripper for enrichment 
of the final exhaust and to minimize losses. In one case we have 
caleulated that the oxygen concentration can be maintained at 
less than 10 ppm with an influent at 2000 psi containing 35 ppm 
O.. The final exhaust to waste or to a recombiner will contain 
3 to 5 per cent oxygen. This system is particularly applicable to 
heavy-water systems where deuterium must be conserved by re- 
combination with oxygen in an external recombiner. 

Operating Experience. Many smaller scale nuclear-power cycles 
have been operated successfully [32, 59-61]. A typical example 
of satisfactory nuclear power-reactor operation is the Experi- 
mental Boiling Water Reactor at Argonne National Laboratory, 
Lemont, Ill. [104]. This plant has been providing useful power 
since February, 1957. 
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Fig. 10 Externally regenerated ion-exchange unit of mixed-bed type —— sa 


The prefilters, mixed-bed dimineralizer, and cre filter at this 
installation were designed to treat reactor water at a rate of 20 
gpm. The operating characteristics and results obtained with 
this equipment were well covered by Bailey, Hall, and Zitek 
[104]. A brief summary of operating results is as follows {105}: 
20,000 kw 
.4500 kw avg 
5000 kw max 
.60,000 Ib/hr 600 psi 


Reactor output-heat 
Electrical output 


Steam flow 

Reactor water 
Conductivity 0.35-1.0 micromho/em-25 C 
pH 


Activity due mainly to manganese, sodium, strontium > 


Reactor-Purification System 


Flow 3-4 gpm 

Effluent conductivity 0.05 
Effluent pH ; 6.8 7 
Water maintained 0.5-1.¢ 
Condensate approx... ... 0.5m 
Flow 9 gpm 

Effluent conductivity.......... .0.05 1 micromho/em-25 C 
Effluent pH 6.8-7 

Reactor water maintained... .. . 035-0. 4 micromho/2em-5 C 
Condensate .approx0.05micromho/em-25C 


>-0.1 micromho/em-25 C 


0 micromho/em-25 C 
icromho/em-25 C 


Analysis of solids removed by the prefilters from the reactor 
water showed the presence of: 
of » 


Aluminum Manganese 


Copper Nickel 
Chromiur Zine 


Iron 
The EBWR has operated to date only with light water. In 
the near future operation will begin with heavy water to provide 
many needed data on the treating of this material. 
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Discussion 


S. B. Applebaum.‘ The paper by Messrs. Calise and Duff* 
summarizes the changes in water-treatment techniques dictated 
by the special requirements of supercritical once-through boilers 
of over 3250-psig pressure and of nuclear plants. The second 
paper by Messrs. Angelo and Cotton implies that similar changes 
in water-treatment methods may be required for subcritical boilers 
of 1800 to 2400-psig pressure—otherwise the gain in efficiency ex- 
pected from these higher pressures as compared with, say, 1450 
psig may not be realized. 

What are these new changes in water-treatment methods? To 
understand their significance let us briefly trace the history of 
previous developments in this art to prevent boiler and turbine 
deposits, corrosion, and carry-over, or impure steam. 

When boiler pressures were low (under 250 psig) over four 
decades ago, simple external make-up treatments were adequate. 
First hot process lime-soda plants and later cold process salt 
regenerated ion-exchange units were used to soften make-up 
water. However, sometimes with low hardness waters it was 
possible to treat the water in the boilers internally by boiler com- 
pounds alone. The boiler itself served as a water-treatment ves- 
sel where chemicals were added to precipitate the hardness of the 
water in the form of less adherent sludge that could be discharged 
to waste through boiler blowoff. As boiler pressures increased to 
about 500 to 700 psig and boiler drums decreased in size, more 
elaborate external water-treatment equipment was found neces- 
sary to clarify and soften the make-up water in the preboiler 
cycle. Two-stage hot lime soda and hot phosphate were de- 
veloped about 20 years ago. Still later the production of styrene 
cation resins that could stand high temperatures and pH values 
permitted the combination of hot lime and hot zeolites. Our ex- 
perience® at the Standard Oi] Company, Whiting, Ind., plant 
shows that this method has successfully treated 100 per cent 
make-up for boilers of as high as 1500 psig. 

In the field of ion exchange, new exchange materials about 1935 
permitted acid regeneration of the cation exchangers, which 
accomplished removal of the alkalinity as well as the hardness. 

To prevent corrosion Cochrane pioneered in the design and 
production of deaerators to remove the corrosive gases dissolved 
in the make-up. Then the hot process plants incorporated in- 
ternal deaerators combining softening and deaeration in package 
plants. 

To prevent carry-over or impure steam it was found necessary 

‘Director, Water Treatment Division, Cochrane Corporation, 
Philadelphia, Pa. Mem. ASME. 

6 This discussion also refers to the paper by S. Angelo and K. C. 
Cotton, Paper No. 57—-A-116, unpublished. 

¢J. E. Harden and G. R. Hull, “Operating Experiences With a 
Large Hot Lime Zeolite System for 1500-Psi Boilers,’’ American 
Power Conference, March, 1956. 
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chemically to remove oil or other saponifiable matter, keep the 
ratio of alkalinity to total solids below about 1 to 4, and reduce 
total solids in general. Continuous boiler blowoff was developed 
to obtain better control of boiler-water concentration and extract 
the heat in the blowoff stream. This involved flash tanks and 
heat-exchanger combinations. Mechanical steam separators and 
washers located either outside or inside the boiler drums were also 
found helpful. 

While this external water-treatment art was thus being elabo- 
rated it was found necessary to retain some internal water treat- 
ment as a supplementary process. This was due to the fact that 
the external treatments were not entirely complete. Small 
amounts of residual hardness, oxygen, and other impurities 
leaked through in the treated make-up. Also, condenser leakage, 
and pump gland leakage often introduced impurities into the 
condensate. Internal boiler water-treatment techniques were 
created to maintain certain excesses of phosphate, sulfite, ete., in 
the boiler saline, to react with such leakages. Chemical com- 
pounds were also developed to disperse the sludge thus precipi- 
tated to avoid their ‘“‘hide-out’’ and adherence to boiler tubes as 
deposits. Antifoam chemicals were also introduced to prevent 
boiler foaming. 

As boiler pressures took their next stride forward to about 1200 
to 1500 psig, and later to 1800 to 2600 psig, silica, as an impurity, 
became ‘‘enemy number one’’ not only in the boilers but mainly 
in the turbines. This led to the development during the last 
decade of demineralizers or deionizers, which removed prac- 
tically all the dissolved solids in the make-up water including 
silica. First the multibed and later the mixed or monobed de- 
mineralizers were perfected. These units in various combinations 
vied successfully with evaporators for such complete make-up 
water treatment. 

Now boiler pressures are advancing again, this time to the 
supercritical or over 3250-psig pressure. As Messrs. Calise and 
Duff indicate, we are all coping with the development of new 
water-treatment techniques to solve the problems which we an- 
ticipate when these larger supercritical boilers go ‘‘on stream’’ 
during the next few years. 

However, as Messrs. Angelo and Cotton have found by actual 
survey of a number of power plants of the 1800 to 2400-psig sub- 
critical class which have just gone into operation during the last 
few years, the prevailing methods of water treatment used today 
may not suffice. Changes in these methods appear overdue if 
the full efficiency possible with even those boiler pressures is to be 
enjoyed. Now we can return to the question raised earlier: What 
are these required changes in water treatment? 

If one reviews the brief history just traced it is apparent that 
reliance for successful results was based on two considerations: 


1 Supplementary chemical internal treatment was expected 
to take care of any leakages of impurities through the external 
make-up treatment equipment. Therefore to minimize invest- 
ment or first cost for such external equipment as well as chemical 
operating cost, the designs used allowed appreciable tolerances of 
these leakages to be taken care of by internal treatment. 

2 Condensate as at present obtained from condensers was as- 
sumed to be pure enough so that its external treatment was con- 
sidered unnecessary. 


The changes in our present practice which appear necessary are, 
therefore: 

a We must reduce the tolerances of leakage of impurities 
through the external make-up water-treatment plant. Mainly, 
we must aim at lower silica and total dissolved solids. This can 
be accomplished by more conservative design of equipment. 
For example, two or three-bed demineralizers should be supple- 
mented by mixed-bed units to act as polishing or finishing units 
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so that we can produce treated make-up of less than 0.04 ppm of 
dissolved solids (10,000,000 ohms resistance) including silica of 
under 0.01 ppm. In that way less solids will enter the boiler and 
thus will avoid the danger of boiler, superheater, or turbine de- 
posits. 

b Deaerators of more conservative design should be used and 
less reliance placed on deaerating condensing hot wells to remove 
oxygen. 

c Supplementary chemicals when used should be of vapor type 
rather than “‘solid’’ type as Messrs. Angelo and Cotton point 
out. By solid type they mean chemicals which make salts when 
they react with the impurity, and these salts may, therefore, form 
deposits in turbines. 

d The condensate may have to be treated externally as a fac- 
tor of safety by scavenger equipment. Such condensate scavenger 
treatment plants would, of course, have to be much larger in flow 
capacity than make-up treatment plants handling only 1 to 2 
per cent of the feedwater. However, the amount of solids present 
in such untreated condensate is usually under 0.5 ppm rather 
than 50 to 200 ppm or greater in the untreated make-up. To re- 
duce 0.5 ppm to 0.05 ppm in the condensate would constitute a 
90 per cent purification which should be very helpful in avoiding 
the turbine deposits found by Messrs. Angelo and Cotton. 


Mixed-bed demineralizers are quite suitable for such con- 
densate scavenging. As has been shown by our experience’ with 
three units 10-ft 0-in. diameter of this type at the AEC facilities 
at Oak Ridge, Tennessee, condensate plus small amounts of 
make-up was successfully demineralized to produce an effluent of 
under 0.04 ppm of dissolved solids (10,000,000 ohms resistivity ) 
handling up to 800 gpm or 400,000 Ib /hr. 

It is of interest that no organic fouling of the anion resin has 
occurred at that plant, even after 2 years of operation. This is 
due to the fact that organic matter is, in great part, destroyed by 
the boiler evaporation cycle so that the condensate is relatively 
free of organic constituents. Since such organic fouling is still 
the main unsolved operating problem with demineralizers, its 
avoidance in condensate scavenging is encouraging. 

Furthermore, the small amount of solids to be removed (0.5 
ppm) means long runs between regenerations reducing labor of 
attention and regenerant operating cost to negligible proportions. 

Only the relatively high first cost for such demineralizers to 
handle 100 per cent of the feedwater stream remains to be solved. 
It must be mentioned that if such condensate scavenger de- 
mineralizers are installed the make-up demineralizers can be 
simplified by using two-bed systems without polishing units. This 
is due to the fact that the demineralized make-up can be intro- 
duced into the scavenger demineralizers for polishing. This is the 
arrangement we are using for the supercritical plant of the Cleve- 
land Electrie Ill. Company, Avon Plant. However, the rate of 
flow we are using through the three mixed-bed scavenger de- 
mineralizers there (10-ft 6-in. diam) to handle 100 per cent feed- 
water in emergencies (2500 gpm) is under 15 gpm/sq ft with two 
units on the line. We are also using under 15 gpm/sq ft rate on 
the five mixed-bed demineralizers (12-ft 0-in. diam) handling up to 
4000 gpm at the Linden Generating Station of the Public Service 
Electric & Gas Company of New Jersey. 

We are at present conducting a research project to evaluate 
the long term possibility of using a higher flow rate than 15 
gpm/sq ft for such seavenger mixed-bed demineralizers. The 
effect of the high-pressure losses caused by very high flow rates 
and the possible crushing of exchange resin beads as well as 


7G. W. Brush, 8. B. Applebaum, and G. J. Angelo, ‘‘Mixed-Bed 
Demineralizer Operations at AEC Facilities, Oak Ridge, Tennes- 
see,” 17th Annual Water Conference, Engineers’ Society of Western 
Pennsylvania, October, 1956. 
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avoidance of channelling must be studied on more than a labora- 
tory tube scale for a long enough operating period before general 
adoption. However, with success on this study and with ade- 
quate filtration to remove corrosion products and other suspended 
matter, it may be possible to increase the operating rate to 25 gpm- 
sq ft or even greater. This would reduce the size of such scavenger 
units and their required first cost appreciably, making their adop- 
tion for even the subcritical high-pressure plants economical. 
Then the efficiency possible with the 1800 to 2400-psig boiler 
plants may be fully realized. 


Hilary E. Bacon.* This paper is of permanent reference value 
for the design data summary of the three first supercritical power- 
plant cycles in this country, the handbook-quality primer and 
glossary on nuclear power reactors, and especially the extensive 
bibliography on these subjects and demineralization. While the 
information is available from other scattered sources, the authors’ 
exhaustive literature search and presentation in one summary are a 
distinct service. In addition, they call attention to new concepts 
that should be kept in mind by designers of water treatment in 
this field: The ultrapure-water zone of parts per billion, and the 
place of the mixed-bed demineralizer for the multiple functions 
of polishing, scavenging, and cleaning up minor streams of 
make-up or contaminated water by adding them to the major 
flow. 

Practical experience with a number of demineralizing plants 
suggests comments on the sections of the paper dealing with water 
quality specifications, instrumentation, and chemical handling. 

Commercial production of ‘‘ultrapure’’ make-up water has 
been extremely limited up to the present. Troubles experienced 
include cation leakage not correctable by increased regenerant 
dosage, anion resin poisoning and degradation, and excessive rinse 
requirements—to mention afew. That these are usually traceable 
to influent water quality points up the fact that water supplies in 
many areas are not suitable for demineralization, and treatment 
to make them suitable is difficult, costly, and sometimes impos- 
sible. Final mixed-bed polishing may be imperative even for 
subcritical boiler make-up. 

In our experience, the requirements for dependable and repro- 
ducible regeneration, which these authors properly stress, have 
not been satisfied by systems attempting to proportion concen- 
trated acid or caustic to a metered flow of dilution water. Such 
systems are attractive and possibly workable if carefully designed 
to avoid past failures. However, delivery of 66° Bé acid or 50 per 
cent caustic from bulk storage via centrifugal pumps and flow- 
control valves is not reproducible because of changes in equip- 
ment performance or suspended solids in the liquid, or both. At 
the minimum, regenerants should be measured out batchwise. 
Dilution and heating of caustic to final concentration and tem- 
perature, and of acid to not over 20 per cent (where injectors are 
used), offer the best assurance of reproducible regenerations. 
Automation of batch preparation, with some supervision, is 
readily accomplished. In any case, the controls should permit 
changing the regeneration level and the rinse time if required. 

Automation components are fallible, and operating manpower 
estimates should include policing of all regenerations and con- 
tinuous inspection by instrument-maintenance personnel. 


I. B. Dick.’ The authors have covered a wide field within the 
limits of a single paper, and have assembled a large amount of in- 
formation. We will attempt to contribute briefly a few points 
that seem to us to be particularly pertinent 


* Principal Assistant, Sheppard T. Powell, Consulting Engineers, 
Baltimore, Md. 

* Assistant Chief Chemical Engineer, Consolidated Edison Com- 
pany of New York, Inc., New York, N. Y. 
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Supercritical. As the industry moves into the field of super- 
critical boilers and higher temperature turbines, we must keep in 
mind that we are working with H,O and that unfortunately H,O 
and iron will react under most circumstances to form iron oxide 
and hydrogen. Proof of this is that steam from high-pressure 
boilers always contains more hydrogen than the feedwater by a 
substantial margin. Also, unfortunately, rates of chemical reac- 
tions go up rapidly with increasing temperatures. Therefore the 
rate of reaction of H,O with iron at 705 F is significantly greater 
than at 650 F, and the rate of reaction in the superheater at 1200 
F is significantly greater than at 1050 F. In supercritical boilers, 
we cannot use any nonvolatile chemical additives for water con- 
ditioning, for obvious reasons. Volatile chemical additives must 
be used with due consideration to their pyrolysis at operating 
conditions and the products resulting therefrom. Thought must, 
therefore, be given to the selection of materials of construction 
the better to resist the reaction of water and iron with a minimum 
chemical assist. Let us not this time be maneuvered into the cus- 
tomary position of acquiring steam generators that will not tolerate 
water. 

Nuclear. The authors have mentioned Consolidated Edison’s 
Indian Point nuclear plant. Since this paper was prepared, the 
anticipated capacity of the Indian Point reactor-superheater 
combination has been increased from the stated 236,000 kw to 
275,000 kw. In contemplating a plant of this size, a great deal of 
study was given to water purification and to preservation of con- 
densate purity. It was very soon established that conventional 
conductivity measurements were valueless in determining quality 
of such water, apparently largely for the reason that minute gas 
contamination completely masks parts-per-billion concentration of 
dissolved salts. Flame photometry, therefore, has become the 
standard of measurement, and a successful recorder has been 
constructed and operated for monitoring very pure waters. 

To prepare water of the highest purity for nuclear reactor use, 
pilot plant tests disclose that a conventional evaporator is de- 
sirable to remove nonionized substances. The evaporator alone 
produces water of satisfactory sodium content from presoftened 
New York Catskill supply but gas correction is high and un- 
corrected conductivity readings are generally in the range of 0.5-1 
micromho. When the evaporator is followed by a mixed-bed 
deionizer, the sodium values further decrease and conductivities 
of the order of 0.07 micromho result. This is the system found to 
give the best water quality in terms of total dissolved solids— 
softening, evaporation, and mixed-bed deionization. This is the 
system planned for Indian Point. 

So far as maintaining condensate quality goes, the principal 
source of contamination is condenser leakage. The Hudson 
River at the plant site commonly contains up to 6000 ppm of 
sodium chloride in warm months and only a few parts in winter 
months when water flows are greater. Very small leaks of 
cooling water could be critical in view of the known tendency of 
austenitic stainless steel, of which much of the nuclear equipment 
is made, to develop stress corrosion cracking in the presence of 
chlorides. After consideration of a number of means of prevent- 
ing, minimizing, or detecting condenser leakage, an all-welded con- 
denser was chosen, so compartmented that one quarter may be 
shut down at atime. The hot well is further compartmented into 
twenty-four test sections, each of which may be monitored sepa- 
rately to detect and locate leakage immediately. 

This comment cannot properly be closed without taking issue 
with some of the authors’ statements. Their definition of feed- 
water treatment encompasses only removal of chemical sub- 
stances from water. A substantial segment of the utility industry 
would argue that the addition of chemicals to feedwater is just as 
important, for example, ammonia, hydrazine, sulfite, morpholine, 
cyclohexylamine, or octadecylamine. ‘‘Crud’’ is defined as 


soluble or insoluble radioactive materials in the nuclear cycle. 
We have always conceived of it as insoluble radioactive waste 
products resulting not only from neutron bombardment of corro- 
sion products but also possibly from leaking fuel elements. 
Gases listed as introduced or formed by high neutron fluxes do not 
list any of the gases commonly considered most objectionable in 
radioactive form. 


J. H. Harlow.” This paper has gathered together the experience 
of a tremendous number of authors on the subject of demineral- 
izers as applied to conventional steam electric power plants as well 
as to nuclear reactors, and will be of value to anyone confronted 
with the problem of demineralizer application. In Philadelphia 
Electric, demineralizers have been applied to the problem of plant 
make-up for a number of years, covering the range from a fraction 
of one per cent make-up to approximately 50 per cent make-up in 
the case of a power plant which is used as supply for a district 
steam system as well as for electricity production. 

In developing the demineralizer arrangement for the Eddy- 
stone No. | supercritical unit, two objectives were required to be 
satisfied: First, that make-up water be conditioned as well as 
possible, and second, that the provision be made for removing 
from the condensate stream any solids which might accumulate 
as the result of condenser leakage or metal solubility. It became 
apparent very early in the study that the solids entering the sys- 
tem by way of the make-up were relatively minor amounts, com- 
pared to what would be possible from the condenser even at 
leakage rates which might be undetectable by available instru- 
mentation. This was discussed at some length in a paper pre- 
sented before the Annual Meeting of the ASME in 1956.1! Thus 
a great deal of attention has been given to the problem of 
‘‘polishing’’ the condensate and to a means of compartmentalizing 
the condenser hot well in order to better detect any leakage which 
might occur. 

As the authors state, there are under way a number of investi- 
gations for more sensitive instrumentation and also to obtain a 
better understanding of the effect of various metals on the be- 
havior of ion-exchange materials. As a result of the awareness of 
the need for ultrapure boiler feedwater in supercritical pressure 
installations, a great deal of attention has been directed toward 
this problem; much more, as a matter of fact, than was ever 
given to the problem in subcritical plants. There are at least two 
good reasons for this: First, it has always been the practice to 
blow down boilers and in this manner eliminate from the system 
accumulated solids from whatever source they might arrive. 
Second, the perfection of extremely efficient demineralizers has 
been a relatively recent accomplishment. In retrospect, and in 
light of all the studies that have been made for supercritical pres- 
sure application, the thought naturally arises as to whether or not 
it might be desirable to consider the use of demineralizers in a 
similar way in subcritical plants, particularly those in the 1800 
and 2400-lb class. In boiler turbine installations in these classes 
the chemical feedwater treatment very frequently is of the same 
general nature as that proposed for supercritical operation, and 
boilers operating at these elevated pressures seem to be particu- 
larly sensitive to any appreciable concentration of dissolved solids 
in the boiler water, particularly if these solids are iron oxide or 
copper. 

It could very well happen that designers of subcritical power 
plants could find considerable profit in the work which has been 
done in connection with the design of supercritical pressure plants 
and nuclear plants along the line of water purification. 


1 Chief Mechanical Engineer, Philadelphia Electric Company, 
Philadelphia, Pa. Mem. ASME. 

uJ. H. Harlow, ‘‘Engineering the Eddystone Plant for 5000-Lb 
1200-Deg Steam,’’ Trans. ASME, vol. 79, 1957, pp. 1410-1430. 
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H. J. Vyhnalek'? and R. B. Shumaker.'? The authors have 
presented a very comprehensive review of the present full scale 
applications of water in the “ultrapure’’ range. They point out 
the giant steps which water technology had to take to keep 
abreast with the ever diminishing heat rates of modern power 
plants. 

For our unit at Avon, we have set our sights somewhat lower 
in parts per billion than the others in the supercritical field. Our 
tests have shown that the production of this type of water is not 
difficult as long as sound filter and demineralizer engineering is 
employed. It is the maintenance of this quality that is the most 
serious problem. All steps were taken to control the inroads of 
errant contaminating waters by careful condenser design and 
drain handling. The control of products of corrosion and erosion, 
however, looms as a very formidable barrier to the continued 
operation at the 50 ppb limit. Another barrier is the forced loca- 
tion of the scavenging system. Due to temperature considera- 
tions, this location is restricted to the cooler parts of the cycle 
where corrosion and erosion products are at a minimum, The 
water is started on its tortuous journey to the turbine as pure as 
a newborn babe, as shown by a year’s pilot plant operation since 
our paper was presented. How it weathers the trip is strictly a 
function of boiler design and treatment efficiency. 

In the Avon design all storage and make-up water must pass 
through the bypass purifying system before it enters the cycle. 
This relieved somewhat the need for special storage-tank metal or 


12 Cleveland Electric Illuminating Company, Cleveland, Ohio. 
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coating. The huge bypass purification capacity minimized the 
volume of storage needed. Revitalization of the whole con- 
densate stream can be affected if major contamination occurs. 
Operation under abnormal water losses due to boiler tube rupture, 
however, is limited to our storage and make-up capacity. 

The title of the paper indicates that the bypass demineralizer 
is peculiar to the supercritical or nuclear cycle. It is not hard to 
visualize its incorporation into conventional high-pressure sys- 
tems. The introduction of a supercritical unit into a utility sys- 
tem makes its operation at close to maximum load mandatory for 
full realization of its low heat rate. This means that high-pressure 
units, which have been heretofore base loaded, will go on a daily 
load reduction schedule. This load reduction is invariably ac- 
companied by enough turbine washing to cause boiler-water solids 
and silica limits to be exceeded. Since most high-pressure units 
are under rigid pressure reduction schedules proportional to the 
boiler-water composition, it is not hard to see that a vicious cycle 
can evolve. Polishing the condensate during periods of load re- 
duction, however, would leave the boiler ready for immediate full- 
pressure operation the next day. 

In order to make this type of condensate pyrification attractive 
to the industry, it will be necessary to review our thinking about 
maximum allowable flow rates through the demineralizer. We 
have stepped rather gingerly into the higher flow-rate field by 
using a design capable of 15 gpm per square foot of Avon. We 
feel that much higher flow rates are possible and are anticipating 
the ‘‘miniaturizing”’ of these scavenging units so that they may be 
economically incorporated into existing cycles. 
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t Method for Deter rmining 


Accelerations in Complex Mechanisms 


1” 

In complex mechanisms such as the six-bar, two-pivot link- 
age (Fig. 2) the graphical construction for determining accelera- 
tions can be simplified by starting from a point on the mechanism 
other than the point whose acceleration is known. Arbitrary 
values of velocity and acceleration can be assumed for the start- 
ing point, and the accelerations of other points can be obtained 
graphically on the basis of this arbitrary assumption. The ac- 
celerations so found can be converted into the actual accelera- 
tions in the mechanism by means of a simple formula which is 
derived in the paper. 

This indirect method of determining accelerations facilitates 
the analysis of compound mechanisms which consist of two or 
more mechanisms connected in series. The method also provides 
a useful check on values of accelerations which have been ob- 
tained by other methods. 4 


Nomenclature 


Tue following nomenclature is used in the paper: 
= angle between a straight line fixed in link 7 and a straight — 
line fixed in link 7 of a plane mechanism, radians 


per sec 
dw, ; 


= angular acceleration of link 7 relative to link j, 


radians per sec? 


linear displacement of a point fixed in link 7 relative to a 


point fixed in link j of a plane mechanism, when 7 has" 
only translational motion relative to j, in 


= = + = translational velocity of link 7 relative to link j, in. 
per sec 


av, 


j, in. per sec? 


By THOMAS P. GOODMAN,'! CAMBRIDGE, 


= angular velocity of link 7 relative to link j, radians — 


! = translational acceleration of link i relative to link | 


MASS. 


itself, but also on which part of the mechanism has a known ac- 
celeration. For example, the acceleration analysis of the six-bar 
linkage shown in Fig. 1, when the velocity and acceleration of a 
point on link a are given, is a relatively difficult problem involving 
a procedure such as the three-line construction (1, 2),? the plan of 
relative normal accelerations (3), or the center of curvature for 
point B (4). If, however, the velocity and acceleration of a point 
on link d or link e are given, the problem of determining the re- 
maining accelerations becomes elementary, since links c, d, e, and 
f can be analyzed as a simple four-bar linkage (1, 2). Again, in 
the six-bar, two-pivot linkage of Fig. 2, which is useful in many 
problems of kinematic synthesis (5, 6), a direct acceleration analy- 
sis is quite complicated when the velocity and acceleration of a 
point on link 6 are given (7), and in fact this problem is so in- 
volved that it is avoided in textbooks. If the velocity and ac- 
celeration of a point on link fare given, the problem becomes some- 


2? Numbers in parentheses refer to the Bibliography at the end of 
paper. 
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value computed on the basis of arbitrarily assumed values 
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Fig. 2 Six-bar, two-pivot linkage 
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what easier and the remaining accelerations can be determined by 
the three-line construction (1, 2) or by a plan of relative normal 
accelerations (3). If, on the other hand, the velocity and ac- 
celeration of a point on link d or link e relative to link f are given, 
the problem becomes elementary, since links c, d, e, and f can then 
be analyzed as a four-bar linkage. (This may be seen by com- 
parison with the mechanism of Fig. 1, which is merely an inver- 
sion of the mechanism of Fig. 2 in which link f, rather than link a, 
is the fixed link. ) 

It seems logical to inquire, therefore, whether the more difficult 
problems can be worked backwards by assuming an arbitrary 
velocity and acceleration for some point on the mechanism other 
than the one whose acceleration is known. One reason for suspect- 
ing that such a procedure may be possible is that such a procedure 
is often used to simplify the determination of velocities in complex 
mechanisms. It is well known that if an arbitrary value of angu- 
lar velocity is assumed for any link relative to any other link, and 
that if this arbitrary value is used to determine the remaining 
angular velocities in the mechanism, all the angular velocities so 
found will be proportional to the true angular velocities, so that 
a simple multiplication by a constant scale factor converts the 
solution on the basis of an assumed velocity into the true solution 
to the problem. This procedure is widely used, for example, in 
computing velocities in epicyclic gear trains (8). To see whether 
a similar procedure can be applied in acceleration analyses, the 
basic angular relationships among the links in a mechanism will 
now be investigated. 

The Basic Equation : 

By definition, when a mechanism has constrained motion, the 
positions of all parts of the mechanism are functions of a single 
independent variable, which may be chosen as the position of the 
driving link relative to the stationary link. Let the driving link 
be denoted by the subscript 7 and the stationary link by subscript 
j; then let 6,; denote the angle between a line fixed in the driving 
link and a line fixed in the stationary link (the case in which 7 has 
only translational motion relative to j will be considered later). 
Then let subscripts k and / denote any two links of the mecha- 
nism, and let @,, denote the angle between a line fixed in link k and 
a line fixed in link /. From the definition of constrained motion, 
6,, must be completely determined as a function of the independ- 
ent variable @,;. Therefore the rate of change of 6,, is completely 
determined as a function of the rate of change of 9,;. 


TI Ss = = 


Since d@,,/d0,, is a purely geometrical properiy of the mechanism» 
depending on its position but not on its velocity, Equation [1] is 
merely a statement of the well-known result that the ratio w,;/,; 
is a constant for any given position of the mechanism and is inde- 
pendent of the magnitudes of the velocities themselves. Thus 
if an arbitrary value @,;° is assigned to w,; and the corresponding 
value w,,° of w;; is computed, then if the true value of ,; is 
known, the true value of w,,; can be found by observing that 


and hence 
The second derivative of 6; may be computed as 
dt d6,;? \ dt 


> 


al 
or 
w 
provided w,; = 0. 

The second derivative d*0,,/d0,,* is also a purely geometrical 
property of the mechanism, depending on its position but not on 
its velocity or acceleration. Thus for any assumed values w,;° 
and a,;° for and a,,, respectively, and for the values and 
a, computed from and a,;° 


1 
(a; ) 


provided w,,° 0. 
Combining Equations [2], [4], and [5] 


where 


Gy — fay? = — lay; — 
0 


or 


Equation [6] thus gives the basic relationship which can be used 
to simplify acceleration problems by working them “‘backwards,”’ 
i.e., by assuming an arbitrary angular velocity and acceleration 
for one link in a mechanism relative to another link and then 
computing the other angular velocities and accelerations on the 
basis of this assumption. The accelerations so found can be con- 
verted to the true accelerations by means of Equation [6]. 

Further Remarks. While it was stated in the foregoing that 6, 
is a function of 6,;, it is also true, in general, that 0,; may be con- 
sidered as a function of 6,,;. This inversion is mathematically 
legitimate (9) provided that d6,,/d0;; # 0, i.e., provided that 6, 
is not in a dead-center position with respect to @;;. From Equa- 
tion [2], this condition is automatically fulfilled if @,, and a,,° are 
nonzero (assuming that w,; and w,;° have finite values). In ap- 
plying Equations [1] through [6] in the remainder of the paper, 
therefore, the independent variable 0,; will be regarded not 
necessarily as the angle between a line in the driving link and a 
line in the stationary link, but rather as the angle between a line 
in any link and a line in any other link, provided that w,;; # 0 in 
the position of the mechanism under consideration. 

If all angular velocities in the mechanism are zero (the condi- 
tion occurring at the start of motion), then a different analysis 
must be used. For this special case, Equation [3] reduces to 


as; 

Comparison with Equation [1] shows that Equation [7] is merely 
a statement of the well-known result that at the start of motion, 
when the velocities in a mechanism are zero, the angular accelera- 
tions of the various links bear the same relation to each other as 
do the angular velocities. 

Sign Convention. In the application of these equations, 
counter-clockwise rotations will be considered positive and clock- 
wise rotations will be considered negative. 

Linear Motion. If the motion of 7 relative to 7 is a linear dis- 
placement s;; rather than an angular rotation 6,;, then these 
equations are modified as follows 


ds;; at ds; ; 


= 
@ 
| — r= 
w;;° 
| . 
7 
126 || 


where 
Similarly, if the motion of k relative to / is a linear displacement 
8,;, these equations become 


The application of Equation [6] in acceleration problems can 
best be illustrated by means of examples. 

Example 1. In the six-bar linkage of Fig. 1, in which f is the 
stationary link, let w,, = +0.500 radian per sec and a,, = 
—0.800 radian per sec?. The angular accelerations a@,, and 
are to be found, 

Solution. Using the indirect method, the first step is to decide 
which link to choose as the starting link to obtain the simplest 
acceleration vector diagram. In this case it is simplest to start 
with either link d or link e, since links d, e, c, and f can then be 
analyzed as a four-bar linkage. Starting with an assumed angular 
velocity and acceleration for link d, all velocities in the mechanism 
can be readily found either from a velocity vector diagram or by 
the method of instant centers (1,2). The acceleration of point D 
can be computed from the assumed values of w,, and a,,;, and 
then the accelerations of points E, B, and A in turn can be found 
from an acceleration vector diagram, from which the angular ac- 
celerations of all links can be obtained (1, 2). Starting with the 


aie 


and using the dimensions of Fig. 1 (the linear scale of Fig. 1 is in- 
consequential, since only angular velocities and a are 
considered in this example), it is found that 


= +0.490 rad/sec 
+0.336 rad /sec? 


Wa; = + 1.00 radian per sec 
aa, =0 


= +0.333 rad/sec 
+0.014 rad/sec? 


The true angular velocities of d and e can be found from Equation 


giving 


Was = +1.500 rad/sec, W,; = +-0.725 rad/sec 


The true angular accelerations of d and e can be found from 


Equation [6] 


=1500 
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he, 


was? 
aa = + [Qay 
af 


= (1.500)7(0) + —— —0.800 — (1.500)*(0.014)) 


333 
= —2.50 rad/sec* 


2,0 
Oey = + — 


af 


0.490 | 
= (1. 6) - 70.0 
500)?(0.336) + | 0.800 — (1.500) 14)) 


= —(.472 rad/sec? 


The angular velocities and accelerations of the other links can be 
found in the same way. From these angular velocities and ac- 
celerations, an acceleration vector diagram can be constructed 
which gives the true accelerations of all points in the mechanism. 
The construction of the acceleration diagram also provides a 
check on the computed values of angular velocity and accelera- 
tion. 

The computations for this example could be slightly simplified 
if the actual velocities in the mechanism were found before be- 
ginning the acceleration analysis. Then w,,/° could be taken equal 
to the actual value of w,, (i.e., 1.500 rad/sec), and r would be 
equal to 1. 

Example 2. In the six-bar, two-pivot linkage of Fig. 2, in which 
a is the stationary link, let w, = +1.000 rad/sec and a, = 0. 
The angular acceleration a, is to be found. 

Solution. For this mechanism, the simplest acceleration dia- 
gram can be obtained by considering the acceleration of link d or 
link e relative te link f, since links c, d, e, and f can then be analyzed 
as a four-bar linkage. With link f temporarily considered as the 
stationary link, and with the arbitrary values 


) 
way? = +1.00 rad/sec 


= 0 


it is found from an acceleration vector diagram that 


We;° +0.333 rad/sec = —(.192 rad/sec 
Qos +0.014 rad/sec? —0.522 rad/sec? 


(The dimensions of the links in Fig. 2 are the same as those in Fig. 
1.) Hence 


— 
= —w,/ = 0.333 rad/ sec 
= —0.536 rad/sec? 


= —a,/ = —0.014 rad /sec? 


Using Equation [2] 


r2a,,°! 


—0.333 
= (—1.90)*% —0.014) + 0.525 [0 — (—1.90)*( —0.536)] 


= +1.18 rad/sec? 
If desired, the angular velocities and accelerations of the other 


links can be found in the same way, and the accelerati ion vector 
diagram can then be constructed. 


Via 
= — 
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— 
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= —*- = +0.635 rad/ 
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If the velocities and accelerations in the linkage of Fig. 2 are 
to be found for a range of positions of the input link 6, i.e., for a 
range of values of 6,,, the indirect method is especially advan- 
tageous. To find the new position of the linkage corresponding 
to a new position of link 6, either a trial-and-error layout or a 
model of the linkage is required. If, however, link f is temporarily 
held fixed and link d is moved through a range of positions, the 
new positions of the linkage can be found easily by a graphical 
layout. The velocities and accelerations found for a range of 
values of @,, can be converted into the velocities and accelera- 
tions for the corresponding range of @,, by use of Equations [2] 
and [6]. 

Thus velocities and accelerations computed for any mechanism 
become immediately applicable to all possible inversions of the 
mechanism (that is, to all mechanisms which can be obtained 
from the given mechanism by holding a different link fixed) 
through use of these two equations. 


b (SLIDER) 


d (STATIONARY ) 


Example 3. To illustrate the case in which one link has only 
translational motion relative to another link, the slider-crank 
mechanism of Fig. 3 will be considered. Crank AB is 2 in. long 
and the other links are in proportion. Link d is stationary and 
link a has a uniform angular velocity of w,, = +1.00 rad/sec. 
A,, (the linear acceleration of the slider, link 6, relative to the 
slide, link c) and @,, are to be found. The positive direction of 
V,. and A,, is upward. 

Solution. By temporarily considering link c to be fixed and 
starting with the acceleration of link d relative to link c, a simple 
acceleration diagram is obtained in which there is no Coriolis 
component of acceleration. Assuming 


= +1.00 rad/sec, a,,° 


Fig. 3 Slider-crank linkage 


=0 
it is found from an acceleration vector diagram that 


= —1.60 rad/sec, 
= +0.810 rad/sec* 


-+2.40 in/sec, 
—8.14 in/sec?, 


w,2 — wy = —2.60 rad/sec 
a? — = +0.810 rad/sec? 
= —1.00 rad/ 

—a,° = 0 


Wed? 


From Equation [2] 


Wed _ 40.384 rad/sec 


Weg = 0 


From Equation [6] 


aa = rag + 
Wad 


— 1.00 
= (—0.384)*(0) + [0 — (—0.384)*(0.810)] 


= —0.046 rad / 
Wea 


= —0.923 in/sec 
Waa? 


From Equation [13] 

Weg 


From Equation [12] 


2.40 
= (—0.384)*( —8.14) + [0 — (—0.384)*%0.810)) 
= —1.09 in/sec 


These values may be checked by a direct solution for a,, and 
A,,, using an acceleration vector diagram which includes the 
Coriolis component of acceleration. 

In this example, a direct solution for the accelerations is simple 
enough so that there is no advantage in using the indirect method; 
the indirect method can be used, however, in checking the direct 
solution. 


Compound Mechanisms 


The indirect method has its greatest advantage in determining 
accelerations in compound mechanisms, that is, mechanisms com- 
posed of two or more simpler mechanisms connected in series. 
Using the indirect method, the simpler component mechanisms 
can be analyzed separately, and the effect on accelerations of a 
design change in one component mechanism can be determined 
without repeating the graphical construction for the entire 
mechanism. 

Example 4. The compound linkage shown in Fig. 4 consists of 
a four-bar linkage (links g, h, b, and a) connected in series with 


me. 
| 
OO 
Her \ Q 
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the six-bar, two-pivot linkage of Fig. 2. Link a is stationary. 
Let w,, = +1.00 rad/sec, a,, = 0. The angular acceleration 
Q@,, is to be found without repeating any graphical constructions 
for the six-bar linkage. 

Solution. From an acceleration vector diagram for the links g, 
h, b, and a, it is found that : 


Using the results already found in Example 2 


= 1.37 rad/sec, a, = —0.435 rad/sec? 


ie = 
fa 


= +0.870 rad/sec 
—2.61 


— = (—2.61)* —0.014) 


Aja = 0 


—0.333 
0.525 [—0.435 — (—2.61)*% —0.536)] = + 1.95 rad/sec? 


Comparison With Other Methods 


The method presented here for determining accelerations in a 
mechanism is essentially based on the use of arbitrarily assumed 
velocities ani accelerations to evaluate the derivatives d6,;/d6;,; 
and d?6,,/d0;;?, which are purely geometrical properties of a 
mechanism. Equations [1] and [3] show that, when these deriva- 
tives have been evaluated, w,; and a,; can be completely deter- 
mined from w,;; and @,;; without any further reference to the 
geometry of the mechanism. In the present method, the actual 
evaluation of the derivatives is avoided by the use of Equations 
[2] and [6], in which these derivatives are eliminated, but the 
implicit use of these derivatives is basic to the method. 

Some other methods which have been developed for determining 
accelerations in mechanisms have implicitly or explicitly recog- 
nized the role of these derivatives, but have used geometrical 
means for evaluating them. Since d6,,/d0;; can be evaluated by 
considering the locations of the rotopoles (instant centers), 
d*6,,/d0;;? can be evaluated by considering the rates of change 
of location of the rotopoles, i.e., the pole velocities. This method 
was used by Beyer (10, 11) and by Koenig (12). In a simple four- 
bar linkage, there are six rotopoles, four of which are located at 
pivots in the mechanism, and the determination of the pole veloci- 
ties of the remaining two rotopoles is straightforward. In each 
of the six-bar linkages of Figs. 1 and 2, however, there are 15 
rotopoles, only 7 of which are located at pivots in the mechanism, 
and the determination of the pole velocities of the remaining roto- 
poles becomes quite involved. Koenig’s solution for the pole 
velocities in a six-bar linkage, which appears relatively simple, is 
incorrect, as may be seen by solving directly for the accelerations 
in the example given in the Author’s Closure of his paper. It is 
believed that the use of arbitrarily assumed velocities and ac- 
celerations to evaluate d?6,,/d6;;* is usually simpler in complex 
mechanisms than is the use of the pole velocities. 

For the four-bar linkage, Freudenstein (13) has obtained a 
simple geometrical construction, using the collineation axis, which 
evaluates @?6,,/d0,,2._ This construction has also been used by 
Carter (14). 


Conclusion 


The application of the indirect method described in the fore- 
going for simplifying the determination of accelerations in com- 
plex mechanisms can be summarized in the following steps: 


(1) If the mechanism is a compound mechanism, containing 
two or more mechanisms in series (Fig. 4), split it up into its 
component mechanisms and carry out steps 2, 3, and 4 for each 
component mechanism separately. 
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(2) For each component mechanism, choose the inversion for 
which the acceleration determination is simplest. (Invert the 
mechanism of Fig. 2 by holding link f fixed, thus obtaining 
the mechanism of Fig. 1; invert the mechanism of Fig. 3 by hold- 
ing link ¢ fixed, thus obtaining a standard slider-crank mecha- 
nism. ) 

(3) In this simplest inversion of the mechanism, choose the 
link for which a known velocity and acceleration makes the de- 
termination of the remaining accelerations simplest (link d or e in 
Figs. 1 and 2; link d in Fig. 3) and arbitrarily assume an angular 
velocity and an angular acceleration for this link. If the velocity 
analysis of the mechanism has already been completed, it is 
most convenient to use the actual angular velocity; usually 
the most convenient angular acceleration to assume is zero. 

(4) Complete the velocity and acceleration analysis of the 
mechanism by any desired method to obtain the angular veloci- 
ties and accelerations of the other links on the basis of the angular 
velocity and acceleration assumed in step 3. 

(5) Use Equations [2] and [6] to convert the arbitrary values 
of angular velocity and acceleration (denoted by superscript °) 
to the actual values. 

(6) From the angular velocities and accelerations, the ac- 
celeration vector diagram of the mechanism can be readily con- 
structed to give the total acceleration of any desired point. 

While the examples which have been discussed are all link 
mechanisms, the method applies to all other types of mechanisms 
(for example, to cam, gear, and belt mechanisms) as well. 
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Discussion 

W. J. Carter.’ This fine paper presents yet another method for 
acceleration determination of linkage elements. The use of 
derivatives which are only geometrically dependent may well be 
a more direct way of studying motions of linkages than by work- 
ing with time derivatives. There is no reason why this scheme 
cannot be applied to higher derivations of motion. The superior- 
ity of this method for complex mechanisms is vei: evident. 


F. Freudenstein.‘ An examination of existing methods of ac- 
celeration analysis® leads to the conclusion that the author is to 
be congratulated on an ingenious and substantial contribution to 
the systematic acceleration analysis of complex mechanisms, as 
anyone who has struggled with six-link chains can appreciate. 
The evaluation of the first geometrical derivative as a velocity 
ratio forms the basis of the Hartmann construction which, how- 
ever, has no other relation to the present work. The author’s 
derivations lend themselves readily to generalization to the 
higher geometrical derivatives and thus also to the analysis of 
second accelerations discussed by Wolford and Hall.* The writer 
looks forward to the extensive use of this new technique. 


A. S. Hall. The writer considers this paper valuable enough to 
add to the rather short list of references which are required read- 
ing for his students. The reasons are as follows: 


1 The paper emphasizes the idea of using inversions. We 
tend to lose sight of the essential sameness of all mechanisms 
formed from a particular one-degree-of-freedom kinematic chain. 
It is a great waste of time and effort to treat these as different 
mechanisms. The author has expressed this very well in his 
paragraph directly above Fig. 3. 

2 The author supplies ammunition to support a pet conten- 
tion of the writer; i.e., that it is frequently a sensible idea to de- 
termine quantities which are strictly geometric by means of a 
kinematic analysis. In this paper the idea is used to evaluate the 
first and second derivatives of one angle with respect to another. 
The writer uses the idea as follows: 


(a) To derive the well-known Euler-Savary equation. 

(b) To evaluate partial derivatives of the form 0z/dp, where z 
is the output displacement of any mechanism and p is one of the 
adjustable constants of the mechanism (a link length, for ex- 
ample).® 

(c) To prove the Bobillier theorem. 

(d) To derive an expression for the radius of curvature of the 
polodes (centrodes) in the four-bar mechanism. 


G. A. Nothmann.’ The author is to be congratulated for hav- 
ing made a useful and elegant contribution to the subject of 
mechanism analysis. 
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For readers accustomed to the definition of relative velocity 
and acceleration as used in most machine-design and kinematics 
texts, it may be significant to note the author’s different use of 
this term. Rather than using it to denote the vector difference of 
absolute velocities (or accelerations) of two points of a mecha- 
nism, the author uses the term to indicate velocity (or acceleration ) 
taken relative to a (moving) link. That these two definitions are 
not equivalent is most easily demonstrated by reference to Fig. 5, 
wherein the slider 6 is postulated to move with constant velocity 
relative (author’s definition) to link c. Thus Ag, = 0. How- 
ever, unless the angular velocity of link c is zero at the instant 
considered, Agp == Apa — Ap, ~ 0. Both uses of the term 
relative are well established in the literature; it is important, 
however, to keep in mind which of the two definitions is used in 
each analysis. 


ap 


For completeness, the author’s use of the coefficient r (Equa- 
tion [6]ff) is possibly desirable. However, it would seem that the 
velocity scale can always be adjusted such that r = 1, after the 
velocity analysis has been completed, so that Equation [6] can be 
used in simplified form. 

The author’s method is not restricted to analyses based on 
angular velocities and accelerations but can be used, with a 
minor modification, for analyses using linear quantities only. 
For example, in the first problem (Fig. 1), if V4, and A,4, are pre- 
scribed, then Equation [6] can be rewritten for point E, for ex- 
ample, as follows (with i, j, k, 1 being identified as a, f, e, f, re- 
spectively, and with r = 1) 


ESw,, 
A QW a, , 


ES(a,, = 1Q( a, 


A,,™ >. (Ag,” A,,") 
Af 


where the superscript 7 designates the tangential acceleration 
component. If the author’s first example were stated in terms of 
linear rather than angular velocities and accelerations, one would 
still proceed similarly, find the velocity and acceleration-vector 
diagrams with Vp; and Ap, arbitrarily assumed, and calculate 
A ss? from the foregoing equation, since all the other terms be- 
come available. The graphical and numerical labor appears to be 
the same, and the choice between working with linear or angular 
quantities would depend on the requirements of the problem. 
This modification of the author’s method also can be extended to 
mechanisms, like that of Fig. 2, requiring an inversion. 
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Author’s Closure 


The interest shown in the paper by the discussers is much ap- 
preciated. 

While the method presented in the paper can indeed be ex- 
tended to higher derivatives, as Professors Carter and Freuden- 
stein suggest, the algebra becomes much more cumbersome for 
each successive derivative. In a given problem, therefore, it 
may prove more practical to evaluate higher derivatives by 
graphical or tabular differentiation of lower derivatives. Simi- 
larly, when a mechanism is investigated for a range of positions, 
the angular accelerations for the whole range of motion can be 
found approximately by graphical or tabular differentiation of 
angular velocities, and then the positions of greatest interest can 
be investigated more precisely by the method of the paper. Fora 
complex mechanism, displacement and velocity analysis, as well 
as acceleration analysis, can be greatly simplified by use of the 
simplest inversion of the mechanism, as indicated in the two 
paragraphs directly above Fig. 3. 

Dr. Nothmann has pointed out that the author’s use of the 
term relative, as applied to velocities and accelerations, appears 
to differ from that of other authors. The reason for this apparent 
difference is that all quantities used in the paper are scalars rather 
than vectors. When the links of a mechanism all move in the 
same or parallel planes, their relative angular displacements, 
velocities, and accelerations may be treated as scalars, and the 
relationships among these quantities for any three links (k, 1, and 
m) can be determined by simple algebraic addition or subtraction. 
Thus 


Wet + Wim = 
+ Aim = 

Similarly, if two links have only translational motion relative 
to each other, the magnitudes of the relative translational dis- 
placements, velocities, and accelerations may be treated as 
scalars. Time is also a scalar quantity, and the essence of the 
method presented in the paper is that a scalar relative displace- 
ment (either a rotational displacement 0,; or a translational dis- 
placement s,;;) of two links is used in place of time as the inde- 
pendent variable which specifies the motion of a constrained 
mechanism. In the example given by Dr. Nothmann, the linear 
velocities and accelerations may still be thought of as scalars 
(sealar angular velocities and accelerations multiplied by the 
scalar lengths ES and AQ). 

While the independent variable (64; or 4; in the equations of the 
paper; AQ@,, in Dr. Nothmann’s equations) must necessarily be 
a scalar, the dependent variables (for example, Vy; and Az, in 
Equations [11] through [13]) may also be treated as vectors. 
Using bold-faced symbols to denote vectors and defining Ray: as 
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the position vector from a point fixed on link / to a point B moving 
with link k, equations for the vector velocity and acceleration of 
point B may be derived in a manner similar to the derivation of 
Equations [11] through [13]: = 

dt dO; ; 


Vari 


Val 
— 


w,° 


where 


Wij 
Ws; 


Identifying the links i, j, k, 1 with d, f, c, f, respectively, Equa- 
tions [17] and [18] can be rewritten to apply specifically to point 
B of Fig. 1: 


These vector equations have the same advantages as the scalar 
equations (2] and [6]. The values of Vz. and Ag,/° can be found 
once and for all by assuming the simplest possible values for w,,° 
and a,,° (for example, + 1.00 rad/sec and 0, respectively), and 
then Equations [19] and [20] can be used to compute the actual 
values of Vz.,; and Ag.,; for any actual values of w,, and a3, with 
no further graphical constructions except the vector addition in- 
dicated by Equation [20]. 

Extreme caution must be used, however, in using vector quan- 
tities with inversions of amechanism. For any three links k, 1, m, 


Ze Veet + = 


but, unfortunately, in general 
+ Asim ~ Azim 


because of the Coriolis component of acceleration (1, 2). 
The scalar relationships given by Equations [14] and (151, 
however, always hold for plane mechanisms. =~ 


17] 
; q 
0 
A ze; = r? + (Qq; r? [20] 
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~ Three-Dimensional Photoelasticity and Its 


Application in Machine Design 


By M. M. LEVEN! ano A. M. WAHL,? PITTSBURGH, PA. ae 


¥ The simplest equipment, the best model materials, and the most 

effective techniques for three-dimensional photoelastic tests are 
described. The optical equipment involves only a simple diffu- 
sion polariscope using only a single camera lens. Phthalic an- 
hydride-cured epoxy resins, which are relatively easy to cast in 
large sizes, have much superior properties for photoelastic tests 
than previously used materials. A simple technique of using 
surface slices and normal incidence of light will give adequate re- 
sults for the stresses on free surfaces. At interior points, the 
effective stress can be obtained by measuring the retardation and 
isoclinic parameters on the three faces of random oriented small 
cubes. Some discussion is given regarding methods of applying 
the photoelastic results in practical design applications where 
fatigue, repeated strain cycling, plastic flow, and creep-rupture 
effects may occur during operation. 


Introduction 


Tue object of this paper is to present the simplest and most 
effective techniques for performing practical three-dimensional 
photoelastic tests on complicated structures such as, for ex- 
ample, pressure vessels for atomic reactors. A further object 
is to show how these results, which are based on purely elastic 
conditions, can be utilized in design applications where fatigue, 
repeated strain cycling, plastic flow, and creep-rupture effects 
may occur. 

The “‘frozen-stress’’ method for three-dimensional photo- 
elastic stress analysis has now been known for 20 years, starting, 
essentially, with the work of Oppel (1)* in Germany in 1936. 
In this method the model is heated to a certain temperature, 
known as the critical temperature, 7.r, loaded, and then slowly 
cooled with the loads acting. At room temperature the loads 
can be removed but the strains are fixed or locked in the model. 
Careful cutting or slicing will not disturb these strains. It has 
been shown that these locked-in or ‘‘frozen’’ strains represent an 
elastic distribution of stress. 

Today, as a result of work done by many investigators (2), we 
have complete methods for three-dimensional photoelastic stress 
analysis. Yet, curiously enough, an examination of the litera- 
ture reveals very few three-dimensional photoelastic investiga- 
tions of a practical nature. Admittedly, three-dimensional 
photoelastic tests are more difficult, expensive, and time-con- 
suming than two-dimensional tests. Still, this is not sufficient 
reason to explain the lack of work being done. The authors have 
long felt that this has been due to lack of suitable materials, 
lack of trained investigators, and the lack of evaluation of the 


1 Westinghouse Research Laboratories, 
Corporation. 

2 Advisory Engineer, Westinghouse Research Laboratories, West- 
inghouse Electric Corporation. Fellow ASME. 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Machine Design Divisicn and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 31, 
1957. Paper No. 57—A-87. 
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many techniques available. This paper is written with the view 
of presenting the simplest equipment, and best model materials, 
and the most effective techniques for practical three-dimensional 
photoelastic tests. 


Equipment 

Aside from model machining and darkroom facilities and a 
suitable oven for model loading, one need only have a simple 
diffusion polariscope (3) to engage in practical three-dimensional 
photoelastic work. The outstanding feature of such a polari- 
scope is the fact that it contains only one lens, namely, the 
camera lens. As such, it is very simple to align. In addition, 
the light intensity is very high so that patterns are visible even in 
a lighted room. 


0 


° 
° 
° 
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A B CO E FS H I J 
A-Light Source - Two Staggered Rows of Green and White 
Fluorescent Lamps. 
B - Flashed Opal Glass Diffusion Screen. 
C &G -Polaroid Disks in Rotatable Mount 
D & F - Quarter Wave Plate Disks in Rotatable Mount and 
Removable for Conversion to Plane Polariscope. 
-"Frozen Stress’ Slice 
H-Camera Lens - Long Focal Length 


I-Filter Wratten 77A 
or Corning |-60, 4-96, and 3-68 Combined. 


J -Camera-Long Bellows Extension 


Fig. 1 Schematic diagram of a diffusion circular polariscope 

Fig. 1 shows a schematic diagram of a diffusion circular polari- 
scope. Light source A can contain both green and white fluores- 
cent lamps, so that by suitable switching the light can be changed 
from white light to monochromatic. The opal glass-diffusion 
screen B can be obtained from any glass company. The po- 
larizer C and the analyzer G, as well as the quarter-wave plates 
D and F, are relatively inexpensive and are readily obtainable. 
Camera lens H is the most expensive part of the apparatus. 
The longer the focal length of this lens, the more accurate will be 
the polariscope. A focal length of about 19 in. is recommended 
although satisfactory results will be obtained with a focal length 
as short as 7.5 in. All four elements C, D, F, and G should be in 
rotatable mounts with facilities for easily removing and reinserting 
the quarter-wave plates. ee 
Materials 

The best material available, today, for three-dimensional 
frozen-stress tests is, undoubtedly, phthalic anhydride-cured 
epoxy resin; in particular, an epoxy resin consisting of 100 parts 
by weight of Ciba Araldite No. 6020 and 45 parts by weight of 
phthalic anhydride or an epoxy resin consisting of 100 parts by 
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Table 1 Frozen-stress properties of various plastics 
* used for three-dimensional photoelastic tests 
Critical 
temp, Ter, 
Material deg 
Bakelite, 61-893... 120 
Fosterite*......... 90 


f, psi 
fringe/ 

E, psi in. 
1250 3.00 
1200 3.30 
1950 3.25 
12000 6.25 
5150 2.30 


Q = E/f 
415 
365 
600 
1925 
2235 
* No longer commercially available. 
> 100 parts by weight Araldite No. 6020 and 50 parts phthalic 
anhydride. 


weight of Bakelite ERL No. 2774 and 50 parts by weight of 
phthalic anhydride. 

Figure of Merit. One of the most important properties which a 
photoelastic model material must possess to be suitable for 
three-dimensional frozen-stress tests is a high figure of merit. 
The figure of merit is defined as Q = E/f, where E is the modulus 
of elasticity and f the material fringe value at the elevated tem- 
perature at which the stresses are frozen. Thus Q is a rela- 
tive measure of the number of fringes of retardation produced by a 
unit strain. A high figure of merit is required in order to limit the 
deformations and deflections in the model to a» order of magni- 
tude comparable to that in the metal prototyp 

Table 1 shows the figure of merit of some of tue earlier plastics 
used for three-dimensional photoelasticity compared with a 
typical epoxy resin. 

Fig. 2 shows the variation of frozen-stress properties for 
Araldite No. 6020 and Bakelite ERL No. 2774 with varying 
phthalic-anhydride content. The figure of merit shows a peak 
value of 50 and 55 parts by weight of phthalic anhydride for 
Araldite No. 6020 and ERL No. 2774, respectively. However, 
other considerations, such as ease of casting, tensile strength, and 
residual casting stresses, indicate a backing down from these 
peaks to 45 parts for the 6020 and 50 parts for the 2774. 

Epoxy resins offer great promise for use in three-dimensional 
photoelasticity not only because of their high figure of merit, but 
also because they can be cast readily in large sizes and meet all 
of the other requirements of a good photoelastic material. Be- 
cause of their high adhesive qualities, epoxy parts can be ce- 
mented together to simulate welded structures or to facilitate 
model-making. Epoxy-resin coatings also show great promise of 
being suitable for measuring the surface strains on metal parts 
both in the elastic and plastic range (4). The epoxy coating is 
sprayed or brushed directly on the polished metal surface‘ or on a 
reflecting undercoating applied to the metal. When polarized 
light is passed through the coating and reflected back through 
the coating, the photoelastic effect will measure the strains on the 
surface of the meta! part due to the applied loads. 


‘ Thin sheets of epoxy also may be cemented to the metal surface 
to form the coating. 


E 


= 
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Casting, Machining, and Cementing 

Phthalic-anhydride cured epoxy resins can be cast readily in 
any size or shape with a very minimum of experience and in- 
struction (5). Cast cylinders of limited sizes are also available 
commercially.6 With the proper technique and equipment, 
very complicated epoxy-resin photoelastic models can be ma- 
chined and assembled successfully. Fig. 3 shows the various 
parts of a photoelastic model of a pressure vessel before assembly. 
A is the bottom of the vessel, B is the center section of the vessel 
into which four nozzles have been cemented already, and C is the 
top section of the vessel. D is the head of the pressure vessel 
which rests on a ledge in the vessel top and is held down by the 
clamping ring E. Some of the caps have been inserted in the 
holes of the head and some have not. Seal ring F is cemented 
between the head and the vessel top to seal off the pressure. 


5 Houghton Laboratories, Inc., Olean, N. Y. 


180 
160 
140 


120 
Araldite 6020 
100 Bakelite ERL2774 


80 


2.6 
2.4 


2.2 
2.0 


a 


50 60 70 80 
pph of Phthalic Anhydride 
Fig.2 Variation of properties of Araldite 6020 and Bakelite ERL 2774 


with phthalic-anhydride content (pph = parts by weight of anhydride 
per 100 parts by weight of epoxy) 


Fig. 3 Separately machined epoxy parts which were assembled to make a pressure-vessel photoelastic Bs 


model 
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Fig. 4 Assembled pressure vessel and head ready for test 


The nylon bolts and the steel springs used to determine the bolt- 
force load holding the head down also are shown in Fig. 3. 

Vessel parts A, B, and C, Fig. 3, were machined from solid 
castings which were cast in ordinary 10 and 15-gal aluminum 
cooking tubs (with handle rivets removed). The solid castings 
were cored out to make the vessel parts, while the cores were 
used to make the caps, nozzles, and other small parts. 

Fig. 4 shows the assembled vessel and head ready for test. 
The three parts of the vessel have been cemented together using a 
room-temperature-setting resin.? The caps have been cemented 
into the holes of the head. (Some of the caps are just visible 
in the opening of the bolting ring.) The seal ring has been ce- 
mented to the head and to the vessel top and the clamping ring 
has been placed over the head and fastened down with the bolts 
and springs. The springs will be compressed a predetermined 
amount (at the elevated temperature) and the vessel will be 
pressurized with nitrogen introduced through a pipe tap in one 
of the caps of the head. 

Epoxy resins have very high abrasive effects on cutting tools 
and very quickly dull ordinary tool steels. Carbide-tipped tools 
should be used in all of the machining processes. Very high 
cutting speeds combined with low feed speeds are required to 


€ 100 pbw. Ciba 6020, 8— “12 pbw. Ciba Hardener HN951. 
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prevent chipping at the edges. Threads should be chased when- 
ever possible. If taps or dies must be used, it is desirable to ob- 
tain special ones which will perform the operation in gradual 
steps. Frozen-stress slices can be rough-cut on a Do-All or 
other type band saw and finished to the desired thickness by fly- 
cutting. Hand scraping or careful grinding also may be used, 
and is especially useful in the preparation of curved surface slices. 
In general, fly-cutting (i.e., single-point cutting) is to be preferred 
over milling. It is highly desirable to test out every machining 
operation on a sample piece of material. 


Techniques for Three-Dimensional Photoelasticity 


Selection of Slices. Slicing of the photoelastic model should be 
made so that the desired information can be obtained using 
normal incidence of the polarized light. This means that slices 
should be made along known principal planes such as planes of 
symmetry or free surfaces. Separation of stresses likewise should 
be effected from additional slices or subslices using, again, normal 
incidence. While considerable simplification can be obtained in 
slicing if one resorts to oblique-incidence investigations, it is felt 
that considerable error can result in such tests, and the saving 
in time is not justified. 

Fig. 5 shows the stress pattern of a meridian slice removed 


Fig. 5 Stress pattern obtained with normal incidence of polarized 
light on a meridian slice cut from 6-in-diam pressure vessel. Me- 
ridian stresses on inner and outer surfaces can be obtained directly 
from this pattern. Thickness of slice = 0.250 in. Numerals on 
stress pattern denote fringe orders which when multiplied by fringe 
value (F = f/t) of 8.52 yield meridian stresses on outer surface. 
On inner am pressure must be subtracted from these values. 
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Circumferential Stress 
%/p on Inner Surface 


Maridioncl Stress 
a on inner 
Surface 


Fig. 6 Dimensionless stress, o/p, on surfaces 
photoelastic and strain-gage tests. Minus sign 


from a cylindrical pressure vessel with a toroidal top and a flat 
bottom. Owing to the rotational symmetry of the vessel and 
loading system, a meridian slice is a plane of symmetry or a prin- 
cipal plane. The normal incidence stress pattern in Fig. 5 
will thus yield the meridian stress, ¢,,, on the inner and outer 
surfaces, since the circumferential or hoop stresses, o¢, will have 
the same direction as the incident light and will, therefore, have 
no influence on the stress pattern. 

Thus, if n, and n; are the fringe orders along the outer and 
inner surfaces, respectively, then 


on the inner surface, where f is the material fringe value, ¢ is the 
thickness of the slice, and p is the numerical value of the applied 
internal pressure in: the vessel. 

The dimensionless stresses obtained by Equations [1] and [2] 
are shown by the solid curves in Fig. 6. The open circles are the 
values of meridian stress on the outer surface obtained from a 
strain-gage test made independently on a steel vessel in another 
laboratory. The remarkable agreement with the photoelastic 
results demonstrates the validity of the frozen-stress method 
for three-dimensional stress analysis. 

The circumferential stresses og were determined over the 
cylindrical portion of the vessel by using transverse slices, such 
as slice A, Fig. 7, with normal incidence. On the toroidal and 
filleted portion of the vessel, og was obtained by employing sur- 
face of skin slices, such as slice B, Fig. 7. The fringe-order deter- 
mination using normal incidence on the latter slices becomes a 
‘point-by-point procedure along the curvature of the subslice as 
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Circumferential Stress 
on Outer Surface 


7 Meridiona!l Stress 
on Outer 
Surfoce 


Merid. 
Stresses 


Circum. 
Stresses 
Photoeiastic, 

plastic model 
Strain Gage, 
stee! model 


of 6-in-diam pressure-vessel model obtained from 
denotes compression. 


shown in Fig. 7. The circumferential stresses can be obtained 
from the meridian slice alone, using oblique incidence (6). How- 
ever, this also becomes a point-by-point method along the tor- 
oidal and filleted surfaces, and, in addition, large errors can re- 
sult in this method if the work is not performed with great care. 
Furthermore, some of the errors involved are inherent in the 
method. 

The vessel was machined in two parts and cemented together 
as shown in Fig. 7. Attention is directed to the continuity of the 
fringes through the cemented joint as shown in the stress pat- 
tern, Fig. 5. 

Fringe-Order Determination. In three-dimensional photo- 
elastic tests the fringe orders, in general, will be of lower magni- 
tude than in two-dimensional tests. This will be especially true 
in the case of surface slices or subslices where the thickness of the 
slice must be kept to a minimum.’ It is, therefore, important to 
be able to measure fractional fringe orders rapidly and accu- 
rately. Toward this end, the Tardy (7, 8) method of compensa- 
tion has proved to be the most practical method of fringe-order 
determination, because of its simplicity, accuracy, and the fact 
that no additional equipment is required. 

With polarizer and analyzer crossed (monochromatic light and 


a standard circular polariscope) and coinciding with the prin- _ 7 


cipal stress directions* at a point, the analyzer is rotated through — 
an angle @ until extinction occurs at the point in question. 
Then 


49 


7 A surface slice must be made as thin as possible so that the average — 
stress in the slice is not too far different from that at the surface. — 
Where the gradient of stress is large, the slice can be thinned succes- _ 
sively and an extrapolation made to obtain the surface stress. : 

8 The stress directions at any point are determined by using a white- 
light source and a plane polariscope. This is the reason why the 
quarter-wave plates must be rapidly removable to convert the circular — 
polariscope to a plane poiariscope and vice versa. 7 
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Meridian Slice 


_-Welded Joint 
incidence of Polarized Light 


~ Transverse Slice A 


VV Surface or Skin Sub-Slice B 


Fig. 7 Sketch showing meridian slice, transverse slice, and surface 
subslice 


where r is the order of the last visible fringe. For extinction 
obtained by rotation in the opposite direction, Equation [3] 
becomes 


n =(r+1) — $/180 


Ge directions of rotation for which Equations [3] and [4] 
apply must be determined from experiment or experience for a 


given polariscope and slice. White-light examination of the 
stress pattern and approximate compensation with slices into 
which known stresses have been frozen will be quite useful both 
for the determination of r and for deciding which of Equations 
[3] and [4] applies. An error of +20 deg in the alignment of the 
polariscope elements with respect to the principal stresses will 
result in an error in @ of less than +6 deg, or less than 1/30 of a 
fringe. 

Fig. 8 shows the stress pattern obtained from a slice removed 
from the center of a long bar of rectangular cross section con- 
taining three pressurized holes. The fractional fringe orders 
indicated on the pattern have been determined by Tardy com- 
pensation. The dimensionless stresses ¢,/p and o¢/p shown in 
Fig. 9 have been obtained from the stress pattern of Fig. 8 by 
use of Equations [1] and [2], respectively. The maximum stress 
of 5.84 p occurs on the outer surface at point C. This stress is 
largely due to the localized bending occurring in this region and 
can be drastically reduced by increasing section CD. This is 
shown by the low stress obtained at points N and J. 

The longitudinal stresses o, were obtained by the use of the 
five subslices shown in Fig. 10. Fig. 11 shows the stress pattern 


Fig. 8 Stress pattern of central transverse slice cut from long bar of 
rectangular cross section containing three pressurized holes. Nu- 
mericals on pattern denote fringe orders; fractional fringe orders 
have been obtained by Tardy compensation. Thickness of slice = 
0.300 in. One fringe = 8.75 psi = 0.73 X pressure. 


obtained from the five subslices. The fringe orders are quite 
low and would be virtually indeterminate without recourse to 
white-light inspection, color compensation, and finally to Tardy 
compensation. The fringe orders vary from 0.12 at point W to 
1.83 at point C as given in the caption of Fig. 11. 

Interior Stresses. In the illustrations presented in this paper 
we have determined the stresses on free surfaces where the 
stress system is biaxial, or on pressurized internal surfaces where 
the direction and magnitude of the third principal stress (i.e., 
the pressure) is known. Photoelastic methods have been de- 
veloped for the determination of the stresses for the general case 
of triaxial stress which exists on loaded surfaces or at interior 
points (9). However, these methods are extremely cumber- 
some and will lead to very inaccurate results unless performed 
with extreme care and skill. In general, interior stresses are not 
of great significance in practical design problems. 

The Mises stress o, (often referred to as effective stress) can be 
obtained from photoelastic tests in a very simple manner. If a 
small cube is cut from a photoelastic frozen-stress model at any 
random orientation and viewed by normal incidence on its 
three mutually perpendicular faces, then® 


* This method was first proposed by J. S. Brock of the David Taylor 
Model Basin. 
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Fig. 9 Circumferential stresses, o9/p on inner surfaces and tangen- 
tial stresses, o:/p, on outer surfaces due to an applied internal 
pressure p on holes 


ewe 


20,2 = (01 — G2)? + — + (03 — 


2t 


f\2 
) [n,?(2 + sin? 26,) + n,?(2 + sin? 26,) 


+ n,?(2 + sin? 20,)]. . [5] 


where 01, 02, 7; denote the principal stresses at the center of the 
cube, n,, ny, n, denote the fringe orders measured for the three 
mutually perpendicular directions of light incidence using 
circularly polarized light; 6,, 6,, 8, denote the isoclinic param- 
eters (10) measured for the three directions of light incidence 
using plane polarized light, f is the fringe value of the model 
material, and ¢ is the face width of the cube. 
It is worth noting in Equation [5] that the use of +8 or the 
complementary angle +9’ will result in no error. 
For the case where the face widths of the cube are not uniform, 
Equation [5] may be written as 
2 2 2 
= ‘) kK (2 + sin? 2 6,) + (2 + sin? 2 6,) 
z 


2 


n2 
+ (2 + sin? 2 [6] 


The effective stress has found wide acceptance as a criterion for 
plastic yielding or fatigue failure and as such may have mueli more 
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Fig. 10 Sketch showing subslices 1, 2, 3, 4, and 5 used for determi- 
nation of longitudinal stress co; 


SUB- SLICE 1~ 


Fig. 11 Stress pattern of five subslices used to determine longitudi- 
nal stresses. Fringe orders have been determined by Tardy 
compensation as follows: 


Point 
Fringe order 


0.90 0.18 0.31 0.41 0.40 0.12 
significance than the separate shear and normal stresses or prin- 
cipal stresses. However, it should be noted that the maximum- 
shear criterion is also used widely, and this stress can also be 


determined photoelastically using the same cubes. 


Application of Photoelastic Results in Practical Design 
It may be of interest to indicate how these photoelastic results, 
which are based on strictly elastic conditions, may be applied in 
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practical design where fatigue, repeated strain-cycling, or creep- 
rupture effects involving plastic flow may be present. Generally, 
it is considered that photoelastic results are most applicable to 
cases where fatigue or repeated loading is present. The latter 
loading may be for a large number of cycles (for example, in a 
gearmotor shaft) or for a relatively small number of cycles as, 
for example, in pressure vessels subject to repeated pressuriza- 
tion or thermal-cycling conditions. Besides such cases, how- 
ever, photoelastic results have been found useful in estimating 
reduction in creep-rupture life for machine parts or structures 
subject to long-continued stress at elevated temperatures. 
This case will be discussed more fully. 

It also should be pointed out that the peak stresses obtained by 
photoelastic means usually refer to some point of stress concen- 
tration—for example, near an opening or nozzle in a pressure ves- 
sel. For ductile materials, the peak stress near such points of 
stress concentration under operating conditions generally will not 
exceed the yield stress. Assuming a load or pressure range be- 
tween a maximum and minimum load, it is considered that the 
photoelastic results usually will give the stress range between such 
loads, the stress at the maximum load being taken as the yield 
stress. This is approximately true provided the stress range is 
less than twice the yield stress, For elastic stress ranges greater 
than this, the photoelastic results may still be used to estimate 
strain ranges at points of strain concentration, which are of 
primary importance where relatively few cycles of loading are 
involved (11). 


Fatigue or Repeated Strain-Cycling 

Where the machine part or structure is subject to a large 
number of cycles of repeated loading, the design methods de- 
scribed by Peterson (12) for ductile materials may be used. 
Essentially, these methods are based on the determination of 
fatigue-strength reduction factors in cases where stress concen- 
tration is present (fillets, grooves, holes, and so on). In most 
cases, however, the stress-concentration factors obtained by 
photoelastic means are quite close to the fatigue-strength reduc- 
tion values and, therefore, may be used for conservative design 
purposes, particularly for fillet or groove sizes normally en- 
countered in practice. In cases where a large number of cycles of 
combined steady and alternating stress is involved, Fig. 12, where 
stress concentration is present the most common practice ap- 
pears to be to neglect stress-concentration effects when calculat- 
ing the mean or steady component of the stress, but to include 
such effects in calculating the alternating component (12). 

Methods also are given (12) for calculating factors of safety for 
notched bars under repeated bending, torsion, or tensile loading 
for a limited number of stress cycles. These methods are based 
on the assumption of a linear relation between stress and the 
logarithm of the number of cycles to failure; also it is again as- 
sumed that stress concentration may be neglected in calculating 
the steady-stress component, for cases of combined steady and 
alternating stress. 


Time t 
Fig. 12 Combined steady and alternating stress 
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An alternative method of treating this problem is to calculate 
both the steady and the alternating-stress components, taking 
into account stress concentration and assuming elastic condi- 
tions. It is then assumed that the peak stress will not exceed the 
yield stress while the mean stress is reduced by the amount 
which the theoretical peak stress exceeds the yield stress. How- 
ever, since the mean stress cannot be reduced below zero, if the 
alternating-stress component is above the yield stress the mean 
stress is taken as zero. This method is probably more com- 
monly used for pressure-vessel design where openings and dis- 
continuities of relatively large size are present. 

Where several levels of alternating stress are present, the ef- 
fects of these can be estimated by taking a certain value (com- 
monly around unity) for the summation of the cycle ratios (13, 
14). (By “eycle ratio’’ is meant the ratio of the actual number 
of cycles at a given stress level to the nuinber of cycles necessary 
to cause failure at the same level.) This assumption sometimes 
may deviate from experimental data, but it has been found useful 
as a rough guide pending the development of more accurate 
relationships based on experimental data. 

Where biaxial or triaxial states of stress exist, it is common 
practice to use either the maximum-shear (Tresca) criterion or 
the shear-energy (Mises) criterion as a basis. The so-called 
equivalent or effective stresses may be figured on this basis. 
(The determination of the effective stress, based on the Mises 
criterion, from photoelastic data was discussed previously. ) 
Use of the Tresca criterion gives a somewhat more conservative 
design. 


Example—Pressure-Vessel Opening 


As an example of the application of the methods outlined, 
assume that we have a pressure vessel with openings or nozzles 
such as those shown in Fig. 4. Elastic stresses near these open- 
ings caused by internal pressure may be determined from the 
photoelastic test data. On these may be superimposed stresses 
resulting from temperature gradients. For any given cycle of 
loading, the stress variation with time is represented schemati- 
cally in Fig. 12, the alternating-stress component o, being equal 
to — Omin)/2 while the steady or mean stress equals 
(Omax + Omin)/2. (Where biaxial or triaxial stresses are present, 
these stresses may represent equivalent or effective stresses 
based on either the Tresca or Mises criterion of strength.) 

As indicated previously, in determining @max, normally it is 
considered that this stress, located near a point of stress or strain 
concentration, cannot exceed the yield stress ¢,. Hence, if the 
calculated value of Omax exceeds o,, the mean stress is taken as 
o, — 7,, while if 7, exceeds o,, the mean stress is taken as zero. 

Assume that all the stress cycles which may be applied to this 
vessel near the opening under consideration correspond to points 
along the lines AB, CB, or DB in Fig. 13, which represent the so- 
called ‘“Soderberg’’ relations between steady and alternating 
stresses for various lines (or numbers of cycles) as obtained from 
fatigue-test data. The lines in Fig. 13 have been drawn to point 
B corresponding to a stress ¢, which is frequently taken equal to 
the yield stress; however, it has been shown by Langer (15) that 
the use of the yield stress leads to certain inconsistencies where 
stress relief by yielding can occur and, for this reason in such cases, 
he suggests that point B be taken somewhat above the yield 
stress for this type of problem. 

As an example, if the vessel is subject to a combination of 
steady and variable stresses near an opening corresponding to 
points on AB for 500 cycles, to points on CB for 1250 cycles, and 
to points on DB for 25,000 cycles, the summation of cycle ratios 
would then be 500/1000 + 1250/5000 + 25,000/100,000 = 
0.5 + 0.25 + 0.25 = 1.0. Under such conditions failure would 
be expected. In practical design, the lines in Fig. 13 may be 
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Fig. 13 Fatigue diagrams for various numbers of cycles (based on 
Soderberg straight lines) 


taken below actual test values in order to introduce a factor of 
safety; in addition, for conservative design, the permissible 
sum of the cycle ratios also may be taken somewhat less than 
unity. 


Strain-Concentration Effects 

Another area in which photoelastic results have proved useful 
lies in making estimates of the reduction in creep-rupture life for 
parts having holes, notches, or fillets (turbine blades or blade 
grooves, for example) and subject to creep at elevated tempera- 
ture, for materials showing limited ductility in creep-rupture tests 
of smooth bars. For such materials which are referred to as 
‘‘notch-sensitive,’’ because of strain concentration caused by 
severe structural discontinuities (fillets, notches, holes, and so on) 
the creep-rupture life is much less than that for smooth bars, ex- 
cept for very short lives (16). Referring to Fig. 14(a), typical 
stress versus time-to-rupture curves are shown for notched 
and unnotched test bars, and it is seen that for long times such 
as are usually important in practice (for example, in steam-turbine 
design) the notched-bar life ¢, is less than the unnotched or 
smooth-bar life t;. We define K, = t;/t, as a “‘life-reduction fac- 
tor,’’ which is a measure of the life reduction due to the pres- 
ence of a notch. (Only severe notches where the theoretical 
stress-concentration factor K, is greater than about 2.5 are con- 
sidered here. ) 

In Fig. 14(b) the ratio K,/K, is plotted versus the radius r at the 
root of the notch for tests on Cr-Mo-V and Ni-Cr-Mo steels which 
are notch-sensitive and show limited ductility in smooth-bar 

ithe Most test results 
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Fig. 14 Effect of stress concentration on rupture life (steels of limited 
ductility) 
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creep-rupture tests (say, less than about 5 to 10 percent). In gen- 
eral, the test results on such materials fall within a scatter band 
somewhat as shown, the tendency being for the K,/K, values to 
increase with increasing notch radius r. This is similar to well- 
known effects found in fatigue-testing of notched bars where 
the notch-sensitivity index tends to increase with increasing 
notch radius (12). The scatter band of Fig. 14(b) should be 
considered as giving only a rough indication of the trend; how- 
ever it is based on test results (17 to 20) for relatively severe 
notches (K, > 2.5) and long test periods (life values over 100 hr). 
For the larger radii, in most cases, K,/K, values between 1/2 and 
2 were found. Similar results also have been obtained for Ke- 
fractaloy 26 at 1200 F (16). Thus, if K, is known (say, for a tur- 
bine blade or groove), it appears that at least a rough estimate 
of the life-reduction factor K , may be made for materials showing 
notch sensitivity and having limited ductility in long-time 
smooth-bar creep-rupture tests. The reason for this is proba- 
bly tied in with the fact that K, gives a rough indication of 
strain-concentration effects, although this is an oversimplifica- 
tion of the problem. This method, of course, cannot be used for 
materials which show moderate or large elongation values in 
long-time creep-rupture tests and are thus not notch-sensitive. 


Conclusions 

Practical three-dimensional photoelastic frozen-stress tests 
can be made using a simple diffusion polariscope as the only 
optical equipment. Epoxy-resin castings of any size and shape 
can be made readily and complicated models can be machined 
and assembled. The figure of merit of the epoxy resins is suf- 
ficiently high so that the deflections and deformations in the 
model can be limited to an order of magnitude comparable to 
those in the metal prototype. 

Separation of the principal stresses on free surfaces (where the 
stress is generally the maximum) can be effected by using only 
normal incidence of polarized light on surface slices and sub- 
slices. The effective stress at interior points can readily and 
accurately be determined photoelastically and may have more 
significance for the designer than the separate stresses. 

The photoelastic results may be utilized in practical design 
for cases involving repeated strain or thermal-cycling using the 
methods discussed. It also appears that theoretical stress- 
concentration factors (which may be obtained photoelasticaily) 
tnay be utilized to obtain a rough indication of the reduction 
in creep-rupture life for notch-sensitive materials having limited 
ductility in smooth-bar creep-rupture tests at elevated tempera- 
ture. 
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M. M. Frocht.” This paper is one of considerable interest and, 
like the authors, we deplore the lack of interest in three-dimen- 
sional photoelasticity and share their desire to stimulate more 
activity in it. 

It would appear that, in their effort to show the simplicity and 
practical significance of three-dimensional photoelasticity, the 
authors unwittingly have oversimplified the scope of stress data 
required for a rational design and overstated the difficulties in the 
photoelastic solution of the general space problem. 

They seem to believe that for practical purposes surface 
stresses are generally sufficient and that when this is not the case 
the “effective’’ interior stresses usually will solve the problem. 
The authors seem to treat principal and normal interior stresses 
as a luxury that can be dispensed with. 

We do not share this view. Two questions arise: (1) Is this 
simplification justified; (2) is it necessary? It seems to us that 
to assume that failure can nearly always be explained by surface 
stresses or by interior effective stresses dangerously oversimplifies 
the causes of failure, especially under conditions of fatigue. Cir- 
cumstances may exist which would make the-normal or principal 
interior stresses very significant as a possible cause of failure. 

It would seem that as long as a possibility exists that in some 
cases failure may be due to some aspect of interior stresses other 
than the effective stress, prudence would require that the designer 
of a new and costly structure or machine should not base his de- 
sign of the critical parts on general or average causes of failure. 
Rather, he should determine the complete state of stress on the 
surface as well as in the interior, since only then can it be seen 
whether any special stress condition exists which would make the 
principal stresses, or the components on any particular plane, 


Discussion 
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significant. If three-dimensional studies are at all justified, 
they should be complete in nature; i.e., they should give the 
principal stresses or the equivalent six rectangular components. 

As for question (2), there is no real need for restricting the 
photoelastic stress analysis to surface stresses or to effective in- 
terior stresses. Methods for the determination of the principal 
stresses in the interior have now been developed which are 
straightforward in nature, can be learned by graduate students 
in a matter of months, and yield high accuracy, as can be judged 
by the results of the problems already solved [1-6].'! It is a moot 
point, which we do not wish to argue at this time, whether the 
complete solution of a three-dimensional problem by the shear- 
difference method will take more time than the cube method lead- 
ing to effective stresses only. However, we find it somewhat dif- 
ficult to understand why the authors consider the cube method 
less “‘cumbersome’’ than the subslice method. The number of 
cubes to be prepared, aligned, and processed is certainly greater 
than the number of subslices. 

Three-dimensional stress analysis is a rather difficult field and 
one could hardly expect photoelastic solutions of such problems 
to be a simple procedure. Our view would be that only significant 
problems be investigated three dimensionally and that this 
should be done by competent, well-trained personnel in well- 
equipped laboratories. 

In closing we wish to express our appreciation to the authors 
and their company for their continued efforts to develop a good 
material for large photoelastic models. The excellent stress pat- 
tern in Fig. 5 would seem to show that their efforts have been 
successful. 
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A. J. Durelli."* It is a pleasure to read the concise presentation 
of the authors. This paper will certainly prove to be very useful 
to stress analysts working on industrial applications. The es- 
sential three-dimensional photoelasticity techniques are covered 
in a straightforward manner and illustrated with clear examples. 

The discusser would like to point out that the literature in 
stress analysis is becoming extremely large and that it is particu- 
larly important occasionally to publish papers such as this to 
evaluate the available methods. The authors have shown as a 
result of their experience a simplified way which in many cases 
allows the determination of accurate results in three-dimensional 
photoelasticity. 

An important application of photoelasticity in machine design 
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Poor Fillet Ideal Fillet 
Fig. 15 Photoelastic fringe patterns obtained from a nearly ideal fillet and from a poorly designed fillet. Note how the highest-order 
fringe is nearly parallel over a large portion of the fillet boundary for the ideal fillet while for the poorly designed fillet the fringes con- 
centrate at a point on the boundary. 


Fig. 16 Example of fillet of optimum shape. Magnitude of boundary stress is proportional to dis- _ 
tance between boundary and white line. 
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Fig. 17 Failure of a CR39 plate with a circular hole (2/W = 0.0278) 
under a unidimensional! tensile load. Failure did not occur through 
hole. 


has not been mentioned by the authors. This is the developing 
of so-called ‘‘streamline’’ or ‘‘ideal’’ contours, meaning by this, 
contours or fillets without stress concentration. The change of 
the contour is possible in many engineering applications and pho- 
toelasticity offers an easy way of developing it. An example of 
this kind of operation is shown in Fig. 15. It shows a turbine- 
blade fillet before and after ‘‘streamlining.’’ Another example 
is shown in Fig. 16 which illustrates the tip of the perforation of a 
solid rocket propellant. For the particular boundary condition 
studied, the fillet shows no, stress concentration, which is il- 
lustrated by the fact that the isochromatic next to the edges is 
parallel to them. The shape of the contour, shown in Fig. 5 of 
the paper, connecting the top of the pressure vessel to the cylinder 
is close to being ideal. The fillet connecting the cylinder to the 


bottom of the pressure vessel shows considerable stress concen- 
tration. 
The authors emphasize correctly the importance of shear-stress 


values at interior points in practical problems. It should be 
mentioned however that the separation of the principal stresses at 
interior points may be necessary when the tensile strength of the 
material is much lower than the compressive strength. This is 
true forinstance in materials like concrete, used in civil-engineering 
applications. 

The authors make an attempt to break the gap between stress- 
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eterminations and failure studies. This field is relatively new 
nd designers should welcome any contribution here. The sig- 
ificance of stress concentrations in many applications has been 
‘ell explained by the authors. The writer would like to empha- 
ze the fact that occasionally the knowledge of the stress concen- 
ration alone does not determine failure characteristics. In some 
stances the gradient of the stress about the stress concentration 
This phenomenon has been studied 
y Brueggeman and Mayer"? and others when associated with the 
itigue of ductile materials. It can be expressed by stating that 
1e strength-reduction factor may become unity if the size of the 
iscontinuity is very small in spite of the fact that the stress- 
oncentration factor may be very high. Some time ago the writer 
1ade an attempt to study some phases of this problem and it 
iay be proper in this connection to present Fig. 17. This figure 
hows the failure of a Columbia Resin CR39 plate with a very 
mall hole at the center loaded axially under uniformly distributed 
vad. Failure did not occur through the hole but through the 
niform part of the plate. As is well known, the stress at the top 
f the hole is 3 times larger than the stress at the uniform part 
here failure occurred. 

The writer concludes these comments by encouraging the 
uthors to publish more papers of this kind. 


lso should be considered. 


B. F. Langer.'* The method of three-dimensional photoelas- 
city has been of inestimable value in the design of several reactor 
essels for nuclear power plants, and without its use the closures for 
hese vessels could not have been built with the degree of as- 
irance which is necessary for so vital a component. The authors 
ave made major contributions in the development of materials 
nd methods for this type of investigation. In addition to the 
ork directed toward the design of closures for nuclear reactor 
essels, the Pressure Vessel Research Committee is now sponsor- 
1g similar investigations at other laboratories regarding the 
resses in the region of nozzles and openings. 
The only question which arises regarding correlation between 
resses in plastic models and stresses in steel prototypes has to 
o with the effect of Poisson’s ratio, which is different for the 
two materials. Therefore the comparison for a simpie vessel, 
shown by the authors in Fig. 6, is particularly important because 
it demonstrates that the error produced by this difference in 
properties is not significant. Work is now in progress under the 
writer’s supervision on correlations between photoelastic results 
and analytical calculations. Since analytical methods are always 
dependent on some simplifying assumptions, it is believed that the 
discrepancies between calculated and photoelastic results are a 
measure of the accuracy of the original assumptions and can thus 
be used to help develop the analytical methods. 


Authors’ Closure 


The authors wish to thank the discussers for their interesting 
and timely comments. 

The authors are well aware of the fact that in certain problems 
it may be desirable or even necessary to obtain the separate 
stresses at interior points, or to use graphical integration to obtain 
the stress distribution at loaded surfaces. However, the authors 
cannot at all agree with the urgency expressed by Dr. Frocht to 
investigate all interior points, especially in problems involving 
complicated shapes and static elastic stress distributions. Even 
were we to agree in this matter, we would be at a loss to know 
which of the infinity of interior points or regions to choose, nor 


13 W. C. Brueggeman and M. Mayer, Jr., ‘Axial Fatigue Tests at 
Zero Mean Stress of 24S-T and 758S-T Aluminum Alloy Strips With a 
Central Circular Hole,”’” NACA Tech. Note 1611, 1948. 
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have we found any designers who are willing to finance such in- 
vestigations, much less to wait for the results. in industrial design. 

The authors do not believe that three-dimensional photo- The authors are indebted to Dr. Durelli and Mr. Langer for 
elastic tests need to be complete, with regard to interior stresses, calling attention to other uses of photoelastic tests in aiding de- 
in order to be of use to designers. We have intentionally pre- sign such as reducing stress concentrations at discontinuities and 
sented the simplest of methods in an attempt to increase the helping to develop analytical methods. at 
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Dynamic Characteristics of Cam Forms 


Calculated by the Digital Computer 


By S. MERCER, JR.,? anp A. R. HOLOWENKO* 


_— paper presents a simple, numerical method for analyzing 


the residual vibrational-stress characteristics of any cam form 
for which the cam-acceleration function is known. This may be 
regarded as a generalization of prior work, because the use of a 
high-speed digital computer in conjunction with this method 
makes it possible to analyze those cams which otherwise would 
be impractical to consider. Results in the form of residual 
stress-factor curves plotted against follower-system natural fre- 
quency are given for fifteen different cam forms. In addition, a 
relation between the residual vibratory-stress amplitude and the 
resonant build-up of stress for various follower-system natural 
frequencies is shown. As a result, it is possible to use the 
residual-stress-factor curve to determine the frequencies at 
which resonance is likely to be troublesome, and the strength of 
the resonant tendency at each critical frequency for a cam with 
dwells of any duration. 


Nomenclature he, ait 


The following nomenclature is used in the paper: 


@3,... = coefficients of cosine terms of a 
Fourier-series expansion 
= coefficients of sine terms of a 
Fourier-series expansion 
duration of dwell period, sec 
number of free vibrations of follower system during a 
time interval equal to cam-stroke time 
equivalent stiffness of follower system, lb/in. 
equivalent mass of follower system, Ib sec*/in. 
= a general integer = 
= a particular value of general integer _ 
time, sec 
value of ¢ at end of ith interval of time, sec ; 
length of one interval of time, sec <8 
cam displacement or rise, in. oF 
displacement of equivalent mass relative to follower 
foot, in. 
displacement of equivalent mass, in. 
const 
factor by which each ordinate of normalized-accelera- 
tion diagram was multiplied so that a cam stroke of 
one inch in a time interval of one second was ob- 
tained 
= number of equal intervals of time for which each cam- 
acceleration function was specified by a point value 


hi, be, bs, 


A, 
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F = follower-system force, lb 
Sz = stress build-up factor (dimensionless) 
Sr residual-stress factor (dimensionless) 
w = circular frequency of free vibrations of follower system, 
radians per sec (rps) 
7 = dummy variable 


Introduction 


Of the many factors which influence cam-follower vibrations, 
one of the most important is the theoretical cam contour. No 
matter how much effort is devoted to optimizing other factors, 
satisfactory high-speed operating characteristics cannot be ob- 
tained unless the cam form is inherently good dynamically. 
Various methods have been used to study cam contours with the 
objective of identifying those with good dynamic characteristics. 
Analytical and experimental approaches have been used. The 
findings indicate that no single factor can be controlled to insure 
that the cam form will be good dynamically. 

It is desirable to have a concise representation of the dynamic 
characteristics of any cam form that can be used as an index of 
its excellence for various high-speed applications. In some studies 
by Neklutin (1)* a form of result was used that best satisfied the 
requirement of conciseness. For each cam contour studied, a 
dimensionless plot of the residual vibratory-stress amplitude fol- 
lowing a single cam stroke against the relative stiffness of the 
follower system was given. This was superior to the form of re- 
sults used by Hrones (2) and Mitchell (3). 

There were two main objections to Neklutin’s methods: (a) The 
calculations necessary were lengthy and costly, excepting for a 
limited number of cam contours. Without some modification in 
the method of calculation, a large number of cam contours would 
have to be excluded from consideration. (b) Some method of de- 
termining the consequences of using dwell periods of different 
duration was needed. 

The principal contribution of this paper is the generalization of 
Neklutin’s work by removing the objections listed. A numerical 
method suitable for high-speed digital computation was used for 
this purpose. Results in the form of residual-stress-factor curves 
are given for fifteen different cam forms. Included are a number 
of cam forms for which the analysis is quite intractable using exact 
mathematical methods. In addition, a method of determining 
the influence of dwell periods from these results is given. 


Theoretical Considerations 


Cam-and-F ollower System. For this analysis the cam was con- 
sidered a rigid body. This implied that the cam contour was un- 
affected by the forces acting on it. The cam was assumed to 
drive the follower system positively. The cam speed was as- 
sumed constant. -An equivalent lumped mass and an equivalent 
weightless spring were used to represent the follower system. The 
follower system was considered to have no backlash. Friction 
and other damping forces were regarded as negligible compared 
to the elastic and inertia forces. 

All of the cam forms analyzed were of the dwell-rise-dwell type. 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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The active time for the cam was taken as unity. During this ac- 
tive time each cam produced a follower displacement of unity. 
This provided a common basis for comparing the different 
theoretical cam contours. 

Since it is common design procedure to specify the cam-ac- 
celeration function and develop the cam form by integration, the 
contour specifications for this study were in the form of normal- 
ized cam-acceleration functions. The period of acceleration 
equaled the period of deceleration for all cases. The ac- 
celeration and deceleration pulses had the same shapes and had 
maximum values of unity. 

Solution of Basic Mathematical Equation. With the cam-and- 
follower system as shown in Fig. 1, in some arbitrary configura- 
tion, a force analysis was made. From Newton’s law the dif- 
ferential equation of mass motion was obtained 


mz = —ky... 


Advantage was taken of the physical fact that at all times 
2=azty.. 
to modify Equation [1] by eliminating z as shown 


(an = ME + —ky 
k 

ent — -a. m 
Since the stresses in the follower system, the contact stress at the 
cam surface, and the deviation between the input and output mo- 
tions are all directly proportional to y, the differential equation 
for the relative motion of the mass was regarded as the basic 
mathematical equation. 

Duhamel’s integral was employed to obtain the solution of 
Equation [4]. For the initial conditions of y = 0 and y = 0 when 
t = 0, the solution is given by 


This equation can be written — 
we 


y= | wt (—#) cos wrdr 
t 
con at f (—#) | 
0 


The problem of finding y corresponding to any value of ¢ is one of 
evaluating the following two definite integrals 


B= 
® Jo 


in order to obtain a simple trigonometric result for y as follows 
y = Acoswi + Bsinwt...... . [9] 


In general, A and B differ for every different value of w and t. 
However, if attention is confined to the residual vibrations fol- 
lowing the cam stroke, Equation [9] is simplified to the extent 
that A and B are independent of ¢t. This follows as a consequence 
of # being zero for all values of ¢ after the cam stroke. The result 
is a free vibration at the follower-system natural frequency having 
an amplitude 


= (A? + B?)'/2 


Fig. 1 Schematic diagram of cam-and-follower system 
For a given cam form, this residual-vibration amplitude is de- 
pendent upon only the natural frequency of the follower system. 
The vibration amplitude is not a direct measure of force or 
stress, since the stiffness of the follower system must be taken 
into account. Equation [10] was therefore multiplied by the 
spring constant k to obtain an expression for the maximum force 
associated with the residual vibrations 


Fox = kymax = k( A? + B?)' ie [11] 


This was divided by mémax to give a dimensionless force or stress 
ratio. Since ¢max was unity for all cases, it gave the ratio of the 
maximum residual vibratory stress to the stress that would pro- 
duce a unit acceleration of the follower mass 


F max 


Mimax MImax 


w A? B?)! 2 


Using normalized acceleration functions did not satisfy the re- 
quirement that all cams produce a unit stroke. Multiplication of 
the dimensionless stress ratio by the acceleration coefficient C,, 
where 


1 
C= 
fi (dt)? 
removed this objection and provided a common basis of com- 


parison of all the cam forms 


Fax 


Sp =C, = + .... [12] 


In subsequent references to this dimensionless stress ratio, Sp will 
be called the residual-stress factor. 

Resonant Build-Up of Stress. A Fourier series representation of 
the normalized acceleration function ¢ was used for examining 
resonant tendencies. For the initial conditions previously speci- 
fied, the solution to Equation [4] is 


@ 
v= — n*) [sin — 7™ ut | 
a, 
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where 


(—#) cos dt 


2 (—#) sin dt 


period of cam rise w 


period of free vibration ~ Or 


For the case where f is some integer s, the solution was found to be 
7 


b 
sin wt — 


in wt a,, cos wt 


sin wt + 


7 — a, cos 2rnt — b, 3 sin wt + a, cos wt] 


The only unbounded terms in Equation [16] are 


bt 


and 


a, 
Thus the unbounded portion of the vibration had an amplitude 


(a,? + b,?)' 


Qa t. .[17] 


Resonant or unbounded amplitude = 
For each cam stroke the resonant amplitude was found to in- 
crease by 


2)'/ 
+ 


Amplitude build-up per cam stroke = 
Using manipulations similar to those used in obtaining the 
residual-stress factor Sz, a dimensionless stress build-up factor 
Sp, corresponding to this resonant-amplitude build-up was found 


= (a,2 + b,2)'2 

The stress build-up factor S, is a measure of the strength of the 
resonant tendency corresponding to those follower-system 
natural frequencies that are critical. 

Two important results came from the foregoing equations: (a) 
For cams without dwells the critical values of w for which reso- 
nance was likely to occur corresponded to those values of f that were 
integers. (b) At these critical values of f, Sg = Sz. Thusa 
plot of the residual-stress factor Sz against f not only provided in- 
formation on the residual stresses following a single stroke but 
provided information on the resonant tendencies associated with 
the cam form. 

The introduction of dwells between each cam rise in no way 
changed the calculation of the residual-stress factors. How- 
ever, dwells were found to change the values of f for which 
resonance occurred. For a dwell duration of d, the cam cycle 
time was 1 +d. The Fourier analysis indicated that the values 
of f for which resonant build-up occurred were 


E sin 
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For these critical values of f, the stress build-up factor was again 
found to be equal to the residual-stress factor. This meant that 
the one curve of Sp plotted against f could be used for a comparison 
of residual-stress magnitudes as well as for a comparison of reso- 
nant tendencies irrespective of the dwell duration between cam 
strokes. 


Formulation for Digital Computation 


Type of Problem. The principal mathematical problem was 
one of evaluating closed integrals. A large number of more or less 
difficult (depending on the nature of #) definite integrals had to be 
solved in order to get A, B, and C,. These integrals are 


Having these results, Equation [12] was used to calculate Sz. 

Method. A numerical quadrature procedure based on Simpson’s 
one-third rule was chosen. In order to use the method, the cam- 
acceleration functions were specified by their point values at a 
large number of equally spaced intervals of time. Corresponding 
to each value of ¢ for which # was specified, the cosine and sine of 
wt were calculated. Taking 


the equations for calculating A and B by Simpson’s rule are . 
At 


A = = + 4m. + 2p: + 4m + + 


py = (#),; sin wt; 


= (#); cos wt, 


where 


D = number of intervals of ¢ over which # is defined 
At = width of a single interval of ¢ 


The procedure for calculating C, was slightly different because 
two successive integrations were necessary. Simpson’s rule was 
applied successively over each pair of intervals, so that the re- 
sults could be obtained in point form. This permitted the process 
to be repeated for the second integration with the only difference 
being the width of the time interval. From Equation [23] 


Evaluation of Equation [30] to retain point values of ¢ was car- 
ried out as follows 


= 
| 
l 1 
1 
* 
1 
| 
- 
— 
+ pp] 26 
in +3n +o + 
0 1 2 3 4 
27] 
Co /0 0 
‘ ut 
i= f 
4 
1 2 3 n = 
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Table 1 Normalized cam acceleration functions. Seven of these cam forms have been discussed by other investigators and 
are identified by these names: I, gravity cam; J, cycloid; K, modified trapezoid; L, double cycloid; M, triple cycloid; 
N, compensated seventh-degree polynomial (compensated for design speed corresponding to f = 3); O, seventh-degree polynomial 
(uncompensated). 


CAM CAM 


ACCELERATION SPECIFICATION ACCELERATION SPECIFICATION 


FORM 


FORM 


0.125 <t $0375 
A 0.375<t 205 
0.5 <t4 1 


% = 08(1 - cosent) 

Z=-sin 
-%X(1-t) 


40125 
0.125 <t 0.375 
0.375 

os <t<! 


% 05(1 - cosant) 

1 

Z=05(1 - cosant) 


0.0715 <t< 0.15 
0.15 < t< 0.35 
0.35<t<o05 
1 


(40t)/ 9+ (4ot)* 
R= (40t - 6)* 

Z(t)= Z(05-t) 

R(t)" t) 


t=0 
o<t<o5 
os <t< 1 


Z*0 


825(4t-1) 


X(t)» -% (1 -t) 


teo tsos, ter 
O<t<os 
os<t< 


t=O, 
o<t<os 
o5<t< 


X(t)* -%(1-t) 


sin 


t=0, t+05, te! 
o<t<o5 
O5<t< 1 


Z=0 
= 


X(t)=-z(1-t) 


0.125 < t ¢ 0.375 
0.375 <t40.5 
as<t< i 


sin 


Z(t)* -Z(\- t) 


st 4 00625 
0.0625 < t 0.125 
0.125 <t + O375 
0375<1t 405 
os5<ts 


= (16t)/1+ 


X* +(iet-2) 
R= 1 

At): t) 
-Z(1-t) 


11513 sm + 02189 sinent 


é 
Z%=-sinant 


X= 1.2018 Sin + 03004 sin ont 
+ 0.0058 Sin iomT 


—__—4 


01<t< 02 
02<tso3 
o3<t<o5 
o5<t< 1 


= 1 
Re 1/1 + (rot -2)* 
Z(t)= x(os5 - t) 
X(t)= 


R= -1BO HI (t- 8) [(t-o5)* ozs] 


- (=) [3 - 20(t - 


0.8)[(t 0.8) - ozs), 


2At 


2At 


At 

ip = 3 [ép-2 + 4@p4 + Zp) + 
Using the calculated point values of z, the ‘second integration was oon) & 


2 
° 
B 
| 
3 


NOVEMBER, 1958 - 


rogramming. Several preliminary decisions had to be made 


before the details of organizing the calculations for machine com- 
putation could be carried out. A range of values for w from 0 to 
40m seemed desirable. Further, the results varied so rapidly that 
small changes in the parameter w were necessary. The increment 
chosen for w was 7/4. This gave 160 values of Sp, for each curve 
plotted. 

Consideration was given to the inaccuracies that might arise 
from the use of the numerical method of integration. An estimate 
of the maximum error was made using a method found in Scar- 
borough (4). On this basis 200 intervals of ¢ were taken as 
reasonable. Since the range of ¢ was from zero to one, At = 
0.005. 

The calculations were first programmed for the Electro-Data 
digital computer. Later they were programmed for the Illiac 
computer. Both machines accepted the data in punched-tape 
form, processed the data electronically according to the coded in- 
structions, and printed the results in typed page form. All num- 
bers were read into the machine as ten digits preceded by a 
positive or negative sign. A scaling factor was used so that the 
decimal, which was not printed on output, came between the 
third and fourth digits. 


Results of Analysis 


Cam Contours Studied. The selection of cam contours on which 
to apply the proposed methods of analysis was based on several 
requirements. One requirement was that both good and poor cam 
forms be included. A second requirement was that some were to 
be contours already analyzed and reported in the literature. It 
also seemed desirable to include a number of possible cam shapes 
that would be difficult to study by other methods so as to demon- 
strate the potential of the calculation procedure presented here. 
The normalized acceleration functions for each cam studied are 
given in Table 1. 

Accuracy of Method. To check the accuracy of the method, 
comparisons were made between machine results and manually 
calculated results where exact integrations were possible. For 
this and all other cases checked, the results agreed to within a 
fraction of one per cent. Comparison with Neklutin’s results also 
gave excellent agreement. In addition, the nature of the calcula- 
tions was such that periodic zero values of A and B could be 
anticipated. This anticipated distribution of zeros provided a 
continuous check on the machine computations and led to the dis- 
covery of machine malfunctions and input-tape errors in several 
cases, 

Graphical Results. Except for a relatively small amount of 
desk calculation, all the computations leading to the residual- 
stress-characteristic curves were done on high-speed computers. 
Machine calculations performed by the Electro-Data computer 
required approximately five hours per cam; Illiac required ap- 
proximately 17 min per cam. Many months of desk calculation 
would have been required to complete this same task. Graphs of 
these results are given for 15 cam forms, see Fig. 2. 

Resonant Tendencies. A comparison of the resonant tendencies 
of various cams was made. Equation [20] gives the values of the 
parameter f for which resonance occurs. Thus if there is zero 
dwell, resonance occurs for 


one quarter, then d = 1/; and t 
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Table 2 Resonant tendencies of five cam forms for dwell ratio 
of zero 


for ————Strength of resonance—Sz 
resonance CamI CamJ CamK CamaA 


16.00 


Cam B 


SS 


~ 


ooo 
22 


Table 3 Resonant tendencies of five cam forms for dwell ratio 
of one quarter 


f 
for —Strength of resonance—S,— 


Cam B 
15.11 


Cam K Cam A 


14.69 


resonance Cam J 
0.75 
.50 


= 


SESES SSLSE 


S223S 


SESEEE 


4 


— 
ssess 


S588 


f = 0.75, 1.50, 2.25, 3.00, 


Corresponding to these values of f, the values of Sz were taken 
and listed in Tables 2 and 3 as S, for five different cams. These 
give a direct comparison of the resonant tendencies for dwell 
ratios of zero and one quarter. 

Based on results similar to those shown in Tables 2 and 3 
several interesting facts were observed. An increase in dwell time 
was found to increase the number of critical values of f at which 
the dynamic stress tended to build up indefinitely. It was also 


é 
16.00 0.00 11.06 9.52 7.14 
0.00 0.00 0.00 3.52 0.00 
16.00 0.00 2.63 1.33 5.55 
6 0.00 0.00 423 000 
16.00 1.23 5.04 8.83 
0.00 0.00 2.82 0.00 
9 16.00 0.72 2.61 4.48 7 
f 10 0.00 0.00 1.01 0.00 
11 16.00 0.47 0.02 0.48 
12 0.00 0.00 0.30 0.00 
13 16.00 0.07 0.03 0.33 
14 0.00 0.00 0.47 0.00 
15 16.00 0.25 0.83 1.39 : 
7 16 0.00 0.00 0.54 0.00 
17 16.00 1.28 0.63 1.07 
18 0.00 0.00 0.27 0.00 ; 
19 16.00 0.15 0.01 0.15 : 
20 0.00 0.00 O11 000 
3.00 52 7.14, 
3.75 55 «6.32 
4.50 21 9.21. 
5.25 00 1.26 
6.00 23 0.00 
6.75 .39 9.36 
7.50 3.27 
8.25 0.72 . 
9.00 f 48 
9.75 
10.50 
11.25 
12.00 
12.75 
13.50 
14.25 
15.00 
15.75 0.16 
16.50 0.51 
17.25 0.98 
18.00 27 0.00 
18.75 14 0.05 
19.50 
n 
4 
a ° 
the cam cycle time 1 + d i: . 
i e critical values of f are F 
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Fig. 2 Residual-stress-characteristic curves 


noted that, for any value of f, the build-up of stress per cycle of 
cam operation was independent of dwell-period duration. In ad- 
dition, it was found that there were certain critical values of f for 
which there was no build-up tendency. This occurred when- 
ever the Fourier component of the acceleration function was 
zero. Finally, the greater the degree of symmetry found in the 
acceleration diagrams, the greater the number of zero Fourier 
components. 


Conclusions 


Residual-stress-factor curves, first used by Neklutin, provide a 
condensed representation of the dynamic characteristics of cam 
contours. A numerical method of determining such curves for 
any arbitrary acceleration has been presented. The method is 
practical if high-speed digital computers are available. In ad- 
dition, it has been shown that these curves can be used to predict 
the strength of resonant tendencies whenever the acceleration 
pulses occur periodically. This extends the usefulness of such 
curves. 

For the cam-acceleration functions studied, no regular pattern 
of results is in evidence pointing to simple, general guides for 
identifying cam contours with good dynamic characteristics. 
Neither acceleration nor jerk alone controls vibratory stresses. 


Blending of the acceleration curve so as to avoid discoutiiuities 
in the jerk curve also fails to produce a general reduction of the 
residual-stress factor. Constructing acceleration diagrams so as 
to avoid higher-order Fourier components does not guarantee 
outstanding dynamic characteristics. 

Of the cam forms analyzed, the uncompensated seventh-degree 
polynomial is best from the standpoint of low residual vibratory 
stress over the widest range of follower-system natural frequencies. 
For flexible follower systems, the results indicate that compensa- 
tion of this cam, as advocated by Dudley (5), Stoddart (6), and 
others (7, 8) will effectively reduce the vibratory-stress level in 
the neighborhood of the design value of f. This gain is achieved 
at the expense of a general increase of residual stress level at most 
other values of f. 

The effect of dwells, in general, is to increase the number of 
critical values of f at which there is a resonant tendency. Prac- 
tically, this is somewhat offset by the increased time period be- 
tween cam strokes during which attenuation of the residual 
vibration would occur. From the standpoint of resonant tend- 
encies, acceleration curves having a high degree of sym- 
metry and few or no high-frequency Fourier components are su- 
perior to other curves. 

Many engineering problems are primarily concerned with the 
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determination of the response of a spring-mass system to some 
arbitrary excitation function. Shock and impact studies are ex- 
amples. For this reason, the method of calculation and the 
characteristic curves given in this paper should be of rather 
broad interest and should find wider application than merely to 
studies of cams. 
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Discussion 


P. Barkan.’ The conclusions drawn from the residual-stress 
criterion which the authors have used suggests results that can be 
obtained by Fourier analysis of the cam-acceleration cycle, in- 
cluding the dwell period. In 1950, this writer, in a discussion (2)* 
to a paper by Mitchell (1), suggested the use of Fourier analysis 
of the complete acceleration cycle as a criterion for the dynamic 
suitability of cams. That analysis demonstrated the desirability 
of having cam profiles whose acceleration profiles and higher 
derivatives were continuous, since this results in cams whose 
higher harmonics more rapidly converge to zero amplitude. 
Resonance, between the natural frequency w of the follower sys- 
tem and the nth harmonic of the exciting force, occurs at cam 
rotative speeds at which n = integer = w/(24N) where N = 
revolutions per sec of the cam. 

For lightly damped follower systems, the influence of one har- 
monic becomes predominant at resonant speeds. Thus a reasona- 
ble approximation of the amplitude R, of the excited vibrations 


at resonance is simply Wi 

ago 

corn 


R,? = 
2¢Mw? 


amplitude of nth harmonic of forcing function which is 
in resonance 
= critical damping ratio 


M= 
= 


follower mass 
follower natural frequency 

Usually the harmonics of interest are those which come into 
resonance in the vicinity of the highest operating speeds of the 
system. By comparing the relative amplitude of these particular 
harmonies for various cams one criterion is obtained for com- 
paring their relative dynamie behavior. 

Hussmann (3) has described a simple method for computing the 
amplitude of any desired higher harmonic. To determine the nth 


’ Switchgear Division, Laboratories Department, General Elec- 
tric Company, Philadelphia, Pa. Mem. ASME. 

* Numbers in parentheses designate References at the end of this 
discussion. 
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harmonie divide the entire period of the function into 2n equal 


divisions, designating the ordinates Qo, . . Then 


2n—1 


= > (-190, 


p=0 


= 


=0 


where Q’,’s are the ordinates of the function at 2n intervals start- 
ing from a point displaced from Qo by 27/4n. The amplitude of 


nth harmonie equals 

The application of Fourier analysis to the problem of cam- 
excited vibrations of a helical spring was extensively studied by 
Hussmann (4). His work correlates the resonances in a helical 
spring and the harmonic amplitudes of the cam profiles. Discus- 
sion (2) was, in part, an extension of Hussmann’s work to the cam- 
follower problem. 

By use of these techniques, a relatively rapid means of evaluat- 
ing the resonance potential of various cams can be obtained 
readily. 

However, for many cam applications neither residual stress nor 
harmonic analysis can be used as the sole criterion for the ade- 
quacy of high-speed cam profiles. Several additional factors loom 
as important: 


Cn = [a,* + 


1 The possibility of separation between cam and follower will 
alter completely the system behavior. The tendency for this to 
happen cannot be measured solely by the residual-stress criterion. 

2 In many applications, such as engine-valve systems, the 
follower linkage may have backlash. This alters the behavior in 
two ways: 

(a) During dwell periods, the linkage reverts to several inde- 
pendent components each vibrating at its own high natural fre- 
quency. Residual vibrations are damped out rapidly and each 
cycle begins from a condition of complete rest. Thus a transient 
rather than a resonance type of vibration characterizes the sys- 
tem. 

(b) When backlash is taken up by the cam, the motion begins 
with an impact since the cam is moving at a high speed relative 
to the follower at this instant. This produces severe vibrations 
of the system which can completely overshadow behavior pre- 
dicted in calculations neglecting this factor. 


3 The distortion of the motion resulting from the dynamic 
forces acting on the flexible linkage can produce erratic motion 
and severe impact between the follower and cam, again exciting 
severe oscillations. 


A method to be considered in calculating many of the important 
operating conditions which influence the dynamic characteristics 
of cam-follower systems has been described by the writer (5). 
In any application of cams, it is important to consider the fact 
that the entire system including the follower characteristics, 
backlash, the nature of external forces, the magnitude and nature 
of friction, should all be considered in developing high-speed cam 
profiles. Generalizations on desirable profiles, while valuable and 
necessary, cannot be considered as a sufficient condition guaran- 
teeing adequate dynamic behavior under all conditions. 
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W. D. Cram.’ The authers have made a significant contribu- 
tion to the solutions of outstanding cam problems by analytical 
methods involving the use of high-speed digital computation. 

With the exception of the gravity cam, the authors have selected 
for analysis cam forms which have zero or near-zero acceleration 
characteristics at the extremities of the stroke, for the dwell-rise- 
dwell type of follower movement. The analytical results for 
these curves indicate a general decay of residual-stress factors for 
an increase in natural frequency of the follower system. How- 
ever, the gravity curve, because of its discontinuous acceleration 
pattern, shows no decay but an equal maximum value of residual 
stress for every odd integer of system frequency. A similar 
residual-stress-characteristic curve would be expected from the 
analysis of a harmonic cam form. These results confirm the gen- 
eral conclusions that the dynamic characteristics of gravity and 
harmonic cam forms preclude their use for high-speed dwell- 
rise-dwell movements. 


Fig. 3 Cycloidal 
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Fig. 4 Harmonic 
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Fig. 5 Combined cycloidal and harmonic 


However, there are other conditions of motion where the dis- 
continuity feature of the acceleration pattern at the stroke ex- 
tremities might be beneficial. One example is the continuous and 
equal rise-return-rise-return, and so on, motion. Figs. 3 and 4, 
herewith, show for this type of motion the acceleration patterns 
of a eycloidal and a harmonic cam form. The abrupt change in 
direction of force at the juncture of the rise and return accelera- 
tion patterns of the cycloidal form (or for that matter, any cam 
curve which features zero acceleration at the ends of the stroke), 
could produce stress variations of greater magnitude than the 
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harmonic curve whose acceleration pattern has no abrupt change 
in foree direction. 

Another example is the dwell-rise-return-dwell movement 
shown in Fig. 5 where continuity with no abrupt change in force 
direction is obtained with a combined cycloida!-harmonic, or 
equivalent sixth-degree polynomial curve. 

These two examples indicate that, from a dynamic viewpoint, 
the displacement requirements of the follower system should be 
considered in the selection of the cam form. 

Although the problems of cam-controlled mechanisms have 
been subjected to considerable analysis in the past decade, very 
little work has been done in this country on the dynamic charac- 
teristics of linkage-driven systems. Mechanism design embraces 
both of these systems, and it would be wrong to generalize that 
one is superior to the other. However, application of the author’s 
cam-dynamics technique to equivalent linkage systems would 
provide machine-design engineers with a useful tool for the selec- 
tion of cam or linkage motion on the basis of the dynamic be- 
havior for the particular application. It is hoped that this 
pioneering effort by the authors will be extended into this valuable 
field. 


R. C. Johnson.* From an over-all and broad viewpoint, the 
paper might be thought of as having a twofold value to the engi- 
neer in high-speed cam design: (a) The results and conclusions 
which have been presented clearly should be of fundamental 
value when attacking many original design problems. (b) The 
general method of analysis should be valuable for analyzing the 
dynamic characteristics of theoretical cam forms which are dif- 
ferent from those presented. 

From a more specific viewpoint, the paper has many other 
points which are also highly commendable. For one, the ex- 
tended use of residual-stress-characteristic curves to studies of 
resonant tendencies with various dwell ratios is of utmost value. 
As another point, the use of a numerical technique for solving 
otherwise extremely difficult integrations should be recognized 
for its value. For any engineering problem, the end result is 
generally of primary importance, and numerical techniques are 
oftentimes very useful tools for scaling otherwise insurmountable 
barriers. There are many other highly commendable points which 
become quite evident from a study of the paper. 

Undoubtedly, many engineers will want to benefit from the 
paper in their design work. In order to obtain the maximum 
amount of benefit from it, the engineer should be sure that the 
conditions of a problem satisfy to a reasonable extent the assump- 
tions which were made in the paper. From a careful study of the 
paper, three specific examples of this consideration come to 
mind: 

Let us consider the first example. In the paper, the authors 
assume that the follower system is driven positively by the cam. 
However, for some high-speed cam mechanisms, it is advantageous 
to use a spring-loaded type of follower. Hence if a load spring 
acts on the mass in Fig. 1, the application of Newton’s law results 
in a differential equation which is similar to Equation [4], but 
yet appreciably different in detail. In effect, the presence of the 
load spring changes both the natural frequency of the follower 
system and the right-hand side of Equation [4], which might 
be thought of as the forcing function. Although the effect of a 
load spring might be appreciable for certain cases, it is interesting 
to note that the general method of analysis from the paper can be 
extended readily to spring-loaded cams. 

Let us now consider the second example. Many high-speed 
cam mechanisms use a ball bearing for the follower, and it is well 
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known that the force-versus-deflection relationship for a ball 
bearing is not linear. Hence for cases where the ball-bearing de- 
flection is an appreciable part of the total, a nonlinear complex 
type of contact region will exist, resulting in a nonlinear differen- 
tial equation for Equation [4]. Recent solutions using the theory 
of finite differences have shown that nonlinearities can be ap- 
preciable for at least certain eases. However, for most of the 
relatively flexible systems encountered in practice, it is probably 
safe to neglect nonlinearities, but the engineer should not take 
this for granted in all systems. 

Let us now consider the third example. 
cam mechanisms, the most important stress exists at the cam 
surface-contact region. For cylindrical surfaces, the contact 
stress is proportional to the square root of the contact force. It 
is also a function of the radii of curvature of the mating surfaces, 
and the radius of curvature of the cam is a function of the ac- 
celeration. Hence Equation [12} being a ratio of forces is not 
a ratio of contact stresses. Therefore, Sp might be more meaning- 
fully thought of as the residual-force-factor, and likewise Sz 
might be thought of as a force build-up factor. 

In conclusion, the actual response of a follower body from the 
command of a manufactured cam surface will be influenced by 
In addition to theo- 


For many high-speed 


many basic factors, as the authors stated. 
retical cam form, such factors as machining errors and torsional 
vibrations of a camshaft can be of primary importance. How- 
ever, it is a desirable practice to study thoroughly the isolated 
effects of a single factor, such as theoretical cam form. In this 
manner, the roots of difficulty oftentimes can be studied and op- 
timized on an individual basis, resulting in a better over-all end 
product. 


C. N. Neklutin.? The authors are to be complimented for 
finding and using the method of vibrational analysis of cams with 
electronic computers. 

Unfortunately for the writer and many other engineers the 
method may be used only in institutions which can justify the in- 
vestment in a digital computer and a group of experts. 

The wish is expressed that this method will be applied to some 
standard mechanisms, such as Geneva drives and cranks with 
short connecting rods, which are widely used in automatic ma- 
‘chines and which the writer cannot analyze owing to the necessity 
of using Fourier series. 

Based on the writer’s experience with problems of high dy- 
namic forces in automatic machines, the following comments are 
made: 


1 It is desirable that analyses of different acceleration dia- 
grams are supplied with the following information: 


(a) The maximum acceleration coefficient C,, so the designer 
can place the diagram in relation to some known diagrams, as 
C, = 4 for uniform acceleration and C, = 2m for sine-curve ac- 
celeration. 

(b) The maximum velocity coefficient C,, to compare with C, 
= 2 for all symmetrical diagrams. 

(c) Some comparison of the displacement at the beginning or 
the end of the stroke; so that comparison can be made with a sine 
diagram which requires a displacement 0.000004 of the total 
stroke when the cam rotates on !/125 of the working period. Any- 
one with cam-cutting experience knows it is next to impossible 
to meet such a requirement. 


All these data may affect decisions. 

2 As the authors mention, a compensation of cam shape to 
correct the influence of applied forces on vibrations is good only 
for a certain specific value of f (the number of free vibrations dur- 
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ing the application of forces). It could be added that the speed 
of automatic machines varies because of many reasons, such as 
fluctuation of voltage or variations in resistances. Besides, in the 
writer’s practice, machines designed for a certain “‘dream’’ speed 
as 200 or 400 rpm, eventually were operating at speeds 50 per cent 
and more higher, so a ‘compensated’’ cam would be at a disad- 
vantage. 

3 There is need for the development of damping devices, so 
the residual vibration can be killed during a dwell; naturally 
smaller vibrations are easier to stop, but as speeds increase the 
problem of damping becomes more important. We have been 
depending on hysteresis and friction for this purpose and we are 
trying to introduce special frictional devices, but if interest is 
aroused, somebody may come out with better suggestions. 

4 The paper deals exclusively with the behavior of cam-fol- 
lower systems and contributes a lot to that. The analysis is 
complicated in itself, so a necessary assumption is made that the 
cam rotate uniformly. During the last summer at Washington 
University in St. Louis, Mr. W. 8. Gatley studied under Prof. 
W. B. Diboll a roller gear drive (an intermittent-motion mecha- 
nism operated by acam). It was discovered that the cam rotation 
is affected by vibration of the system motor-transmission-cam 
or by the parts on the other side of the cam than the cam follower. 
Practical engineers should not overlook this region as a possible 
source of vibrational troubles and strive to have stiff, no-backlash 
connections between the driver and the cam. 

5 The authors are correct in stating that fully symmetrical 
diagrams have advantages. For 27 years we have used success- 
fully symmetrical modified trapezoid diagrams which have a low 
coefficient of acceleration C,. In recent vears we and other engi- 
heers using symmetrical diagrams have encountered difficulties 
when dynamic forces are very high; drivers are required to supply 
a large amount of energy during the acceleration and to absorb 
a similar amount during the deceleration—the speed of the cam 
varies and shocks are produced owing to distortions of the ac- 
celeration diagram. To correct this Mr. E. H. Schmidt of the du 
Pont Company offered a nonsymmetrical diagram with trigono- 
metric functions. Although it has higher C,, but it has a lower ve- 
locity coefficient C,, and the energy proportional to V* is decreased, 
the position of maximum input torque moves away from the 
center of the stroke and as a result the performance is improved. 

6 There is a final point which may be of interest to engineers 
who do not have access to computers. 

The design of a cam is completed when a table of displacements 
is sent to the shop for manufacturing. We have developed a 
method permitting solution of practically all cam problems using 
simple rules and a limited number of precalculated tables. Two 
groups of diagrams are included—symmetrical and nonsym- 
metrical. Only six tables are needed. The writer hopes the de- 
scription of the method and the tables will be published in Ma- 
chine Design during 1958. 


G. A. Nothmann."® The authors are to be complimented on a 
most helpful contribution to the important subject of improve- 
ment in cam contours for dynamic applications. 

The derivation of the ‘resonance build-up factor,” starting 
with the Fourier expansion of the acceleration function in the 
interval 0 < ¢ < 1, appears to warrant clarification. If resonance 
conditions for a real cam contour are to be explored, the cam 
contour during the return stroke is characterized by an accelera- 
tion function which is the negative counterpart of the correspond- 
ing function during the cam rise. Thus the lowest period of the 
cam-acceleration function is equal to one complete cam rotation, 
not to the rise time 4 = 1; consequently, the Fourier expansion 
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should be taken for a period 0 < ¢ < 2 or, if dwells are included, 
for a correspondingly longer period. It is possible that the factor 
Spr, as proposed by the authors, is nonetheless a good indicator of 
resonance response for many contours. However, for example, 
calculations for the harmonic contour J indicate that for f = s = 1 
there is no tendency for resonance if the return stroke follows the 
negative-acceleration function of the rise, while, on the basis of 
the author’s approach, the resonance build-up is given by Sp ~ 20 
(approx). 

The choice of type and complexity of computer in a design pro- 
gram depends on many factors, including availability, familiarity 
by the user, and cost. In the writer’s experience, second-order 
linear differential equations with unusual forcing functions, such as 
those treated here, are handied advantageously on analog equip- 
ment with function generators. This applies particularly if many 
variables and combinations of parameters are to be investigated 
quickly (possibly while the computer is in use) and if high ac- 
curacy is not important (since the factors Sp and Sz, are not very 
precise indexes of contour quality, it may be permissible to use 
fairly modest accuracies). It would be valuable to know what 
reasons dictated the choice of digital equipment in this program 
and to what extent these reasons may govern a similar choice by 
eam designers. 

The conclusions of this paper, as was true for the paper by 
Neklutin referred to, do not lead uniquely to the selection of an 
‘ideal’ cam contour, even with the highly idealized simplification 
of the follower system as a one-degree-of-freedom harmonic os- 
cillator. In fact, contour selection is often governed by many 
factors other than ‘‘residual stress’’ and ‘‘resonance build-up,’’ 
particularly by the cam-surface forces and stresses during rise and 
return. For design applications, therefore, it would be important 
to know whether, to the authors’ knowledge, cam contours, based 
on the criteria established by them and Neklutin, have frequently 
proven in practice to give better dynamic performance. 


H. Rothbart.'! The authors have indeed offered a contribu- 
tion to the realm of high-speed cam studies. They indicate that 
there is no best-of-all possible curve. It would be interesting for 
them to carry their work further and analyze an actual cam 
steady-state solution (particular solution) for a repeated 27 cycle 
composed of many curves and dwell periods. They could use 
their method or the numerical method presented by the writer." 

Let us discuss some practical factors which may predominate 
over the mathematical analysis previously presented. 

The systems are considered on the basis of a single degree of 
freedom in which the machine frame is perfectly rigid. In gen- 
eral, the frames are stiff enough to limit the deformations to 
negligible amplitudes. However, in the range of resonance the 
values may have magnitudes requiring investigation when the cam 
speed agrees with the natural vibratory mode. Tests of the 
natural frequencies of the frame may be necessary. More exact 
methods may require the basis of two or more degrees of free- 
dom—generally, calculating time and effort may be prohibitive. 

Also, all surface irregularities will affect the cam in that there is 
frequently a large difference between the theoretical and the 
actual cam-acceleration curves. This affects the follower ac- 
celeration and motion, and cannot be overemphasized. Accura- 
cies as high as +0.0005 in. in cam profile are often necessary. 
Surface irregularities present a significant factor in any cam- 
follower-vibration discussion. 

Furthermore, the two significant related factors, cam speed 
and natural frequency of the cam-follower linkage, may vary dur- 
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ing operation: (a) The forced vibrations which depend upon the 
cam speed vary slightly with the prime mover. For example, 
electrical equipment is affected by voltage variations under in- 
dustrial conditions. (6) The natural frequency of a machine is 
not exact, being affected by radial clearance in bearings, frictional 
resistance of metals in contact and lubricant, changes in load 
handled by the machine, dynamic oil-film effect, and the bowing 
of columns, in addition to the flexibilities and masses of a system. 
Thus it may vary slightly during operation. 

Although damping was neglected, refined investigation necessi- 
tates its direct inclusion in the quations. We know that damp- 
ing in most cam-follower assemblies may be between 10 and 25 
per cent of critical damping. = 
Authors’ Closure 


Much of the discussion is concerned with practical considera- 
tions which cannot always be neglected in a specific design ap- 
plication. The authors are aware of these. In fact, the existence 
of important factors other than theoretical cam contour was 
acknowledged in the opening statement of the introduction of the 
paper. R. C. Johnson expresses the authors’ feelings on this 
matter when he states, ‘“. . . it is desirable practice to study 
thoroughly the isolated effects of a single factor.’’ In this in- 
stance theoretical cam form was the single factor. 

The remarks by P. Barkan concerning the use of a Fourier 
analysis for determining the resonance potential of various cams 
indicate that the portion of the paper dealing with resonant tend- 
encies should be amplified. It should be pointed out that for the 
dwell-rise-dwell type of cams considered, the residual-stress- 
characteristic curves shown in Fig. 2 are generalized Fourier 
representations of the cams. From these curves the coefficients 
of the Fourier sine series expansions of the cam acceleration func- 
tions can be obtained for the basie cam without dwell, or for the 
cam with a dwell of any duration. The following simple equation 
is used for this purpose: 


b 
mC, f(1 + d) 
ay 


where 


fi +d) =n =1,2,3, 


Sr, = Sp corresponding tof = 


n 
l+d 
It is this particular property of the curves which makes it possible 
to use them for predicting resonant tendencies. To the authors’ 
knowledge, no one previously has pointed out the relation ex- 
pressed in this equation. Further, knowledge of this relation 
could save countless hours of computation in applications where a 
Fourier analysis of the cam is necessary. 

The authors concur in the opinion of R. C. Johnson, who sug- 
gests that Sp might more appropriately be called the residual- 
force factor. 

C. N. Neklutin suggests that it would be desirable to provide 
additional information for each of the cam forms. The authors 
agree and have information on C,, C,, and the cam rise for each 
acceleration diagram studied. This information was not included 
in the paper in the interest of brevity, but will be supplied on re- 
quest to anyone who wants it. 

G. A. Nothmann correctly observes that the stress build-up fac- 
tor Sz is not directly applicable to the dwell-rise-return-dwell 
type of cams. This is also the essence of some remarks by W. D. 
Cram. It is anticipated that current and future work will extend 
the methods of this paper to other types of cams. 

The computations for this study could have been performed 
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quite satisfactorily on analog eudiement, on G. A. Nothmann sug- 
gests. The main reason for using digital methods was the availa- 
bility of digital computing facilities. 

It is very difficult to make unqualified comparisons between 
analog and digital methods because of differences among com- 
puters of the same type. As an example, the two digital facilities 
used for this study had calculation times which differed by a fac- 
tor of fifteen. However, some qualitative comparisons of digital 
and analog methods can be made based on experience. In gen- 
eral, the analog computer is less expensive, can be used with less 
formal training, and requires less problem preparation time. The 
digital computer performs the calculations faster and is more 
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accurate. Asa result, there is some critical number of calcula- 
tions of the type performed in this study below which the analog 
computer is less time consuming and above which time is saved 
by using the digital computer. 

An analysis of the steady-state solition for repeated, periodic 
cam strokes, as suggested by H. Rothbart, is planned. It is felt 
that analog computation methods are more desirable for this pur- 
pose. A suitable function generator based on the photo-former 
principle has been constructed and will be used for this purpose. 

Finally, the authors are grateful for the interest shown in their 
work and thank the discussers for their criticism, suggestions, and 
encouragement. 
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On the Art of Designing 
Foundations 


By W. F. SWIGER,! BOSTON, MASS. 


The designer of foundations for vibrating machines, such as 
compressors, must consider several related fields. The be- 
havior of soil under static and vibrational loads and the magni- 
tude and effects of soil distortions must be evaluated. Means of 
limiting vibration and the possibilities of deterioration or distor- 
tion of the actual foundation must be considered. This paper 
summarizes the relationship of present thinking and recent 
studies in the various fields to compressor foundations. 


Introduction 


Over the years a number of rough rules of thumb have been 
developed and used for designing compressor foundations. It is 
perhaps time that the theories of soil mechanics which establish 
the behavior and distortions of soil under static and vibrational 
loads, and studies on deterioration and distortion of concrete be 
summarized in the hope that a more rational basis for the design 
of compressor foundations may be evolved. 

Foundations for compressors must perform several functions. 
Among these are: 

Support the machine without distortion which could cause 
damage by cracking or misalignment. 

Limit settlements to acceptable amounts in order to prevent 
damage to piping or structures. 

Limit vibration to acceptable amounts. 

While it is customary to think of the foundation in terms of the 
structural mat or support which is constructed for the machine, 
the soil upon v bich this rests is equally important and frequently 
more difficult to deal with. 


Soil Classification 


Soils may be classified into two large groups. The first group is 
composed of the noncohesive materials. These generally have a 
single grain structure in which the individual soil grains are in 
direct contact with each other. Typical of this class are sands 
and gravels having the general structural arrangement shown in 
Fig. 1. The second group is made up of the cohesive soils which 
usually have complex structures. These may be of either sedi- 
mentary origin or result from long weathering of the present ma- 
terial. When of sedimentary origin their structures show floc- 
culation of the soil particles into loose honeycombs during depo- 
sition. This flocculent or honeycomb structure is typical of that 
found in many clays. 

Graphically illustrating the differences in these structures is the 
range in porosity found in different soils. The percentage of pore 
volume in sands usually ranges from about 30 per cent for very 
dense to about 45 per cent for very loose sands. Pore space in 
cohesive soils may range from below 20 per cent to as much as 95 
per cent, i.e., soils in which only 5 per cent of the mass is solids. 

Single-grain-structure soils may sange from very dense soils, in 
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NON-COHESIVE SOILS 


COMPLEX 


Fig. 1 Structure of various types of soils 


which the individual sand grains or gravel are tightly packed to- 
gether, to quite loose structures with relatively large voids formed 
by arching of the grains. Settlement of a load imposed upon 
a dense sand structure results almost entirely from elastic distor- 
tion of the soil grains. This is small and consequently settle- 
ments of foundations on dense sand are small. With loose sand, 
the shearing forces and distortions caused by a load destroy some 
of the arches, permitting volume change in the soil mass, and, 
consequently, the settlements of foundations on loose sands 
are several times those of densesands. ; 


Vibration and Soil Settlement 


Vibration is even more effective in breaking down the soil 
arches of loose sand than are static loads, and loose sands, when 
subject to vibrations such as those created by compressors, can 
settle materially. Fig. 2 shows the observed settlements of a 
large compressor plant, Plant 1, founded on fine, loose sand. 
This plant, located in California and consisting of 10 units, serves 
a large transcontinental gas line. Ground-water level is within 
about 5 ft of the surface. Vibration from the compressors could 
be felt as much as 300 ft away. As indicated by the slope of the 
settlement curve, this plant is approaching equilibrium, about 
seven years after construction. 

Logically, the designer, in studying a new site, must evaluate 
both the probability of troublesome settlement from compaction 
of sand by vibration and what corrective or preventive measures 
are feasible. 

Sands in nature generally range from medium loose to medium 
dense, and almost any natural sand will be compacted by vibra- 
tion. Further, since in most formations there are variations in 
density, this settlement will not be uniform. The magnitude of 
settlement and, to some extent, its rate will be determined by its 
initial density. Dense sands will settle much less and much more 
slowly than will loose sands. 

Another factor in the rate of settlement of sand under vibration 
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Fig. 2 Settlements of compressor plants founded on sand, plant 
No. 1 on loose sand, plant No. 2 on compacted sand 


is the relationship between the foundation and the ground-water 
level. Sands far above ground-water level generally have films 
of moisture surrounding the individual grains which develop 
surface tension at points of contact between grains. The forces 
developed by surface tension are small, but the weight of any 
individual sand grain is also small and, usually, these forces are 
capable of holding the grains in position, which greatly reduces 
movement under vibration. Sands in which surface tension is 
absent. may be subject to rapid volume change with vibration. 
Such conditions include sand masses near or below ground water 
level where the pore spaces are filled png | with water and 
sands which are almost completely dry as, for example, the 
blow sands of desert regions. 

The most commonly employed method of initial investigation 
of foundation conditions is the dry-sample boring. In these, the 
number of blows of a 140-lb weight required to drive the sam- 
pling spoon 12 in. is most commonly used as a measure of the den- 
sity and strength of the soils in place. Generally, sands which 
require fewer than 15 blows in this so-called standard penetration 
test are considered to be in a loose condition. Sands requiring 
more than 15 blows are usually sufficiently dense to prevent 
excessive settlement from vibration. Looser sands require 
caution and the loosest materials may require protective meas- 
ures. In using this criterion, however, caution is desirable. 
The penetration test is dependable only when used with care on 
the part of the driller to ensure a square, fair blow. Also, even 
small amounts of gravel can cause misleading results. Ex- 
tremely loose deposits of gravel or sand and gravel are not com- 
mon. Possibly the high velocities of water from which gravels 
are deposited result in compaction of gravel masses. Occasionally, 
however, very loose gravel deposits may be encountered. Evi- 
dence, such as pile driving in the area or experience with other 
structures, especially where vibration is common, always should 
be gathered, if possible, as a guide to evaluating the foundation 
conditions. 


Penetration Test 


Compacting 

Loose deposits of granular soil can be compacted prior to con- 
struction. The two methods most commonly used are vibro- 
flotation and pile driving. Vibroflotation is a patented method. 
A large vibrator, rather similar in basic principles to a concrete 
vibrator, is inserted in the soil mass. At the same time, water 
jets located at the top and bottom of the vibrator flood the mass 
of soil being compacted. With this method, it is generally neces- 
sary to add additional sand as the work progresses to compensate 
for the reduction in volume of the soil mass. Piles of wood, con- 
crete, or sand have been used successfully both in this country 
and abroad. In constructing sand piles, a casing is driven into 
the ground, filled with sand and then the casing is withdrawn; 
the vibration from driving the pile and the displacement from the 
added mass of sand effectively compacting the soil. 

This method was used to compact the soil underlying a second 
compressor plant, Plant 2, located on the same site as the com- 
pressor plant referred to previously. On this site, sand piles 
having a 16-in. diameter were driven on a 4-ft by 5-ft spacing over 
the area of the proposed compressor building and to a distance 
of about 20 ft on either side. These piles varied in length from 
about 25 to 40 ft, since at these depths a denser stratum was 
encountered. The total volume of material added within the 
area of compaction was the equivalent of nearly 2 ft of soil if 
spread over the surface. Yet, despite this, the surface of the 
ground settled as much as 6 in. Settlement records of Plant 2, 
Fig. 2, show no significant settlement in the first 18 months of 
operation of the compressor plant erected over this compacted 
soil mass. 


Clay Soils 


Vibration has little effect upon clay soils but trouble with 
these soils may originate from other causes. As previously 
described, clay soils generally have a loose, honeycomb, or floccu- 
lent structure. The individual particles of a true clay soil are 
extremely small as are the pore spaces between them. When the 
surface of such soil is loaded, the structure of the soil will readjust 
to a denser state squeezing ond distorting the individual pore 
spaces. This distortion, however, can occur only as fast as the 
water contained within the pores is squeezed out. Because of 
their extremely fine-grained character, clays are of low permea- 
bility and this process is slow. Actually, many clays are much 
less permeable than good concrete. Consequently, structures 
founded on clay are subject to long-term settlements. The 
magnitude of settlement is dependent primarily upon the load 
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ig.3 Typical stress-volume relations for clay soils 


STRESS - VOLUME RELATION 
FROM TEST 7 


1707 
| 
© | 
§ 
| 
\ 
\ 
\ 
| 
m 


imposed and upon the previous stress history of the material. 
Fig. 3 shows a typical stress-volume curve for clay soils. It may 
be noted that for loads less than the amount to which it has pre- 
viously been loaded, point A on the curve, the distortion of the 
soil is small. Once this so-called preconsolidation load is ex- 
ceeded, however, the rate of settlement under additional loads 
becomes several times larger, usually the rate being about 3 to 5 
times greater. Preconsolidation of clays to values materially in 
excess of the weight of the existing overburden is common. At 
some locations overlying deposits, which have existed once, may 
have been eroded. In the northern portion of the country the ice 
of the continental glaciers may have overridden the area. More 
commonly, preconsolidation is caused by drying. The hardening 
and stiffening of clay as it dries, which is a familiar phenomenon, 
can preconsolidate clay soils effectively throughout the depth to 
which drying extends. 

For initial investigation, the standard penetration test may be 
used for judging whether a clay soil is so soft that excessive set- 
tlement should be anticipated. For the average compressor 
plant, soils requiring less than about six blows per foot of penetra- 
tion should be considered questionable. Additional information 
may be derived by comparing the natural moisture contents of the 
soil with the Atterberg limits (1).2- To depths of 50 ft or more, 
soils which have been consolidated only by the existing over- 
burden generally will have moisture contents slightly below the 
liquid limit. Soils which have been preconsolidated will have 
moisture contents significantly lower than the liquid limit and, 
frequently, approaching the plastic limit. Considerable settle- 
ment usually will occur if foundations are placed on soils with 
moisture contents above or near the liquid limit. 


Pili 

The most common method of avoiding settlements under 
these conditions is to carry foundations through the compressible 
strata to more stable underlying soils. Piles are most commonly 
used for this. The use of so-called friction piles, which are 
merely driven into a clay bed of uniform consistency, has little 
to recommend it. When, however, piles can reach appreciably 
stiffer soils, or when they can reach firm sands, they form an ex- 
cellent foundation. The basic principles of pile foundations are 
well known, and a number of good references, for example 
Chellis (2), are available. 

There are certain problems pertaining to compressor founda- 
tions which should be mentioned, however. We consider it 
preferable to use batter piles. These should be arranged in pairs 
opposing each other in a symmetrical arrangement, and a mini- 
mum of four is required for any compressor foundation. Ad- 
ditional batter piles should be used for large compressors. Since 
most compressors develop rather substantial horizontal couples, 
these batter piles should be arranged to prevent intersection of the 
lines of action near the center of gravity of the foundation. 
Otherwise, a rotational motion will develop. This motion oc- 
casionally is of appreciable magnitude and this may be quite an- 
noying. Tops of wood or steel piles should be carried at least 
18 in. into the compressor mat. Concrete piles should be rein- 
forced and the reinforcement extended into the compressor mat a 
sufficient distance to provide anchorage. 

Occasionally, development of sites underlain by soft clay will 
require the placement of substantial quantities of fill. Since the 
clay will be consolidated, i.e., compressed under the weight of 
this fill, the batter piles would be bent as shown in Fig. 4. Batter 
piles driven through soft clays heavily loaded by fill in this man- 
ner may be subject to excessive bending as the clay consolidates, 
breaking them free of the compressor mat or breaking the piles. 


2? Numbers in parentheses refer to the Bibliography at the end of 


the paper. Aull 
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Fig. 4 Distortion of batter piles in soft clay resulting from com- 
pression of clay by fil 


Batter piles should be emitted on sites underlain by soft soils 
which are to be or have recently been filled. The additional vi- 
bration of the compressor foundation, which will result from 
omitting the batter piles, may be accepted or the mass of the 
compressor foundation increased to reduce the vibration. 

In designing foundations under these conditions, it should be 
noted that the vertical piles, while not subject to these excessive 
bending stresses, will be loaded additionally by the consolidating 
clay soil in which they will be embedded since this soil will tend to 
hang up on the piles. This problem of negative friction must be 
given consideration in establishing pile loads and total number of 
piles to be installed (1, 2). 


Resonant Frequency Problem 


Vibration of compressors and their foundations is always an- 
noying when excessive and occasionally troublesome since it adds 
to maintenance and repair problems. It has been studied exten- 
sively over a great many years and the further these studies ex- 
tend the more complex it becomes. There is for any given system 
of soil, compressor, foundation, and direction of exciting force a 
resonant frequency, that is, a frequency which will excite maxi- 
mum amplitudes of vibration. In addition to this maximum re- 
sponse, excitation of this resonant frequency also will cause the 
maximum rate of settlement and, probably, maximum total 
settlement for compressors placed on sand. This resonant fre- 
quency is not constant and is not a function solely of the soil. 
It will change with time depending upon variations in ground- 
water level and will increase as the soil compacts. Present 
studies (3, 4) based on constant soil conditions indicate that the 
frequency of a given superimposed mass-soil system will: 


1 Decrease with increasing mass of the foundation. 

2 Decrease with increasing size of the loaded area. 

3 Decrease with increasing unit soil pressure. 

4 Decrease as the unbalanced force is increased. 

5 Increase or decrease depending upon the shape of the 
loaded area. 

6 Increase or decrease depending upon the distribution of 
contact pressure between the structural foundation and the 
soil. (Generally, it will be found that concentrating the loading 
at the outside edges of the footing will give higher frequencies and 
lower amplitudes of vibration. ) 


Most investigations of foundation resonance have been directed 
toward vertical oscillations. Horizontal motions and rotational 
movements also can be excited. At the present time, there is no 
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practical method of analyzing a compressor-soil system during 
its design stages to determine whether resonant vibration may 
occur. While a few cases of resonant vibration have been re- 
ported in the literature, it seems to be a rather uncommon prob- 
lem which perhaps should be handled by corrective measures 
when it does develop, rather than by spending substantial sums 
on initial investigations. 


Determining Mass of Compressor Foundation 


In the absence of sound theoretical means of analysis, a num- 
ber of rules of thumb for establishing the mass of a compressor 
foundation have been developed. Many of these relate the total 
mass of the foundation to the mass of the compressor. Others 
relate the mass of the foundation to the mass of the moving parts. 
Making the foundation three to four times as heavy as the com- 
pressor or 15 to 20 times the weight of the moving parts is common 
practice. A method of analysis, which has been used by the 
author’s office for some vears with generally good results, may be 
developed as follows: 

It is assumed the disturbing force varies as a simple harmonic 


Then 


function. 


 F sin aot = Ma 


letting 


2z(rpm) 
60 


integrating twice with respect to time and letting 


siti 


66 8 


z=Oatt=0 
 #£=Oatt=0 


PRIMARY FORCE KIPS 


_ gF sin wt 


91Fg 
(rpm 


Tmax 
in which aie 
F = maximum value of disturbing force, Ib Cart 
rpm = frequency of disturbing force, cycles per min 
W = weight of machine and foundation, Ib 
K =a constant depending upon soil conditions. (It is as- 
sumed K = bearing value of soil expressed in tons per 
square foot. For pile foundations K is taken as 1.0.) 
g acceleration due to gravity = 386 in/sec? 
maximum displacement of machine from static position, 
in. 


Tmax 


In using this method of analysis, the foundation weight neces- 
sary to limit the displacement to 0.005 in. is usually selected. 
The method may be used to determine translational motion from 
either the primary vertical or horizontal force, whichever is larger. 
Generally, for multicylinder units if these are satisfied, motion 
from secondary and torsional forces will be within acceptable 
limits. However, a similar expression can be developed for de- 
termining the rotational movement which may occur with couples 
if these are exceptionally large or if rocking from horizontal pri- 
mary forces might be troublesome. 

This expression is not theoretically correct since the method of 
analysis and the constants selected are quite arbitrary. How- 
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ever, it allows for the effects of strong, stable soils in reducing 
movement and for the improvements which may be made by 
balancing machines to limit the unbalanced forces. 


Balancing Compressors 


Multicylinder compressors can be balanced to minimize par- 
ticularly objectionable unbalanced forces. Fig. 5 shows sche- 
matically a compressor with the various unbalanced forces which 
may be present. The bar graphs show for one specific type of 
compressor the relative magnitude of these various unbalanced 
forces for different systems of crank weights. Of these forces, the 
primary vertical and primary horizontal forces are usually the 
most troublesome. Primary vertical unbalanced forces cause 
vertical oscillation of the machine and its foundation. Primary 
horizontal unbalanced and primary vertical couples cause rock- 
ing of the compressor and its mat. The magnitude of rocking 
motion will vary inversely with the moment of inertia of the com- 
pressor and its foundation, and directly with increasing variations 
in soil pressure at the outside edges of the foundation. For con- 
stant total weight, the moment of inertia of the compressor mat 
varies approximately as the square of the width of the mat. 
Also, variations in soil pressure at the edges will vary inversely 
with the square of the width. Consequently, the wider the 
foundation mat the less the compressor will rock. 


PRIMARY COUPLE 
HORIZONTAL VERTICAL HORIZONTAL VERTICAL 
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Fig. 5 Typical diagrams of unbalanced forces acting upon com- 
pressors 


Arranging multiple-compressor installations on a continuous 
foundation mat with their crankshafts normal to the length of the 
mat will result in minimum vibration from horizontal imbalance. 
Advantage can be taken of the great stiffness of such a contin- 
uous compressor mat in resisting horizontal rocking to rebalance 
machines for minimum primary vertical imbalance. The width 
of the combined mat will prevent significant vibration from the 
increased horizontal imbalance. Using these principles, it is 
possible to design for minimum over-all vibration with minimum 
total mass in the foundation. In designing any compressor in- 
stallation, careful consideration should be given to the general 
principles outlined of arranging and balancing the units to obtain 
minimum vibrational amplitudes at maximum economy. 


Structural Foundation Considerations 


Discussion this far has centered around deformations and 
movements of the soil which support the compressor plant. 
Distortions of the structural foundation upon which the ma- 
chines are mounted occasionally can be troublesome as well. 
Most compressor foundations are constructed of concrete. Usu- 
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ally it will be found that requirements of mass will result in 
foundations of such thickness and over-all shape that the unit 
stresses are below normally accepted design stresses. At these 
low unit stresses, elastic deflections usually will be within ac- 
ceptable tolerances. 

Concrete Shrinkage. Concrete shrinks when drying. A foun- 
dation subjected to excessive drying at its upper surface, while 
the bottom is kept damp by soil, may warp severely. Long or 
extremely wide foundations should be checked for warping, es- 
pecially if site and climatic conditions are adverse. Concrete 
also is subject to deterioration from a number of causes. Freez- 
ing and thawing, impurities in mixing water or in the aggregates, 
unsound aggregates, and, particularly in the southwest, attack 
by sulfate ground waters are rather common occurrences. 

Alkali-Aggregate Deterioration. A more serious type of dete- 
rioration, the cause of which has only been determined in the past 
few years, is alkali-aggregate reaction. Deterioration results 
from the reaction of finely divided or amorphous silica with free 
alkali in the cement. These constituents react chemically to 
form complex silicates, which develop high osmotic pressures, 
thereby disrupting the concrete mass by internal pressure. 
The outward expression of this deterioration is generally a random 
cracking pattern. The structure moves and cracks as if it were 
swelling from the inside. This is precisely the case. The in- 
ternal growth may be large. Increases of '/2 per cent or more 
have been recorded. Thus, a compressor foundation about 30 ft 
across, suffering from these difficulties, could grow as much as 2 
or 3 in. The growth is frequently attended by cracking, distor- 
tion, and, occasionally, destruction of machinery which is mounted 
on or in the concrete mass. 

Trouble from internal growth has developed in a number of 
hydroelectric projects throughout the United States and, in sev- 
eral cases known to the auther, in compressor plants. Reactive 
aggregates include many of tue siliceous rocks, which have in the 
past been considered desirable concrete aggregates. Among these 
are glassy or cryptocrystalline rhyolites, dacites, and andesites 
as well as certain sandstones, phylites, and siliceous limestones 
(5). To date, the best method of prevention is to use aggregates 
known to be innocuous. Experience, however, has indicated that 
no case of deleterious reaction has occurred in any important 
structure where the alkali content of the cement was kept at less 
than 0.6 per cent, although in several of these structures highly 
reactive aggregates were used. Low-alkali cement should be 
used whenever a questionable or known reactive aggregate must 
be used. In the laboratory, deleterious reactions have occurred 
between reactive aggregates and cements containing as little as 
0.2 per cent of free alkali. Consequently, at this date, it is un- 
certain whether this commonly applied 0.6 per cent limitation 
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This, of course, is a relatively long-term test and is cumbersome 
and rarely used except on major projects. 

A short-time chemical test has been devised and is commonly 
accepted, although its discrimination and accuracy are probably 
not as high as the mortar-bar test. This test, ASTM C227, af- 
fords a quick check of the reactivity of aggregates and should be 
included with the common physica! tests in selecting aggregates. 
It is hoped that this paper to some extent will be of assistance 
in the design of foundations. 
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M. M. Cammen.’? The method of selecting the mass of a com- 
pressor foundation has many advantages; in particular, it is 
straightforward, and also the information required to apply it 
should be available to the foundation designer without expensive 
special testing. However, the method is clearly not universally 
applicable. On many modern compressors, the primary forces 
and couples are balanced completely, although there are un- 
balanced secondary forces. The author’s method, which uses 
the primary forces to size the foundation, would not apply to such 
units. Another limitation is that this method designs for a total 
amplitude of vibration of 0.010 in. This might be satisfactory 
for slow-speed compressors, but would certainly be objectionable 
for a 1000-rpm machine. If the author could tell the specific types. 
of compressor with which this design method had been used, it 
would be a very valuable guide in the use of the method. 

The author is certainly correct that there is no known way of 
predicting accurately foundation resonant frequencies in the ~~ 
sign stage. However, the papers of Newcomb‘ and of Holvenstot 
and Hagerman’ give much useful information on design methods 
which will help to avoid difficulties with resonant vibration. - 

There are only a few papers in the literature which provide 
much aid to the engineer faced with the design of a compressor _ 
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on free alkali will assure complete freedom from trouble with 
reactive aggregates. 

Testing for Reactivity. Reactivity of aggregates can be tested 
by several different methods. In the most accurate test, mortar 
bars are made of the suspected aggregate and a high-alkali ce- 
ment. These are stored under carefully controlled moisture con- 

_ ditions and observed for a period of 6 months or a year. Reac- 
tive aggregates under this test always will show excessive growth. 
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~The Boundary Layer on the End Wall 


of a Turbine Nozzle Cascade 


By YASUTOSHI SENOO,? FUKUOKA, JAPAN 


The boundary layer flow was experimentally studied on an 
end wall of a turbine-nozzle cascade and the following results 
were obtained. 1 The boundary layer was laminar at the 
throat of the nozzle, even when the upstream boundary layer 
was apparently turbulent. 2 The end-wall boundary layer in 
the nozzle was little affected by the upstream boundary layer. 
A theoretical consideration supports the results and also reveals 
that the part of secondary flow in the nozzle, which is related to 
the upstream boundary layer, depends upon the configuration of 
the nozzle. 3 The observed boundary layer behavior was com- 
pared with the predicted flow by a three-dimensional laminar 
boundary layer theory, and good agreement was obtained. 4 
The measurements showed the end-wall boundary layer rolling 
up at the suction-surface end-wall corner of the cascade. The 
mechanism of the rolling up is explained. 


Nomenclature 


a = velocity ratio at a downstream station, a = U/U5 
L = chord length of the blade 

static pressure 

radius of a logarithmic spiral 

Reynolds number Re = U,L/v 

Reynolds number based on throat width Re, = U,t/v 

throat width 

main-fow velocity at a downstream station 

boundary layer velocity, total or component 

upstream main-flow velocity 

= throat velocity 
cross-flow component velocity 
= distance from the end wall a 4 .t-.* Sad, 
ary 

flow vector and the main-flow vector 

boundary layer thickness 

displacement thickness of main-fiow component velocity of 
boundary layer 

vorticity component perpendicular to the main flow and 
parallel to the end wall 

turning angle, flow direction measured from direction of 


(5?/v) (dU/dz) 
viscosity 


kinematic viscosity 
vorticity component parallel to the main flow 
= density 


v 
p 


1 Extracted from Massachusetts Institute of Technology Gas 
Turbine Laboratory Report No. 35, September, 1956. 

? Assistant Professor, Research Institute for Applied Mechanics, 
Kyushu University. 

Contributed by the Hydraulic Divisien and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
14, 1957. Paper No. 57—A-172. 


l entrance of a nozzle vue 


2 = intermediate station of a nozzle 
3 = exit of a nozzle 


Subscripts 


Introduction 


Consideration of two-dimensional flow is believed to be suffi- 
ciently accurate for most turbine-nozzle design, because the end- 
wall* boundary layer appears to be very thin under a steep favora- 
ble pressure gradient. Stanitz, et al. [7],4and Hansen and Herzig 
[8] of the NACA have shown by the use of smoke and detailed 
flow measurements that the end-wall boundary layer rolls up in 
the suction-surface end-wall corner of a cascade, and postulated 
that the rolled-up core of low-energy fluid significantly affected 
the main flow. 

According to the literature [5, 6], the end effect of a turbine- 
nozzle has been investigated from a series of efficiency tests of 
a nozzle with different aspect ratios. Such a method is practical, 
but a detailed investigation of the end-wall boundary layer is 
necessary for further development of turbine nozzles of small 
aspect ratio. The present study is intended to produce a better 
fundamental understanding of the end-wall boundary layer. 

The end wall of a nozzle apparently decreases the efficiency of 
a turbine in two ways: (a) Through the stagnation pressure loss 
due to the shear force in the boundary layer, and (b) through the 
unfavorable effect of accumulated low-energy fluid on the suc- 
ceeding blade row. The latter belongs to the same category as 
the influence of blade wakes on the succeeding blade row, which 
is not yet thoroughly understood. Although the mechanism of 
accumulation of low-energy fluid is briefly involved in this study, 
the influence of the accumulated low-energy fluid on the suc- 
ceeding blade row is not considered. 

The experimental cascade consisted of four blades of thirteen- 


3 The “end wall’ corresponds to the casing wall of a turbine. 
« Numbers in brackets designate References at end of paper. 


Fig. 1 Cascade geometry and measuring stations 
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inch chord and sixteen-inch span, and it is connected to a low- 
speed® wind tunnel. The Reynolds number used in the experi- 
ment covers the Reynolds number range commonly encountered 
in low-pressure steam turbines and in gas turbines. The geome- 
try of the nozzle and the observation stations are shown in Fig. 
1. The velocity in the boundary layer was measured with a tiny 
two-hole direction probe and a tiny stagnation pressure probe 
which were connected to strain-gage type pressure-transducers. 


Character of End-Wall Boundary Layer 


According to a measurement of the end-wall boundary layer 
across the throat, the boundary layer seemed to be laminar even 
when the upstream boundary layer was turbulent. Transition 
from a turbulent boundary layer to a laminar boundary layer 
seems to be unusual. Therefore an extensive investigation was 
made to clarify the nature of the end-wall boundary layer. 


Velocity Fluctuation Measurement in Boundary Layer 


Four pairs of pictures in Fig. 2 show the fluctuation of flow 
measured with a hot-wire anemometer at four stations along the 
center line of the nozzle. In each pair of pictures, the upper one 
is the fluctuation in the main flow and the lower one is the fluctua- 
tion in the boundary at 0.02 in. from the end wall. Apparently, 
the fluctuation in the boundary layer is larger than that in the 
main flow at stations C and D. For A and B, the fluctuation in 
the boundary layer is hard to distinguish from that in the main 
flow. Comparing these pictures in Fig. 2 with those in the lami- 
nar and turbulent boundary layer at the blades, it is suspected 
that the end-wall boundary layer is laminar upstream of the 
throat and the boundary layer becomes turbulent downstream of 
the throat. 

A simple way to examine velocity fluctuation is to listen to the 
noise through a stethoscope which is connected with a stagna- 
tion probe. When the probe was moved on the end wall in the 
direction of the main-flow streamline, a clear border line was 
found near the throat, upstream of which the boundary layer 
was quiet and therefore presumed to be laminar, and downstream 
of which it was noisy and presumed to be turbulent. 

The rate of mass transfer was observed on the end wall. 


5 If a turbine-nozzle is properly designed, there should be no shock 
waves inside the nozzle at a high speed. Therefore the behavior at 
a high speed is understandable from experimental results at a low 
speed, with modification for compressibility 


The 


result revealed that the border line detected by the foregoing two 
methods was a transition line from a laminar boundary layer to 
a turbulent boundary layer. 


Velocity Profile 


When the upstream turbulent end-wall boundary layer was 
removed through a slot in front of the cascade, the boundary 
layer at station 1 was revealed to be laminar. That is, as the 
main-flow velocity was changed in four steps, the boundary layer 
thickness at station 1 varied following the laminar affinity law 
and the velocity profile coincided with Pohlhausen’s velocity 
profile [10} of X = 5.00. For the estimation of \ the measured 
boundary layer thickness was used together with an estimated 
velocity gradient at this point. When the upstream boundary 
layer was not removed, the measured velocity profile at station 1 
had the characteristics of a turbulent boundary layer with a 
laminar sublayer. 

With a laminar boundary layer approaching the cascade (at 
station 1), the free-stream velocity was changed in four steps. 
The measured direction and magnitude of velocity at station 5 
are plotted in Fig. 3, where the abscissa is, according to the 
laminar affinity law, the distance from the wall times the square 
root of the Reynolds number. Although all points are not on 
a single curve, the scattering is the order of inaccuracy of the 
Therefore it is concluded that the boundary layer 
at station 5 is laminar. It is natural that the boundary 
layer is laminar at this station because the upstream bound- 
ary layer is laminar, the flow is steeply accelerated all the way 
through, and the observed local Reynolds number (U6*/v < 600) 
is less than the critical value* of two-dimensional laminar bound- 
ary layer. It is interesting to observe in Fig. 3 that the main- 
flow component of the velocity profile is similar to a two dimen- 
sional laminar boundary layer velocity profile, e.g., Hartree’s 
profile for a stagnation point flow. 

The velocity profile of the boundary layer at station 5 was 
also measured with 2-in-thick upstream turbulent boundary 
layer. The magnitude and direction of the total velocity are 
shown in Fig. 4. Although the direction of the flow for this case 
is slightly different from that with an upstream laminar boundary 
layer, the magnitude of the velocity at a given distance from the 
wall is almost identical for these two cases. An extensive com- 
parison of these two cases will be made in the following section 
We may conclude now, however, that the boundary layer at 
station 5 with a thick upstream turbulent boundary layer is the 
same kind of flow as the boundary layer with an upstream lami- 
nar boundary layer. 


measurement. 


Influence of Upstream Boundary Layer 


It is well known that, for a compressor cascade, the upstream 
wall boundary layer has a significant influence on the downstream 
flow pattern and the efficiency of the cascade. For a turbine- 
nozzle cascade, however, the effect of the upstream boundary 
layer on the downstream flow has not been clarified. 


Theoretical Consideration 


It is usual to assume that the fluid is ideal and the upstream 


6 It should be said that the cascade Reynolds number was 8 X 104 
< Re = U.L/v < 78 X 10° where U; is the throat velocity and L is 


the chord length, or 1.02 K 104 < Re; < 9.9 X 104 where Re; is 
based on the throat width. The Reynolds number based on the 
local velocity and the displacement thickness of the end-wall bound- 
ary layer was between 150 and 500 which was less than the critical 
Reynolds number for transition. When high-pressure steam is used 
as the working medium it is doubtful if the end-wall boundary layer 
would be laminar, because the kinematic viscosity is much smaller 
than that of air. However, the Reynolds number used in the experi- 
ment covers the Reynolds number range commonly encountered in 
low-pressure steam turbines and in gas turbines. 
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Fig. 3 Boundary layer fiow at station 5 with upstream laminar 
boundary layer 
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boundary layer is represented by vortex sheets. This assumption 
may be good for a compressor cascade, but is not good for a 
turbine-nozzle cascade because in a turbine-nozzle cascade the 
velocity in the nozzle is several times the upstream velocity, and 
the new boundary layer which is created in the nozzle is the 
dominant factor controlling the friction force on the nozzle and 
the downstream flow configuration. One practical approach for 
a nozzle is to separate the boundary layer into two parts, one of 
which is the thick upstream boundary layer and the other is the 
newly created thin boundary layer inside the nozzle, and then 
to treat them separately. The flow in the nozzle due to the 
upstream boundary layer is theoretically considered in this sec- 
tion. 

When the flow changes the direction, the vorticity [,, which is 
parallel to the end wall and perpendicular to the upstream main 
flow, changes direction relative to the main flow; and the induced 
component of vorticity parallel to the main flow, &, is propor- 
tional to the turning angle 8; i.e., & = 26,0 [12, 13, 14). When 
fluid is accelerated in a channel which decreases in width in the 
direction of flow, the intensity of vorticity perpendicular to the 
main flow, ¢, decreases considerably, while the intensity of 
vorticity parallel to streamline, £, increases (Appendix 1). Ina 
real nozzle, acceleration and turning of flow occur simultaneously 
and these two kinds of effects are combined in different ways 
depending upon the shape of the nozzle. In Fig. 5, two extreme 
models of nozzle with a velocity ratio and a turning angle are 
shown. In the nozzle (A), the fluid is turned first and then 
accelerated; whereas in the nozzle (B), fluid is accelerated first 
and then turned. 

The flow through nozzle (A) is considered first. When the 
flow turns through the angle 6, the vorticity component ¢, does 
not remain so directed. The two new components ¢ and &’2 are 
related to [, by the coefficients 


= m and = n 20 


At this station, the vorticity component parallel to the stream is 

& = & + & and normal to the stream is f2. In the converging 

and f, 


the streamline as shown in Appendix 1; namely, if the main-flow 
velocity ratio is denoted by a, these values in downstream 


flow are given as follows: 
a Eidy + an f, fidy. .(1a) 


part of nozzle (A), f:dy change value along 


where 6, and 6; are the upstream and downstream boundary 
layer thicknesses, and 63/6, is smaller than unity for accelerated 
flow. 

The flow through nozzle (B) is as follows: When the velocity 
is increased by ratio a, the two components of vorticity & and 


are 
52 
0 0 0 2 


When the flow turns through an angle 0, the two component 
vorticities are 


-af 


< 
Sidy... . (1b) 
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where 6; = 62. 
Equations (2a) and (2b) are identical; that is, ¢; is the same 
for both nozzles. However, Eeustion (la) is different from 


Equation (10). 


For nozzle (A), . §,dy, the downstream cross- 


flow, increases due to the acceleration by factor of a. Contrarily, 


for nozzle (B), decreases by factor of 6;/ad, < 1/a. In 


other words, the influence of the upstream boundary layer is 
magnified by acceleration for nozzle (A) and the influence is 
depressed by acceleration for nozzle (B). 

In order to depress the secondary flow due to the upstream 
boundary layer, nozzle (B) is the most desirable shape. How- 
ever, this does not necessarily mean that nozzle (B) is the best 
nozzle. By a glance at Fig. 5 it is clear that high-speed passage 
is much longer for nozzle (B) than for nozzle (A). A long, high- 
speed passage obviously increases the friction loss on the wall. 
The disadvantage is not limited to the friction force. When the 
upstream flow is accelerated and the upstream vorticity com- 
ponent £ decreases, a new vorticity component £’ is created so 
‘ that the velocity is zero on the wall. When the fluid turns after 
the acceleration, the new vorticity component ¢’ may induce a 
large crossflow and a severe three-dimensional flow may occur 
downstream. Since viscosity plays an important role in the 
flow near the wall, it is not proper to apply inviscid vortex-sheet 
theory and to make such a simple conclusion. An extended 
study of the boundary layer flow near the end wall is explained 
later. 

However, it is proper to say that the upstream boundary layer 
considerably affects the downstream flow if the nozzle is shaped 
to turn first and then converge like nozzle (A); and that the 
upstream boundary layer affects the downstream flow much less 
if the nozzle is shaped to converge first and then turn, like nozzle 
(B). As a matter of fact, it is impossible geometrically to make 
a cascade with thin trailing edges like nozzle (A) because the 
turning is not independent of converging. Fig. 6 shows the rela- 
tionship between turning and converging for several nozzles. 
Curves A and B represent nozzles (A) and (B), respectively; 
curve C represents a cascade made of thin plates; that is, this is 
the extreme for a cascade with nozzles shaped to turn first and 
then converge. Curve D is the relationship for the cascade under 
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consideration. Since curve D is fairly close to the curve B, it 
can be expected that the upstream boundary layer flow should 
not have a significant influence on the downstream flow. 


Experimental Evidence of Influence of Upstream Boundary Layer 


The boundary layer was measured along the center line of the 
channel, both with a laminar and a turbulent upstream boundary 
layer. In Fig. 7, the curves on the left side are the same curves 
as the ones on the right side but are shown on a large seale. The 
upper curves show the magnitude of velocity and the lower 
curves show the turning angle from the upstream direction of the 
flow. The thick full and dotted lines are the observed velocity 
profiles with laminar and turbulent upstream boundary layers, 
respectively. Calculations using Bernoulli’s equation and the 
continuity equation, assuming after station 1 no friction any- 
where in the boundary layer and no crossflow, give the velocity 
profiles at the downstream stations, shown by the fine full and 
broken lines. 

The difference of the velocity between the fine curve and the 
heavy curve is mostly due to wall friction and partly due to cross- 
flow. Since the difference between the calculated ideal and real 
velocities is almost identical near the wall for both laminar and 
turbulent upstream boundary layer, it is suspected that the 
mechanism of stagnation-pressure dissipation near the wall is 
the same for these two cases; i.e., it is laminar friction. When 
the turbulent upstream boundary layer exists, the real velocity 
is slightly smaller than the calculated velocity at a distance from 

= 0.5toy = 1.0in. This is probably due to turbulent friction 
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which does not exist in the case of a laminar upstream boundary 
layer. At station 5 the real velocity is larger than the calculated 
velocity at a certain distance from the wall. This may be due 
to the complex character of the boundary layer in the end-wall 
suction-surface corner. These observed velocity distributions 
show that the velocity defect at downstream stations is mostly 
due to laminar friction and that the upstream boundary layer 
condition, whether it is laminar or turbulent, does not greatly 
affect the velocity defect. 

The turning-angle data in Fig. 7 show that at downstream 
stations the crossflow or overturning zone spread in a thick layer 
when the upstream boundary layer was turbulent and_ thick, 
while the crossflow concentrated in a thin layer when the up- 
stream boundary layer was laminar and thin. It is also recognized 
in the figure that the maximum overturning angle on the wall is 
almost identical for the two upstream conditions. The simple 
vortex sheet theory is sufficient to explain this downstream 
behavior [4]. 


Comparison With Theory 


An approximate theory for the three-dimensional laminar 
boundary layer, reported in a companion paper [3], was developed 
as a part of this research. For a comparison of the experimental 
result of the present cascade with the theory, the cascade was 
approximated by a pair of logarithmic spiral lines. In Fig. 8 
the thick full lines show the real channel shape and the thick 
broken lines show a pair of logarithmic spirals of spiral angle 
+ = 45 deg. The fine full lines across the channel are constant 
density (or pressure) lines observed by interferogram [2], and 
the fine dotted lines are constant pressure lines for the logarithmic 
spiral flow. While the pressure fields do not conform exactly, 
the correspondence is sufficient to give significant results from 
the theory. 


Velocity Distribution in Boundary Layer 


The theoretically computed velocity distribution in the bound- 
ary layer for the logarithmic spiral passage was compared with 
the observed velocity distribution in the cascade for the case 
with upstream laminar boundary layer. The experiment was 
done for the condition that the main-flow velocity at station 4 
(or 9) was 31.0 fps (the throat velocity was 49.4 fps) and the 
theoretical velocity distribution was computed for this condition. 

According to the three-dimensional theory, the velocity profile 
is similar along the center line of the nozzle; that is, the main- 
flow component u/U and the cross-flow component w/U when 
plotted against (y/r) (Ur/v)'? produce, respectively, identical 
curves at all stations along the center line.’ The theoretical 
velocity profiles in the main-flow and cross-flow components are 
shown in Fig. 9 by full lines; experimental values at station 3 
by white circles, values at station 4 by triangular points, and 
values at station 5 by black circles. The disagreement between 
the experimental values and the theoretical curves is of the same 
order as the disagreement between the experimental values at 
different stations. This is partly due to the difference between 
the real nozzle shape and the assumec logarithmic spirals. 

The theoretically predicted velocity distribution at stations 6, 
7, 8, 9, 10, and 11 is shown in Fig. 10(a) and the observed distri- 
bution is shown in Fig. 10(6), where real distance from the wall 
is used as the abscissa. The observed boundary layer at station 
11 was presumably obstructed by the inner wall of the passage 
which was not considered in the theory. This effect will be con- 
sidered again in the next section. The effect of the outer wall of 


7 Where U is the local main-flow velocity, u and w are the main- 
flow and cross-flow component velocities in the boundary layer, r is 
the distance of a station from the center of the logarithmic spiral, and 
y is the distance from the end wall. 
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Fig. 9 Boundary layer velocity distribution along center line of 
nozzle (y is given in inches) 


the passage was taken into consideration in the theory by the 
assumption that the boundary layer thickness on the end wall 
was zero along the outer corner of the passage. The interfero- 
gram inserted in Fig. 10 shows that the boundary layer en the 
pressure surface of the blade (outer wall) is very thick and 
turbulent and that station 6 is inside or very close to the layer. 
Consequently, the real effect of the outer wall is quite different 
from the theoretically assumed condition. The effect may be 
partly responsible for the discrepancy between the experimental 
and theoretical crossflow as well as the peculiar velocity profile 
observed at station 6. 


Boundary Layer Displacement Thickness and Friction Force 


The wall friction force was estimated experimentally from 
velocity gradient at the wall, which was extrapolated from the 
observed velocity distribution in the boundary layer. The 
details of the method are explained in Appendix 2; the uncer- 
tainty was about 5 per cent. In Fig. 11(a@), the abscissa is the 
location along the center line and the ordinate is the friction 
force. The black circles are the experimental values. The 
dotted line, which connects the white circles, shows the values 
predicted by the three-dimensional laminar boundary layer 
theory based on the logarithmic spiral flow. Since a pair of 
logarithmic lines are similar to the shape of the nozzle only for a 
limited range, from station 3 to 5, the application of the theory is 
also limited to this range. The fine line is the friction force 
predicted by a two-dimensional laminar boundary layer theory, 
i.e., Walz’s method [11], utilizing the observed pressure distribu- 
tion along the center line. 

Concerning the main-flow component of friction, predictions 
of both the two-dimensional theory and the three-dimensional 
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theory agree with the experimental value. However, it is sus- 
pected that the agreement of the prediction of the two-dimen- 
sional theory is fortuitous. A converging flow makes the bound- 
ary layer thicker than the two-dimensional flow with the same 
pressure distribution because thé upstream boundary layer fluid 
accumulates in the narrower width downstream, while the cross- 
flow due to turning of the main flow makes the boundary layer 
thin because the crossflow sweeps the boundary layer fluid away 
toward the center of curvature. Since the nozzle flow was a com- 
bination of converging flow and curved flow these two effects may 
cancel each other giving a resultant friction force close to the 
simple two-dimensional theory prediction. 

The crossflow-component friction force is not predicted, of 
course, by a two-dimensional theory. The three-dimensional 
theory prediction for the crossflow-component friction force 
agrees well with the observed value at stations 3 and 4. The 
disagreement of the theory with the experiment at station 5 is 
partly attributed to the discrepancy between the assumed and 
actual pressure distributions. 

The displacement thickness of the boundary layer and the 
overturning angle at the wall are shown in Fig. 11(b). The pre- 
dicted boundary layer displacement thickness by the two-dimen- 
sional theory is again very close to that of the three-dimensional 
theory. The agreement of both theories with the observed 
values for the thickness is not as good as that for the friction 
force. The discrepancy is largest at station 4. This is mainly 
attributed to the very peculiar velocity profile at the station, 
which is unlike that of neighboring stations. oe 
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Fig. 11 Variation of boundary layer along center line of nozzle 
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The overturning angle at the wall was computed as the arc- 
tangent of the ratio of the crossflow-component friction force to 
the main-flow component friction force; the experimental and 
theoretical values are shown in Fig. 11(b) as black and white 
circles, respectively. Also, this angle was measured directly on 
the carbon-black-trace picture and plotted in the figure as the 
triangular points. At station 3, since the velocity was low, the 
carbon-black did not show the direction of the friction force. 
The disagreement of the theoretical prediction with the experi- 
mental curve is again partly attributed to the discrepancy of the 
pressure distributions. 

The displacement thickness, wall-friction force, and over- 
turning angle across the nozzle were computed from Fig. 10 and 
plotted on Fig. 12. As explained before, since the end effect of 
both blades is not properly accounted for in the theory, the 
agreement of the theory and the experiment is not perfect. 


Boundary Layer Accumulation 


The boundary layer measurement on the center line of the 
nozzle shows that the influence of the end wall is limited to a thin 
layer—less than '/2 of the throat width. However, in fig. 4 of 
{1], which shows a stagnation-pressure survey behind the cas- 
cade, a large area of low-energy fluid is recognized at a compara- 
tively large distance from the end wall—a distance of about the 
same order as the throat width. This low energy fluid must be 
the accumulation of boundary layer swept by crossflow off the 
end wall all the way through the nozzle. A theoretical model of 
the mechanism of the piling up is proposed [4]. In this model 
the action of the crossflow in the end wall of the nozzle-passage 
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is simulated by a series of vortex sheets parallel to the end wall | Measurement stations 

and composed of secondary vortex filaments parallel to the main _ 

flow. Any one of these sheets near the wall is convected, by the 
induced action of itself, of the others, and of their mirror-images, 

so that it slides across the flow to, and out along, the suction | 

surface of the blade. The necessary bending of the sheet in the 
- corner causes a self-induced rolling-up motion similar to that of 
the trailing vortex of a finite wing. Since all the parallel sheets’ 
undergo similar action, at different rates, there results in the | 
corner a rolled-up bundle of vortex sheets. This theoretical 
model was verified to a certain extent by a water-tank model with 
a running belt to create a layer of vortex sheets. 

To verify the theoretical concepts, the direction of flow and 
the stagnation pressure distributions were measured along two 
spanwise lines near the inner corner of the nozzle. Fig. 13 shows 
a part of the result. It is seen in the figure that the direction of 
the flow oscillates several times on proceeding from the end wall = 
to the main flow. This shows that the secondary flow in the © 
corner is not a single vortex but a rolled-up vortex sheet as the 
theoretical model suggests. 

The three curves in Fig. 13 show the cases for three different | 
Reynolds numbers. Although the end-wall boundary layer flow 
follows the laminar affinity law, these three rolled vortex sheets > 
apparently do not follow the law. This is understandable since 
the theoretical rolling-up motion is based on the potential theory. 
Although no theory is developed yet for the relationship between 
the dimension of the rolled vortex sheet and the thickness of the ; 
vortex sheet, it is expected intuitively that a thin vortex sheet "= : 
should roll up to a smaller diameter than a thick vortex sheet of 
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the same total strength. The experimental result supports this 
opinion. Fig. 14 is the shape of vortex sheet predicted from the 
somewhat sparse direction and the stagnation-pressure measure- 
ments of Fig. 13. The similarity to the measured pattern of fig. 
4 in [1] should be noted. 

According to the model proposed, once the vortex sheets roll : 
up, the roll tends to increase its size even after the supply to the © 
roll of vortex sheets is interrupted. Therefore it is expected that 7 
the accumulated low energy fluid in the corner of the nozzle _ 
should spread to occupy a larger region even after the main flow 
completes its turning. The white triangular zone in Fig. 15 is 
suspected to be the trace of the rolled-up fluid; the downstream 
expansion of this zone lends support to this statement. 7 

7 Fig. 15 Carbon-black trace on blade- 


The white zone in the carbon-black trace corresponds to a high | 
friction-foree region, where carbon-black suspended in oil is 
swept away quickly and becomes thin. Since a three-dimen- _ 
sional laminar boundary layer is thinner than the two-dimensional 
laminar boundary layer for the same main-flow condition, par- — 
ticularly for an unfavorable pressure gradient, the roll of vortex 
+ 223 tis sheets also should be thin. Consequently, the blade surface and | 
< Seeaiale ' 7 _ the main flow are in close proximity to each other in the rolled- 

velocity up region, and a large friction force at the corner of the blade — 
: suction surface results. 
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Flow Coefficient 

For the design of a nozzle, estimation of the flow coefficient is 
important, which is the ratio of the effective area to the geometri- _ 
cal area at the nozzle-throat. The difference between the 
geometrical area and the effective area consists of three parts, 
(1) the displacement thickness of boundary layer at the blade 
surfaces, (2) the displacement thickness of boundary layer at the : 
Stotion 12. Distonce trom biode is O.2I2 inch end-walls, and (3) the displacement area of the accumulated low 
SS 4 6 etmek velocity fluid at the suction-surface end-wall corner. The 
Fig. 13 Flow configuration near blade-suction surface end-wall accumulation of the end-wall boundary layer affects the boundary 
—— layer on the blade surface to a certain extent, but as an approxi- 
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mation, the effect is neglected and the total displacement area is 
estimated as a simple summation of the three displacement 
areas. 

The flow coefficient of the nozzle was not experimentally esti- 
mated by the author, but he suspects that the theoretical pre- 
diction [3] is as reliable as the three-dimensional laminar bound- 
ary layer theory. According to the prediction, the equivalent 
displacement area of the accumulated low velocity fluid at the 
suction-surface end-wall corner is about 13 per cent of the dis- 
placement area at the end wall of the nozzle, and it should not 
be affected by the mechanism of the accumulation of low energy 
fluid, or by how tightly the vortex sheets are rolled up. 

According to fig. 4 of [1], the accumulated low velocity fluid 
occupies a large area and the displacement area seems more than 
13 per cent of the end-wall displacement area. Since the total 
pressure distribution was measured behind the cascade, a part of 
the end-wall boundary layer fluid rolled up while it flowed from 
the throat to the observation station. Therefore the figure 
shows larger displacement area of rolled-up fluid than that at the 
nozzle throat, where the flow coefficient should be estimated. 


Conclusions 


The boundary layer on the end wall of a turbine-nozzle cascade 
was studied experimentally, and an effort was made to explain 
the result with theoretical studies. The results obtained are as 
follows: 

1 Even when the upstream boundary layer was turbulent on 
the end wall, the boundary layer near the throat was laminar for 
the case studied. This is due to the steep favorable pressure 
gradient. 

2 The behavior of the end-wall boundary layer represented 
by vortex sheets was studied theoretically for the case where the 
main flow changed direction and was accelerated. The result 
shows that if the flow is accelerated first and then turns, the 
influence of the upstream boundary layer is not significant. 

3 The experiments show that an upstream turbulent bound- 
ary layer has a small effect, primarily on the cross-flow com- 
ponent of the boundary layer in the nozzle-passage. However, 
it has almost no effect on the boundar~ layer close to the end wall. 
Consequently, the friction force on vue wall is little affected by 
the upstream boundary layer in the case studied. 

4 A three-dimensional laminar boundary layer theory de- 
veloped in [3] was applied to the present case to predict the 
boundary layer flow on the end wall. Agreement between the 
theoretical prediction and the experiment was fairly good. 

5 In so far as the main-flow component is concerned, a two- 
dimensional laminar boundary layer theory predicted the fric- 
tion force and boundary-layer-displacement thickness just as 
correctly as did the three-dimensional theory. Theoretically 
speaking, this result appears fortuitous. However, this result 
may apply to many turbine nozzles if the relation between the 
rate of acceleration and the turning is not too different from the 
present nozzle. 

6 A hypothetical model was proposed for the accumulation 
of low-energy fluid at the inner passage-corner, the so-called 
“passage vortex.’’ According to the hypothesis, the accumula- 
tion is a rolling-up of the vortex sheets that flow off the end wall 
under the action of the crossflow. The rolling-up is due to the 
velocity induced upon itself by each vortex sheet. 

7 A method was proposed to evaluate experimentally the 
friction force on the wall, using the observed velocity distribution 
at a certain distance from the wall (Appendix 2). EET 
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APPENDIX 1 


Variation of Vorticity Configuration Through a 
Converging Channel 

a) Vortex Component Parallel to Streamline. A stream-tube is 
chosen so that one surface of the tube is close to the end wall and 
the opposite surface is outside the boundary layer. The remain- 
ing two surfaces are identical except for a displacement b parallel 
to the wall. It is assumed that the flow is semi-two-dimensional, 
i.e., the flow is identical transversally even when the width of 
the channel varies along the streamline. The circulation around 


é 
the tube is 2b f. §dy and it remains constant. When the width 


of the channel varies, the value 6 varies in proportion and conse- 
3 
quently f, €dy varies as the reciprocal of b, or as the velocity 


ratio of the main flow. 

b) Vortex Component Parallel to End-Wall and Perpendicular 
to Main-F low Streamline. A tube-shaped system parallel to the 
end wall and perpendicular to the main stream is considered; 
one surface of the tube is close to the end wall and the opposite 
surface is parallel to the end wall outside the boundary layer; 
the remaining two surfaces are identical except for a displace- 
ment J, in the main-flow direction. The cross-sectional area of 
the tube A; equals 6,/; where 6, is the boundary layer thickness 
and |, is the width of the parallel surface. 


: 


If the width of the channel changes to @ times the original 
width and the boundary layer varies semi-two-dimensionally, 
i.e., the flow is identical transversally, the cross section of the 
tube becomes Az = A/a. If the variation of the boundary 
layer along the streamline is not very radical, e.g., not near a 
separation point, the two surfaces originally parallel to the end 
wall are almost parallel, and the other two surfaces are nearly 
identical except for a displacement in the main-flow direction. 
Therefore the width of the parallel surface J, is approximately 
given by = = 1:6;/ad2, where 62 is the boundary layer 
thickness. Since the circulation around the tube-shaped system 
remains constant 


= 52 


APPENDIX 2 


Evaluation of Friction Force From Observed Velocity 
Distribution at a Distance From Wall 


The slope du/dy of the experimental velocity distribution is 
measured and is plotted on a graph against the distance y. How- 
ever, experimental data are not available, usually, within a dis- 
tance of 0.01 in. from the wall, because of the dimension of the 
probe and the fluid-dynamic virtual displacement of the measur- 
ing point away from the wall. 

The second derivative of the velocity on the wall is directly 
related to the pressure gradient u(d*u/dy?) = —(dp/dzr). Since 
the pressure gradient can be estimated by the measured pressure 
distribution in the channel, d?u/dy? is known on the wall. This 
value d?u/dy? = d(du/dy)/dy is drawn as the slope of the du/dy 
curve at the wall. 

The experimental curve du/dy versus y is extrapolated toward 
the wall so that the curve has known slope at the wall. The 
extended curve has to satisfy another requirement; i.e., the area 
underneath the curve at a given distance from the wall must be 
equal to the velocity at that distance from the wall. In the 
practical calculation, these requirements proved to be nicely 
satisfied by a smooth curve. 


Discussion 


Thomas R. Heaton.’ In this paper, the author has presented 
the results of his study of the boundary layer behavior in a par- 
ticular cascade. This study is for two-dimensional, incom- 
pressible flow, and the cascade was one in which the main part 
of the expansion process has occurred upstream of the blade 
passage itself. It is believed that in more conventionally 
shaped passages, in which the expansion process is kept inside the 
blade passage, the boundary layer behavior might be entirely 
different. In fact, it might be postulated that the turbulent 
boundary layer might be carried on through, and thus influence 
the flow throughout the blade passage. I am sure that this fact 
is recognized by the author. 

There are also other effects which the author might evaluate, 
and which I believe would also have a pronounced effect on the 
boundary layer flow. One of these is the compressibility effect, 
but, more important, the effect of the radial pressure gradient 
which is present in all turbine annular cascades. From pre- 


8 Senior Research Engineer, Allison Division, General Motors 
Corporation, Indianapolis, Ind. 


vious experience, it has been noted that the radial pressure 
gradient causes a displacement of the low energy air of the outer 
shroud boundary layer toward the hub. The effect of the 
displacement is to incur greater total losses than the mere thick- 
ness of the boundary layer itself. I believe an investigation of 
these effects would lead to a better understanding of the loss 
phenomena in turbine stators. 


Taijiro Kasai.’ As a member of the author’s university, the 
writer heartily appreciates the co-operation of the Gas Turbine 
Laboratory staff at M.I.T., who helped the author to accomplish 
the interesting work in a short time. 

For turbine design, the flow coefficient of a nozzle is an im- 
portant factor. For the estimation of flow coefficient, the 
accumulation of swept boundary layer must be considered. If 
the author were to show an example of flow coefficient as a 
function of turning angle, turbine designers would appreciate 
the results. 

The author verified, by a simple vortex sheet theory and an 
experiment, that the upstream boundary layer does not seriously 
influence the downstream crossflow provided the main flow is ac- 
celerated before it is turned. When the main flow is accelerated, 
however, a new boundary layer is created which will influence 
the downstream crossflow by the turning of the main flow. Is 
there any result or intention to compare the features of “turn 
and converge nozzle” and of “converge and turn nozzle’’? 

The writer has never heard of transition from a turbulent 
boundary layer to a laminar boundary layer. Is the transition 
due to the acceleration of main flow or due to the crossflow of 
boundary layer? If the author should investigate the cause of 
the transition, the results will be appreciated. 


Author’s Closure 


According to Professor Kasai’s suggestion the author theo- — 
retically estimated the displacement area of the accumulated 
boundary-layer fluid, and the results have been incorporated 
in this paper and the companion paper [3]. 

Concerning the backward transition from turbulent to laminar 
boundary-layer flow, Professor Kline showed a hypothesis for the 
mechanism in his discussion for the companion paper [3]. It isa 
pleasure for the author that a part of his experimental results 
will be used for understanding instability and transition of 
laminar flow. 

As Mr. Heaton has pointed out this experiment was done 
using a linear cascade instead of an annular one. 


the radial pressure gradient becomes significant for the flow be-— 
havior. It is known that the radial pressure gradient causes a dis-— 
placement of low energy air on the outer shroud toward the hub. 


provided the flow of low velocity fluid, i.e., the boundary layer — 
on the blades, the blade wakes, and the accumulated boundary _ 
layer fluid at the corner are understood. The redistributed low- 
velocity fluid may induce a severe loss on the succeeding rotor, 
but this kind of problem is left unsolved. It is the author's 
intention for the present study to take a step toward under- 
standing of end-wall boundary layer flow as a part of the total 


problem. 


* Professor of Mechanical Engineering, Kyushu University 


Fukuoka, Japan. 
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Three-Dimensional Laminar Boundary Layer 


By YASUTOSHI SENOO,? FUKUOKA, JAPAN 


= theory is developed for two families of three-dimensional 
laminar boundary layers; namely, for the boundary layer on the 
plane end wall of a concentric circular-arc channel having a par- 
ticular family of accelerated or decelerated main flows and for 
the boundary layer on the parallel plane end walls of a curved 
channel with logarithmic spiral side walls. A turbine nozzle was 
approximated by a channel with logarithmic spiral side walls for 
analysis, and the theoretical prediction of boundary layer on the 
end wall was compared with the experimental data with fair 
agreement across the nozzle and along the center line of the 
nozzle. 


Nomenclature 


62(0V /dz,,) 
62(0V 

n(l — )*/6 
ve/V 

f in the main flow 


= arbitrary constant, r; = e** 


k 
function of p, 6 = L(p) exp ( 


= function of p, V = M(p)e™* 
arbitrary constant, V = M(p)e"* 
dimensionless pressure 
typical length at 6 = 0 
dimensionless radius 
dimensionless typical radius at 6, r = rip (Fig. 1) 
= Reynolds number, Re = UpRo/v 
main flow component of dimensionless velocity = 
= typical velocity san 
dimensionless velocity just outside the boundary layer 
crossflow component of dimensionless velocity 
radial component of dimensionless velocity 
= tangential component of dimensionless velocity 
velocity component in z-direction is defined by Upw/+/ Re 
= dimensionless distance normal to the main-flow stream- 
line 
= dimensionless distance along the main-flow streamline 
distance from the wall is defined by Roz/+/Re - 
angular location in p, @, 7 co-ordinate systems a 
= angle of logarithmic spiral, tan 8 = k ; 
dimensionless boundary-layer thickness 
2/6 
angular location in r, 6, y co-ordinate systems 
unknown function of p 


2 


8 
3 
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Curved Channel With Acceleration 


= unknown function of p 


= kinematic viscosity 
= r/r,, ratio of a radius r to the typical radius at the same 
angular location 
= density of fluid 
v,/V 
¢ in main flow 
w/V 
= win main flow 


defined by ¥ = y(n, p) exp ( 


Introduction 


A few cases have been solved for three-dimensional laminar 
boundary layer. Sears and Cooke [1, 2]* have solved the bound- 
ary layer on yawed cylinders of infinite length. Since the main 
flow and the boundary conditions are uniform along the cylinder 
axis, the boundary layer is uniform along the axis too. This kind 
of flow was called “‘transferable across the main flow,”’ and the 
velocity component in the plane perpendicular to the axis is in- 
dependent of the axial velocity component, although the bound- 
ary layer flow is three-dimensional. A group of researchers [3, 4] 
has solved the boundary layer on flat plate with different kinds of 
curved main-flow streamlines. However, the theories are limited 
to transferable cases along the leading edge of the plate. In prac- 
tical cases, however, the crossflow is limited by the side walls of 
a channel, consequently the boundary layer is not transferable. 
Additionally, it was assumed in these theories that the flow was 
bent by body force instead of surface force (pressure). That is, 
the main-flow velocity increases or decreases in a constant pres- 
sure field. A few nontransferable cases have been solved [5, 6] 
with a linearized theory. However, the application of the theory 
is limited to a small turning or a small curvature of the main 
flow. 

The main difficulty of the three-dimensional laminar boundary- 
layer problem is that the equations are nonlinear partial differen- 
tial equations with three independent variables. If the flow is 
transferable or uniform across the main flow, one independent 
variable is eliminated from the equations. This is the case solved 
in references [1, 2,3, and 4]. If the flow is uniform along the main 
flow, another independent variable is eliminated [7]. In some 
special cases, by a suitable variation of the variables one (or two) 
of the new independent variables can be eliminated in the equations 
of motion. Such a flow is called “a similar flow in the direction (or 
directions) of the new independent variable (or variables).” The 
two kinds of uniform flow mentioned are special cases of similar 
flow. Although similar flow covers much wider flow condition 
than uniform flow does, the mathematical treatment of one is not 
different from that of the other. 

All the possible conditions of flow which is similar in two direc- 
tions are studied [11] which reveals that few practical cases be- 
long to the conditions. However, several realistic flow conditions 
are covered by similar flow in one direction which will be studied 
in this report. 


3 Numbers in brackets designate References at end of paper. _ 
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Similarity Conditions in a Polar Co-Ordinate System 


+ 
The analysis treated here is limited to steady, slabinbekiine: tn 


cases. In order to get dimensionless expressions, all the dimen- 
sions are related to the distance Ry of a typical point from the 
center and all the velocities are related to the main-stream velocity 
Up» at the typical point. Denoting a cylindrical co-ordinate sys- 
tem by Ror, 0, and Roz/+/Re, the three component velocities by 
Uove, and Re., the static pressure by poUop, we ob- 
tain the equations of motion in the boundary layer near a flat — 
plate z = 0 as follows: 


(1) 


New variables p, 7, a are introduced, which are defined by 


= 2/6, a=0 (4) 


where Ror, is the radial distance of a typical stream line from the 
center and is a function of 0; Rj/+/Re is the boundary-layer 
thickness and is a function of r and 6,‘ Fig. 1. The boundary- 
layer velocity components are related to the main-flow velocity 
just outside the boundary layer V by the relations 

(5) 


V, = vd, = Vf, w= Vy 


where f, and W are functions of p, and a. With the rela- 
tionship in Appendix 1, the equations (1), (2), and (3) are 


v9 ( ov 
op 


p=r/n, 


Vp 


4r; and 4 are arbitrary functions. The physical meanings of r; and 
8 will become clear later. For the convenience of understanding, the 
physical meanings are explained here in advance for the definition of 
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If these equations® are independent of a, we can handle them 


5 There are three original differential equations and four unknowns: 
o,f, ¥, and p. Since p is related to the main-flow velocity, there are 
virtually four equations to determine four unknowns. Since 4 is intro- 
duced in the equations by Equation (4), it looks like an additional 
unknown. However, 57 = zis an independent variable and 6 always 
appears with » at the present stage. Therefore 6 is not yet an 
unknown variable. 


— 1 Co-ordinate system 

If the velocity distribution at Station A is similar 
to the velocity distribution at Station Ao, r: and 4 are 
defined so that the corresponding points B at Sta- 
tion A and Bo at Station A» are identified with 
parameters p and 7; that is, the co-ordinates of 
Bo and B are expressed as follows: Bo (po, 0, dono), 
B(ripo, a, dno) where mr: is a function of a, 5 is a func- 
tion of a and p, andr; = 1,6 = & ata = 0. 
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without difficulty. As shown in Appendix 2, such cases result 
from the following conditions: hes 


= $(p, 
V = M(p)e™ 


f = f(e, 0) (9) 
- 
(i) 
(12) 


= pi(p)e?™* + p 


mn = ee 


5 = Liple (13) 


| 
= vile, noe (14) 


where k and m are constants; M(p), L(p), and p:(p) are arbitrary 
functions of p; $(p, 7), f(p, 7), and y¥(p, 7) are arbitrary func- 
tions of y and p. In order that the boundary-layer flow satisfies 
these relations, all the external conditions, e.g., the main flow and 
the boundary conditions, must satisfy these relations. If the 
main flow is irrotational, there is a relationship p + V?/2 = con- 
stant, which satisfies Equations (10) and (11). 


Main Flow 


If the main flow is similar in @-direction, the main flow must 
satisfy Equations (9), (10), (11), and (12), as well as Equations 
(6), (7), and (8). Since the main flow is assumed to be irrota- 
tional and quasi-two-dimensional, Equations (6), (7), and (8) are 
simplified by the irrotational condition and 0¢/0n = Of/dn = 0. 
Ia order to distinguish ¢, f, and W of the main flow from those of 
the boundary-layer flow, subscript 0 is used for those of the 
main flow. Substitution of Equations (9), (10), (11), and 
(12) into Equations (6), (7), and (8) makes 


Nf (ho? — fodok — 1) + (Mfo/p(dum — fo) 
+ M(dobo — fodok)} =O (15) 


(dofo? — kfo? + k) + (M/p)(hofe 
+ — m) + — kfo)} = 0 (16) 


= kf) + (M/p)(o + mfo)} 


+ M(do — kh) + Me™ — =0 (17) 


where dot of AM, do, and fy means the derivative with respect to p. 
We shall consider the case 


dfo/dp = doo/dp = 0 (18) 


and M = 1/p, M = —1/p*? = —M/p (19) 
Since Yo? is very small, 

go? + fo? = Go? + fo? + Yo? = 1 
Therefore Equations (15) and (16) become 


fodo(k + m) = Oand + m) = 0 


(20) 


That is, 
= O0ork+m=0 


Equation (17) becomes 
+ m) + Me™@ 
oz 


= 0 


Ifk +m =0, 


That is, the main flow is two-dimensional. 


— 


If go = 
(24) 


A side wall of a curved channel is a main streamline, and the 
side wall gives a boundary condition to the boundary layer on the 
end wall. Therefore a side wall, or a main streamline, must 
satisfy the Equation (12), that is, mn = e** isastreamline. Con- 
sequently, the first case m + k = 0 is a logarithmic spiral flow. 
The second case ¢ = 0 is a circular-are flow and r; should be con- 
stant, ork = 0. If m is positive the main flow is accelerated, and 
if m is negative the main flow is decelerated. Such flows are 
realized by a channel with concentric circular-are side walls, 
whose height varies along the length. 


Momentum Equations 

When the flow is independent of a, the velocity inside the 
boundary layer is a function of p and 7, and the equations of 
motion are a set of nonlinear simultaneous partial differential 
equations. One way to solve these equations is to use momen- 
tum equations assuming the velocity profile in a similar way to 
the Karman-Pohlhausen method for laminar boundary layer 
problems. 

If the main flow is irrotational and f, ¢, V, r., and 6 are ex- 
pressed by Equations (9), (10), (12), and (13), and the boundary 
conditions are @ = f = = Oat = Oand df/dn = d6/dn 
at 7 = 1, the integrated equations of Equations (6), (7), and (8) 
become as follows: 


f dn —M L 

2 

M? M 

ef (f? — = MM ( (25) 


1 ; 1 
M f dn — M* dn + 2MM 
o °° L 0 


1 2 2 j 
are + M L 
o 
— 2MMk 
0 


M? Mm M 


= —MMk + 


0 
1 mM 
fdn + — fdn =0 (27) 
0 p 0 


where dot of M and L means the derivative with respect to p. a 


Assumption of Velocity Distribution Inside the Boundary Layer 
For presentation of velocity distribution, the main-flow stream- 


1 2 l 
n dn + 2MM o*dn 
0 on J0 


au + 
om? 
0 
of 
L 1 dg M 1 1 of 
M — —d — — Mk —dn 
(21) ; 1 
po 


line co-ordinate system is used in this section. Uou and Uw are 
the main-flow and the cross-flow components of velocity, Rox,, and 
Rox; are the co-ordinates along the main-flow streamline and per- 
pendicular to the streamline. Since the main stream just outside 
the boundary layer is almost parallel to the end wall, the third co- 
ordinate is perpendicular to both the streamline and the end wall. 
Therefore z and defined by Equation (4) are chosen as the third 
co-ordinate. 

If a fourth-order polynomial of 7 is chosen for the expression of 
velocity distribution inside the boundary layer, the main-flow 
component wu and the cross-flow component v of velocity are 
u/V = 2n — + nt + An(l — 


v/V = Bnil — n)3/6 


(28) 
(29) 


These velocity distributions satisfy the boundary conditions 
u/V = 1,v/V = 0, d(u/V)/dn = d(v/V)/dn = 0, d?(u/V)/dy? = 
d?(v/V)/dyn? = Oat = 1, andu/V = = Oat = 0. Since 
the velocity is zero on the wall, the equations of motion become 
= —V oV/or,,, 

0°v/dz? = dp/dr, = —VOV/dzr, 


op/dr,, = 


aty = 7 =0 
Therefore 

= and B = 62(0V/dr,) (30) 
For the sake of simplicity of expression, E and F are used, where 
(31) 


(32) 


E = 2n — 
F = — 9)*/6 


The Karman-Pohlhausen method for two-dimensional laminar 
boundary layer problems shows that one unknown 6 or A is esti- 
mated by one momentum equation. Since there are two momen- 
tum equations for the present problem, two unknowns should be 
Therefore a term 


introduced. 
(33) 


is added to the crossflow direction or the direction of pressure 
gradient or some other direction depending upon the convenience 
[10], and 6 and C are the two unknowns to be decided by the two 
momentum equations, Although the new velocity distribution 
does not satisfy the wall condition any more, the assumption is 
acceptable for the approximate analysis. 
Circular-Arc Main Flow With Acceleration or Deceleration 
Equation (21) shows that a similar solution exists for a circular- 
arc main flow, or @ = 0. For a circular-are flow, r; is a constant 
and k = 0, therefore Equations (10), (11), (12), and (13) become 


L(p)e~™*/? 


\p—ma/2 


pie 
Substitution of these equations into Equations (25), (26), 
(27) gives 


3m =f foodn 


=0 (38) 


and 


* 
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m 3m 


p of 


f and ¢ are expressed by Equations (28) and (29), where A and 
B are estimated by Equations (30), (35), and (36). Conse- 
quently 


(L/p)?* (41) 


(42) 


f =E+mAF, where A= 
@ = CF = xAF, where « is a new unknown 


Substitution of (41), (42), and (40) into (38) and (39) makes 


dF 

+ 1.5mkA EFdn + ( ) — m*A? F°dn 
0 dn J0 

1 

— 2mA [ 

0 


1 1 1 
kA%mp + [ F*dn + F*dn 
/0 0 0 


1 1 
pxA(2kA + 2.5KA + 1.5m*xA? F*dn 
/ 0 


1 
EFdn — f E*dn+1=0 (43) 
0 


“Fay 


1 / 
rin) + «A ( EFdn 
0 0 
1 1 
+ f + (s | EFdn — 0.5 
0 0 


1 1 1 
+ ff E*dyn — osm Edn — m+ 
7 0 0 A 


LF 
+ ma (4 > 
dn 0 


The numerical values of the integral of FE and F are 


1 
f , Edn = 0.700000 ; f | Fdn = 0.008333 
A { 


1 1 
f = 0.582540 f, F'dn = 0.000110222 


1 
EFdn = 0.0046965 


0 


) = 2.000000 


Substitution of these values into Equations (43) and (44) gives 


d 
(—0,001819 + 0.0002755mA)pxA? — 0.0002755(m? + mx?) 


0 0 
2p 2p J0 f ” 
| 
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Rig. 2. Logarithmic spiral 


+ (0.0090950x? — 0.0153819m%x — 0.0180178m?*) A? 
+ (0.841738mxK + 1.508629m)A 


— 13.25317« — 20.6722 = 0 


(46) 


(0.001819 — 0.0002755m.A) px2A (dA /dp) 
+ (—0,0002204mx? — 0.0001653mx — 0,0001102m*) A+ 
+ (0.007276? — 0.0182566m%« — 0.005752m?)A? 
(0.55322 1mK + 0.727447m) A 
9.502111K — 13.781472 = 0 (47 


As the boundary conditions, it is assumed that the boundary 
layer thickness is zeroatp = 1. ThatisA = 0. A close examina- 
tion of Equations (46) and (47) at p = 1 discloses the value of xk = 
—1.55948 atp = 1. That is, the boundary conditions are 


A=0, x = —1.55948 atp = 1 (48) 


The simultaneous Equations (46) and (47) are numerically inte- 
grated with the boundary conditions of (48). The results are 
shown in Fig. 3. The abscissa is p and the ordinate is — x, and 


m 
pVA =L = be? x or the dimensionless boundary layer thick- 
Since V = (1/p)e™%, positive value of m means an ac- 
celerated main flow. 


ness. 
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If m is positive, the two Equations (46) and (47) become 
identical at a critical value of p. The critical value of p is 0.8836 
for m = 1.0 and the critical value is 0.7143 for m = 0.5. The 
calculation cannot be continued beyond these values. The 
author suspects that the critical condition has no physical sig- 
nificance. If the equations of motion are examined, there are 
enough conditions to specify the behavior of boundary layer near 
the critical point. However, in the present analysis, the equa- 
tions are simplified to two momentum equations. Since the 
equations are nonlinear differential equations, it is possible that 
the two equations become identical at particular values of the 
variables. 

The velocity distributions in the main-flow and cross-flow direc- 
tions are 


(49) 
(50) 


=f = (2n — 2n? + nt) + mAn(l — n)*/6 
kAn(1 — 9)*/6 

where A = (L/p)*, » = 2/6 

The dimensionless boundary layer thickness 4 is _ 

= - 


The real dimension of the boundary layer thickness is 
= (52) 
Logarithmic Spiral Main Flow 
Equation (21) shows that a similar solution exists for k + m = 
0. In this case, Equations (10), (12), (13), and (14) become 
V = M(pje~** = (1/p)e** 
n= eka 
If r; = e*@ is a streamline, the flow is obviously a logarithmic 


spiral flow and 
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Substitution of these equations into Equations (25), (26), and 


(27) gives 


i 
(58) 


1 1 
f p we f 
0 Pp 0 
2) 


1 of? 
k —d 
1 
-{ paint (59) 
0 


0 
dn — — —] 60) 
A new unknown y, which represents a combination of A, B, 
and C terms in Equations (28), (29), and (33), is introduced and 
f and ¢ are defined as follows: 


f =EcosB 
= Esin B + pAFP, where A = (L/p)? 


The velocity profile assumptions are substituted into Equations 
(58), (59), and (60); k and y are eliminated with the Equa- 
tions (57) and (60). Then, Equations (58) and (59) become as 
follows: 


1 1 
puA (sin B EFdn — sin Fdn + f rin) 
/0 0 0 


(61) 
(62) 
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Fdn 
+ (1 — E%dn)(1 — sin? 8) + sin? 8 f nEdn Ye 
0 


1 
+ pA sin B nF dn + (1/A){sin BE(O) + wAF(O)} =0 (63) 
0 


1 
(f EFdn Fin) + uA EFdn 
0 0 
0 
+ pA ( EFdn + nin) + sin B f nEdn = 
0 J0 0 


+2/A =0 (64) 
With the Equation (45), Equations (63) and (64) become 
» 


(65) 


+ sin nF dn + 
J, 


dA 
0.05511 1py2A = 417.460 — 11. 816246uA sin 8 


— 0.220444(uA)* + 287.895214y 
d 
0.110222puA? = —1252.379 + 31.888865 uA sin B 


+ 0.551110(uA)? — 803.071368u (66) 


As the boundary condition, it is assumed that the boundary 
layer thickness is zero at p = 1; thatis, A = 0. A close examina- 
tion of Equations (65) and (66) at p = 1 discloses the value u = 


—1.55948 at p = 1; that is, 
A=0, p= —1.55948 atp = 1 (67) 


The simultaneous Equations (65) and (66) are numerically solved 
with the boundary conditions (67). The results are shown in 
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Fig. 4. The abscissa is p and the ordinate is wand p +1/A = L = 
de~**, or dimensionless boundary layer thickness. Since 
tan 8B = k, a negative value of 8 means a converging channel with 
an accelerating main flow. § = 0 corresponds to a circular-arc 
flow with no pressure gradient. 

It should be noted that the boundary layer is thicker for a 
negative 8, or an accelerated flow, than for a positive B, or a de- 
celerated flow. Since acceleration and convergence of the side 
walls are directly related, the author suspects that the converging 
effect of the main flow on the thickness is dominant over the effect 
of the accelerated main flow on the thickness. 

The velocity distributions in the main-flow and the cross-flow 
directions, u/V and v/V, are 


u/V = (2n — 2n* + n*) + wA sin Bn(l — )*/6 (68) 


v/V = pA cos Bn(1 — n)*/6 (69) 
where A = (L/p)*, = 2/6 


The dimensionless boundary layer thickness 6 is 


6 = = (70) 


The real dimension of boundary layer thickness is 


Rb//Re = RorsL/(UoRo/v)'” (71) 


Physical Interpretation of the Results 

Equations (50) and (60) show that cross-flow velocity v/V is 
proportional to A, or 6%, and amount of crossflow is proportional 
to 63, Therefore if a boundary layer is thicker (thinner) than it 
should be, the amount of crossflow is very much (little) and the 
thickness decreases (grows) rapidly to the final thickness. Con- 
sequently, the upstream boundary layer does not have much in- 
fluence on the end-wall boundary layer in a curved channel and 
this theory is approximately applicable to a short curved channel 
like a cascade and a turbine nozzle. 

Since the amount of crossflow is proportional to 6°, an adverse 
pressure gradient cannot make the end-wall boundary layer very 
thick, and a favorable pressure gradient cannot make the bound- 
ary layer very thin compared with the no-pressure gradient case. 
This statement is supported by Fig. 3. 

In two-dimensional flow, it was verified [8] that no similar 
solution exists for adverse pressure gradient U = Use® (a < 0). 
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However, the three-dimensional theory gives solutions for the 
studied cases. As a matter of fact, the low momentum fluid in the 
boundary layer does not flow against the unfavorable pressure 
gradient in the main-Jow direction but flows in a sidewise direc- 
tion in which pressure gradient is not too unfavorable. There- 
fore the boundary layer does not separate from the end wall un- 
less the curvature of channel is small and the crossflow is not 
significant. 


Comparison With Experiment 

The end-wall boundary layer of a turbine nozzle cascade was 
measured and verified to be laminar in a companion paper [9]. 
For a comparison of the theory with the experimental results, the 
cascade was approximated by a pair of logarithmic spiral lines. 
In Fig. 5, the thick full lines show the real channel shape and the 
thick broken lines show a pair of logarithmic spirals of spiral angle 
B = 45 deg. The fine full lines across the channel are constant 
density (cr pressure) lines observed by interferogram, and the fine 
dotted lines are constant pressure lines for logarithmic spiral 
flow. 

The boundary layer velocity distribution, wall friction force, 
displacement thickness, and flow direction on the wall are pre- 
dicted by the theory and compared with the experimental values 
at several stations along the center line of the nozzle and across 
the nozzle. The agreement is satisfactory; the results are pre- 
sented in the companion paper [9]. 


Displacement Area of Swept Boundary-Layer Fluid 

In the present theory, both the inner wall and the outer wall of 
the channel agree with the main-flow streamlines and there is no 
boundary layer crossflow through the outer wall. However, dif- 
ferent from a real channel, the theoretical inner wall does not 
obstruct the boundary layer crossflow. In areal nozzle the cross- 
flow, obstructed by the inner wall, is detached from the end wall 
and accumulates at the corner. Since the main-flow component 
velocity of the detached fluid is smaller than the main-flow ve- 
locity, the rate of flow through the nozzle is reduced by the de- 
tached fluid as well as the boundary layer on the end walls and on 
the side walls. The displacement area of detached fluid is esti- 
mated in this section. In the following analysis it is assumed that 
the detached fluid does not mix with the main-flow fluid and 


| 
Fig. 5 Real cascade and theoretical model 


that the cross-flow component of velocity does not change to the 
main-flow component. 

In Fig. 5, the amount of detached boundary layer fluid passing 
through the nozzle throat BE is equal to the amount of fluid 
which would pass through the inner wall line ASB if there were no 
inner wall. Ata point S the main-flow and cross flow components 
of velocity in the boundary layer are u and v, respectively, and the 
defect of velocity head in the main-flow direction is (V? — u?)/2. 
Since the fluid is detached from the end wall, a stagnation pres- 
sure loss does not occur any more while it flows downsucam. At 
a downstream station B, the main-flow velocity is V, and the 
main-flow component velocity of the fluid detached at S is (Vz? — 
V? + u%)'/, The amount of fluid which is detached at S and has 
the component velocity mentioned is |v|dhdz,, = —v dz dr,,/+/Re 
per unit time. The cross-sectional area of the fluid at the throat 
BE is — v dh dz,,/(V 3% — V? + u*)'/* and the displacement area 6, is 


A Jo Ve 


— V2 + 
(72) 
All the terms in the equation are given in the three-dimensional 
boundary layer analysis 
If the main flow is a circular-are flow, the equation is a double 
integral involving an elliptic integral. If the main flow is a 
logarithmic spiral flow, V/V, u/V, and v/V are shown in Equa- 
tions (53), (68), and (69), respectively, and dh = r,Ldn/(UsRo/v)'/* 
by Equation (71) and dz,, = ripda/cos 8. With these relations 
Equation (72) becomes 


pA e~ tans 


~* 6 tan B 20 


nL 


0.028174 + 0.003968 ry sin 8 


da—ds 


Fig. 6 Displacement area of accumulated boundary layer versus 


turning angle of nozzle a“ 
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where uw and A are given as functions of p and B in Fig. 4. The last 
term is graphically integrated. 

Example: The turbine nozzle tested in the companion paper [9] 
is approximated by the logarithmic spirals 8 = —45°, p = 1, and 
p =: 0.525. From Fig. 4, uw = —0.455, L = 4.1815, A = (L/p)? 
= 63.4373 at p = 0.525. In Fig. 6, 6,(UsRo/v)'/2/r:2Lp is shown 
as a function of angle ag — a4, where rL/(UsRo/v)'/* is the end- 
wall boundary layer thickness at B and rip is the distance of B 
from the center of spiral 0. Since the boundary layer is thick 
and the side wall is long for an angle A@ upstream, the end-wall 
boundary layer detached at an upstream station has considerable 
influence on the displacement area. If the present nozzle is ap- 
proximated by a pair of logarithmic spiral with ag — ag = 45 
deg, the displacement area of the detached fluid is about 13 per 
cent of the displacement area of the end-wall boundary layer at 
the throat BE. 


Conclusion 


Three-dimensional laminar boundary layer equations with 
three independent variables are reduced to a set of simultaneous 
ordinary differential equations, taking advantage of the similarity 
condition and of the momentum equations. Although simi- 
larity condition exists for many cases two realistic families were 
solved here, i.e., the boundary layer on the parallel plane end wall 
of a curved channel with logarithmic spiral side walls, and the 
boundary layer on the plane end wall of a concentric circular-arc 
channel having a particular family of accelerated or decelerated 
main flows. 

A few cases are solved for each of the families. The results 
show that acceleration makes the boundary layer thin and de- 
celeration makes it thick, but the variation of thickness due to 
pressure gradient is small compared with that for two-dimensional 
cases. Particularly, the studied three-dimensional boundary 
layers do not separate against the unfavorable pressure gradient 
which would separate a two-dimensional boundary layer. The 
examples of logarithmic spiral channel show that the effect of 
convergence of the side walls is dominant over the effect of ac- 
celerated main flow, which is related to the converging side walls. 
A turbine nozzle cascade was approximated by a pair of logarith- 
mic spirals and the observed boundary layer behavior was com- 
pared with the prediction of the theory. The agreement was 
satisfactory. 
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APPENDIX 1 


By the transformation p = r/n, n = 2/5, a = 86, the partial 
derivatives of a function P(r, 0, z) are expressed as follows: 
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APPENDIX 2 
Equations (10), (11), and (12) are independent of a, if 
f=f(n,P) 
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From requirement (1) 
log 5 = 6,’(p) + 42'(a@), or d = 5; (p)b:(a) 
From requirement (2) 
log V = Vi"(p) + Vs'(a), or V = Vala) (73) 
From requirement (3) 
log rn = Ki(p)a + Ka’(p) 
or r; = K,(p) exp Ki(p)a = eka 


where k is an arbitrary constant, because r; was defined to be in- 
dependent of p and it is assumed that r, = l ata = @ = 0. 
From requirement (4) 


log 6 = Li(p)a + L,'(p) or 5 = exp Li(p)a (75) 


From requirement (5) 

log V = Mi(p)a + M,'(p) or V = M,(p) exp Mil(p)a 
In order to satisfy the Equation (73), Mi(p) is a constant. 
Consequently 


(74) 


V = M(p)e™™ 


where m is an arbitrary constant. 
From requirement (6) 


exp|ka — ma — 21,(p)a} 
vor M (p)Ly(p)* 
is a function of p alone, that is 


k — m — 2L,(p) = 0, 


or L, = (k — m)/2 (77) 


From requirement (8) 
dp/dp = M%(p)e?™@p;"(p) = pi'(p)e?™™ 
or p = + 
From requirement (9) 
dp/da = = pr’ (p)e?™* 
= pr'(p)e?™*/2m + pulp) 
Equations (78) and (79) are satisfied by 


Pp = pilp)e?™* + pe 


where p, is a constant. This equation satisfies requirement (7). 
From requirements (10; and (6), a combination of these two terms 
(V/r:)'*r,W is independent of a. That is, 


(Vr,)'/*y = [M(p)e™*e**]'/*y is not a function of a, or 
= p) exp (—m — k)a/2 (81) 
If ¥ satisfies this relationship, the requirement (11) is satisfied. 


Discussion 
S. J. Kline. The question has been raised in regard to this 
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paper and also the companion experimental work by the same 


author regarding the possibility of ‘“backward”’ transition from 
turbulent to laminar flow. While it is widely known that a flow 
which has once become turbulent does not return to a laminar 
condition in the previously available studies on transition, it 
must also be remembered that these studies were almost ali 
carried out with a zero or at most small pressure gradient. The 
conditions with a large favorable pressure gradient studied by the 
author are altogether different in this sense. What is more, re- 
cent unpublished work in this writer’s group at Stanford Uni- 
versity suggests that the amount of fluid stopped or nearly 
stopped very close to the wall and the irregularity of such fluid 
across the flow is crucial not only in the later stages of the normal 
transition process, but also in maintaining the instability which 
creates the large fluctuations always found near the wall in a tur- 
bulent shear layer. If this is so, and the evidence now available 
suggests that it probably is, then precisely the type of backward 
transition hypothesized and actually measured by the author 
would be anticipated with very strong favorable pressure gradi- 
ents. Thus at least a plausible physical basis is available to rein- 
force the author’s results, and his measured results are in a sense 
further confirming evidence for the physical notion just advanced 
by the writer. 

In regard to the assumptions used by the author in his analysis, 
this writer concurs with the other discussers that several of them, 
in particular that pointed up by Dr. Mager, appear extremely re- 
strictive. On the other hand, it should be pointed out that the 
general agreement as to trends and extrema found between the 
theory and measurements by the author suggests that his ap- 
proximate theory must describe the most important and relevant 
physical elements of the real flow. 


Richard E. Kronauer.’? It is important to observe that the 
author has not pursued in this paper the problem of generating 
similarity solutions to the three-dimensional boundary layer 
equations. The second section of the paper and the associated 
Appendix I constitute only a very brief start on this complex 
subject. The boundary layer equations as they are actually 
used here are integrated in the co-ordinate normal to the surface 
and the velocity profiles are assumed—while in the similarity 
transformation the velocity profiles are the solutions of the 
ordinary differential equations to which the partial differential 
equations have been reduced. This assumption of velocity pro- 
files means an inherent limitation on accuracy not present in the 
similarity transformation, but it offers the advantage of handling 
boundary conditions inadmissible in the more accurate analysis. 

In assuming velocity profiles the author has followed one-di- 
mensional boundary layer practice by using the fourth-order 
polynomial. In so doing he finds himself with insufficient co- 
efficients to satisfy the standard boundary conditions and the 
momentum integral equations. To relieve the over constraint he 
violates the momentum condition at the wall in the cross-flow 
direction [see the discussion following equation (33)] and in the 
main-flow direction [see equations (61) and (62)]. It would seem 
more reasonable to use the occurrence of over constraint to in- 
crease the complexity of the velocity profile by making it a fifth- 
order polynomial, in the cross-flow direction. This would intro- 
duce a new function in addition to the functions FE and F already 
used, and in principle permit a more accurate solution. However, 
one must always weigh the advantages to be gained against the 
increased complexity. Some idea of the situation can be drawn 
from the simple flat plate case. Table 1 shows the per cent error 
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derivative 
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Stream free 
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shape zero atedge edge 
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derivative cent 
zero at error 
free in 
stream’ shear 
edge _ stress 


- Wall 


Wall 
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in wall shear stress (compared with the exact Blasius solution) for 
various kinds of assumed velocity profile. It would seem that 
the wall momentum condition is an important one to satisfy. 

The introductory remarks of this discussion regarding similar- 
ity solutions are intended to help define the applicability of this 
paper and not intended as criticism. The author is to be compli- 
mented by a well-considered attack on a very difficult prob- 
lem. He has been able to produce analytically the essential 
features of a complex real flow. It is regrettable that the sub- 
stantial engineering value of this work is somewhat concealed 
by too many avoidable mathematical manipulations. 


Artur Mager.’ This paper represents a solution of three-di- 
mensional boundary layer flow over a plane surface when the 
outer-flow streamlines are circular or spiral in shape and the zero 
thickness boundary layer position has been chosen along an arbi- 
trary outer-flow streamline. In the present discussion we shall 
concentrate on the very special case m = 0 (and 8 = 0), for which 
the spiral streamlines become circular and there is no pressure 
gradient in the outer-flow direction. This case is especially in- 
teresting because it concerns a flow studied by a number of other 
investigators and thus offers a basis for evaluation of the validity 
of various assumptions made by the author, and also it serves to 
point out some of the uncertainties which still remain unsettled 
by the present investigation. 

One notes, first of all, that for this special case the velocity com- 
ponents are given by: 

u = VE(n); v = VeAF(n) (82) 
and thus are similar in the strictest sense, that is, they have the 
same shape when plotted as a function of the similarity variable 
n = y/6. This similarity holds everywhere in the flow field since 
all that happens as one moves from one surface position to another 
is that the scale of the physical velocities u and v changes with V 
and VxA, respectively, but the distribution functions E(n) and 
F(n) remain unaffected. 

Now this special case has been investigated by G. I. Taylor” 
and by J. C. Cooke" in their studies of the swirl atomizer prob- 
lem. The swirl atomizer is a coavergent discharge nozzle in which 
the entering fluid is caused to rotate coaxially with the nozzle. 
The fact that the Taylor-Cooke problem is identical to the m = 0 
case studied by the author, becomes apparent when it is realized 
that the frustrum of a cone is a developable surface, which when 
developed into a plane will have the tangential velocities in the 
direction of the author’s circular streamlines and the meridional 
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velocities corresponding to the author’s radial ones. Both, 
Taylor and Cooke assume that the tangential inviscid flow may be 
represented by a classical plane-flow vortex, coaxial with the 
cone, and thus do not account for any inflow outside the boundary 
layer, which gives, after development upon a plane, V = [I'/(27pr: 
sin @)] just as in the author’s case when m = 0. Furthermore, it 
will be noted that the “leading edge’”’ of the swirl atomizer, when 
developed into a plane, becomes the streamline r = r, so that the 
zero boundary layer thickness line is also the same in both 
problems. Consequently, since all the boundary conditions are 
identical, a valid comparison between the various solutions may 
be carried out. Because both Taylor and Cooke have used the 
momentum integral method, such comparison will reflect on the 
validity of the various assumptions used by these investigators. 
Examining the work of Taylor and Cooke, we note the following 
differences: While Taylor assumes the two velocities u and v es- 
sentially in the form given by the author [Equation (82) ], Cooke 
notes that this is unsatisfactory because these do not satisfy the 
wall boundary conditions properly. He consequently introduces 


an additional boundary layer thickness (and thus another simi- 
larity parameter) and writes: 


u = Vg(f); v = V2(62/ripy)f(n) 

n=y/6 

f = 0.25n(1 g |} 
so that additional wall boundary conditions may now be properly 
accounted for. We may expect, therefore, that the results of the 
present paper should be identical with those of Taylor and that 
the errors introduced because of the improper boundary condi- 
tions will show up upon examination of the differences between the 
solutions of Taylor and Cooke. A reference to Fig. 1 of Cooke’s 
paper and to Fig. 3 of this paper discloses that Senoo’s results 
indeed agree reasonably well with those of Taylor, just as ex- 
pected. The more accurate Cooke solution, however, shows that 
the effect of the neglected wall boundary conditions on the be- 
havior of boundary layer thickness is quite pronounced in par- 
ticular at low values of p. There the boundary layer thickness 
varies almost linearly with p thus decreasing much more quickly 
than computed by Senoo or Taylor. Furthermore the maximum 
value of 6 occurs much nearer the leading edge (e.g., nearer 
p = 1) and this maximum value is substantially lower than that 
computed by Taylor. We thus see that, at least in the case m = 0, 
the improperly applied wall boundary conditions cause serious 
inaccuracies in the present paper. Since, as may be seen from 
Fig. 3, the effect of the pressure gradient in the streamline direction 
does not affect the character of the solutions very appreciably, one 
may also expect similar inaccuracies to exist in other cases, that 
is when m ~ Oand B = 0. 

This discussion serves to point out inaccuracies arising from an 
improper assumption of boundary layer velocity profiles. We 
shall now call attention to another possible source of error, 
namely, that arising from the leading edge assumption or in 
other words from setting arbitrarily 6 = 0 at p = 1.0. For this 
purpose let us consider the work of Herzig and Hansen" which in- 
vestigates the conditions under which solutions for flows of the 
type given by Equation (82) may be obtained. Incidentally, it is 
proper to mention at this point that the introductory remarks 
which the author makes when citing this reference are quite in- 
correct and misleading. In fact, Hansen and Herzig show what 
the similarity requirements are for circular and spiral flow, with 
and without pressure gradient in the outer-flow direction. Ex- 
amination of their work reveals among the many cases investi- 
gated, and all analogous to those of Senoo, also the case m = 0. 
There is, however, a very important difference. It will be noted 
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that for all of the cases of spiral or circular flows, similarity solu- 
tions of the type indicated by Equation (82) could be obtained 
only with boundary layer thickness being zero either at the origin 
or at infinity. For the special case m = 0, the similarity con- 
siderations require that the boundary layer thickness vary 
directly proportionately to the radius p, so that the zero thickness 
position can occur only at the origin. This, of course, indicates a 
certain oversimplification of the problem, since because of the 
secondary inflow toward the origin, the boundary layer must 
“erupt” at or near p = O, thus violating the conventional bound- 
ary layer assumptions there. However, the situation is somewhat 
analogous to the rotating disk problem and consequently one may 
expect the similarity solution to be reasonably representative 
away from the singular point p = 0. 

An important question which now arises is whether Taylor and 
Senoo, having assumed similarity profiles of the type investigated 
by Hansen and Herzig can obtain valid solutions when their 
boundary layer thickness is forced to behave in a manner different 
from that required by the similarity considerations, that is, it is 
given the zero value at p = 1.0. In answer to this question one 
can argue that since the momentum integral method is an ap- 
proximate way of treating the problem, what these investigators 
have tacitly assumed is that the flow is not quite similar near the 
p = 1.0 line, but that the deviations from the similarity are suf- 
ficiently slight to be taken care of by adjustment of the boundary 
layer thickness alone. For this reason too, the assumption of 
Cooke, who uses two different similarity parameters, affords 
greater flexibility in such an adjustment and is apt to represent 
the physical situation more closely. In connection with this 
greater flexibility, it will be noted that the more accurate Cooke 
solution tends to a similarity behavior, that is, to a nearly linear 
variation of 6 with p as p — 0, where the effect of the imposed 
boundary condition (6 = 0 at p = 1.0) is less and less felt. That 
the adjustment of the momentum balance can be made in this case 
through changes in the boundary-layer thickness alone is obvious 
since all of the investigators have been able to obtain a solution. 
However, by the same token, we can expect, from the argument 
just given, that the assumed velocity profiles do not represent 
very accurately the actual velocities near the p = 1.0 line. 

In addition to these considerations there is another question 
concerning the leading edge assumption. This question asks 
whether the actual physical situation considered by Taylor and 
Cooke on one hand and Senoo on the other, justifies the existence 
of such a leading edge at p = 1.0. Now in the swirl atomizer 
problem, since the flow is being discharged, the conservation of 
mass flow requires that there be some “‘inflow’’ into the atomizer 
and this inflow must see the beginning of the atomizer wall. Con- 
sequently, it appears that the assumption of a definite leading 
edge in this problem is reasonable from physical considerations. 
On the other hand in Senoo’s problem, which is intended to repre- 
sent a blade channel, with the blade wall at the p = 1 line, the 
assumption of 6 = 0 there, seems to be very questionable. Since 
the boundary layer must flow into the passage from the blade it 
sees a continuous wall which has been very sharply curved (es- 
pecially if there are fillets) and thus must have a finite thickness 
at p = 1. One thus wonders whether a better procedure would 
not be an assumption of 6 = 0 at p = 0, thus conforming to the 
similarity requirements of reference [116]. Another alternative 
would be to assume a certain known boundary layer thickness 
(presumably obtained by the solution of the flow over the blade 
or from a stagnation line solution) on the p = 1.0 line and then 
solve the momentum integral equations with this thickness as a 
parameter. In any case, it seems to the discusser, the question of 
the proper boundary conditions either at p = 1, or possibly at 
p = 0, requires some thought and justification and may not be 
passed over lightly, as the author has done. 
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Stephen H. Maslen.'* The author has shown us an interesting 
and useful method for calculating a class of three-dimensonal 
boundary layer flows. I would like to make two comments about 
his analysis. 

The closest similar work is that of Hansen and Herzig who ex- 
amined the circumstances under which complete similarity could 
be obtained. They reduced the system to one in which only one 
independent variable appeared. The main stream flows were, in 
such cases, essentially the same ones as in the present paper. 
However, when complete similarity is assumed, one cannot have 
a leading edge in a convenient place. This serious difficulty has 
been very neatly overcome by the author. 

A second comment: It seems to me that the present study per- 
mits a considerable generalization without particularly compli- 
cating the analysis. In the present paper two restrictions on the 
main flow are made. One is that the main-flow streamlines are log 
spirals (when fo is taken independent of p) or, in the degenerate 
case, circles. The second is that the angular momentum about 
the axis of symmetry is conserved. This is much more restrictive 
than simply saying that the flow is irrotational. Although these 
assumptions are convenient for the purpose of demonstrating the 
power of the method, neither is necessary nor does either par- 
ticularly simplify the analysis. In this respect I fail to understand 
the author’s conclusion that his two cases are the only realistic 
ones, 

If we relax only the angular momentum restriction, then it 
follows that the streamlines are still log spirals and hence that 
the shape of the side walls is unaffected. However, a more gen- 
eral main stream speed distribution occurs. This is — = 


+ 


This permits a more realistic matching of the main flow to physi- 
cal cases of interest. If the other condition (fy independent of p) is 
removed, then we can shape the side walls in a more general way. 
Again, the procedure in these cases is straightforward and follows 
the outline given by the present author. 

These two generalizations serve mainly to show the strength of 
the method of three-dimensional boundary layer calculation 
which has been given by the author. He is to be complimented on 
this most useful analysis. 
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Author’s Closure 


The author heartily thanks the discussers who showed their in- 
terest in the paper and contributed very informative ideas. 
First of all, he wants to make clear again the difference between 
the present paper and reference [11]. As Dr. Maslen pointed 
out, the flow in [11] was similar everywhere or in two directions 
and the only independent variable was 7 (distance from the wall); 
while in the present paper the flow was similar in the a-direction 
alone, therefore both p (radial direction) and y are independent 
variables. Dr. Maslen named the case of [11] as “complete 
similarity’ in order to distinguish it from similarity in one direc- 
tion in the present paper. Professor Kronauer also explained 
that the author had not pursued in this paper the problem of 
generating similarity solution Although their ways of ex- 
planation are different, they understood the present paper and 
{11] correctly, and helped the author to explain his ideas to Dr. 
Mager. The flow handled in the present paper happened to be 
logarithmic spiral and circular are flows, and these two kinds of 
flow were handled in [11] too. Therefore some of the readers 
might have concluded incorrectly that the present paper was 
only an approximate solution of [11]. Dr. Mager showed Equa- 
tion (82) and explained that the velocity components are similar 
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in the strictest sense. If both u and v were either independent 
of p or proportional to a function of p, the flowis similar in p-direc- 
tion. However, in the present case Equation (82) shows that u is 
independent of p and v is proportional to xA, which is an unknown 
function of p. The following example will clearly show the situa- 
tion. The profile of velocity component in a direction @ from a 
radial direction is 


y %n + cos 8 


This velocity profile is obviously a function of p and a simple 
variation of scale cannot make it independent of p. Obviously 
such a flow cannot be treated by the method of [11]. 

The second point made by Dr. Maslen is that M = 1/p is not 
necessary. Certainly the solution of Equations (22) and (23) 
with the approximation ¢? + fo? = 1 is 


M So — moo kfo) 


(84) 


M + dul fo + 


Any main flow which satisfies this relationship belongs to the 
present problem. As Dr. Maslen pointed out, if f, = 0 Equation 
(84) becomes 


+ 


fo + ° 
If M = 1/p, either (k + m) or @» is zero, and these two cases were 
examined in this paper. It would be useful to examine the other 
cases described by (84) and (85) if they represent physical cases 
of interest, but in any one of them it is laborious to solve the 
boundary layer equations, although it is theoretically possible. 
The third point made by Dr. Mager and Professor Kronauer 
is that the velocity profiles assumed by the author do not satisfy 
the wall boundary conditions properly. The author understands 
that the second derivative of velocity profile at the wall, named 
wall momentum by Professor Kronauer, does not have particular 
significance for solving boundary layer momentum equations. 
The important question is whether the assumed velocity profile 
does nicely represent the real velocity distribution. Professor 
Kronauer concludes from his table that the wall-momentum con- 
dition is an important one to satisfy. However, an accurate 
calculation shows that the error in wall shear stress is —2.7 per 
cent for (3 — 7*)n/2 profile while it is 3.2 per cent for (2y — 
2n* + 7‘) profile. The latter satisfies both the wall momentum 
and free-stream momentum while the former satisfies only the 
wall momentum. Nevertheless the former has better accuracy. 
There is no reason why the wall momentum should be significant 
and free-stream edge momentum not. Neither wall momentum 
nor free-stream momentum appears in the momentum equations. 
Therefore they are not significant in themselves. Usually a 
polynomial which satisfies more boundary conditions is closer to 
the real velocity profile than a polynomial which satisfies fewer 
boundary conditions. However, (3 — 7*)n/2 happened to be 
closer to the real velocity profile than (29 — 2n*? + n*). There- 
fore the former has better accuracy in spite of satisfying fewer 
boundary conditions. Unless the real flow is known, there is no 
general way to choose the best polynomial which represents the 
real flow. If one chooses C(n — 3n* + 2n‘*) instead of Equation 
(33), the wall momentum is satisfied. Since the profile of (7 — 
3n* + 2n*) is not much different from that of n(1 — 7)*, however, 
the results obtained will be approximately the same. As a mat- 
ter of fact, for a special case of m = 0 the author’s solution is 
very close to Taylor’s one although Taylor assumed the velocity 
profiles u = 2n — n? andv = 9 — 2n? + 7°. : 


M =p"'+4; A= (85) 
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The essential difference of Cooke’s method from Taylor’s is 
that Cooke assumed a boundary layer thickness for the main-flow 
direction and another thickness for the cross-flow direction, while 
Taylor assumed a common boundary layer thickness for both 
directions and he introduced one more unknown which repre- 
sented the magnitude of cross-flow velocity. In Cooke’s method, 
the magnitude of cross-flow velocity is decided by the wall con- 
dition, i.e., the second derivative of the velocity at the wall. 
Cooke confessed that he was not sure whether his solution was 
better than Taylor’s for the swirl atomizer, but that probably 
‘his solution was better because his solution was closer to the exact 
solution than other simpler methods like Taylor’s in a case for 
which the exact solution was known. As Dr. Mager pointed out, 
in Cooke’s solution the boundary layer thickness is nearly propor- 
tional to the radius near the center, which looks reasonable judg- 
ing from [11]. Therefore the author feels it is worth while to 
solve these problems with Cooke’s method, although it requires 
considerable labor. He hopes he will have time to do so some- 
day. 

The fourth point: Dr. Mager says that the boundary condi- 
tion 6 = 0 at op = 1 is not realistic. He continued that the 
author should use the boundary condition 6 = 0 at p = 0 or a cer- 
tain known boundary layer thickness. If the flow is entirely 
similar like [11], 6 = 0 at p = Ois sufficient. Obviously, in that 
case, we can never set the leading edge at p = 1 or any other 
boundary condition. Since the flow is not entirely similar in the 
present analysis, we can have another boundary condition. The 
author agrees that 6 = 0 at p = 1 is not realistic for the corner 
condition of a cascade flow. However, there is no reliable, gen- 
erally accepted boundary condition available. Dr. Mager sug- 
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gested to use the solution of the flowover the blade, ete. We have 
to keep in mind that two conditions at p = 1 are necessary, i.e., 
boundary layer thickness 6 and the cross-flow coefficient « or yp, 
which is almost impossible to assume. The method explained in 
this paper can handle any boundary condition. If there is a set 
of boundary conditions available, anyone can calculate the 
boundary layer behavior using the present method. In this 
paper, the author has intended to present an example. He be- 
lieves that an example should be simple so that a pure character 
of the equations is demonstrated. Probably, no other boundary 
condition is more suitable than 6 = 0 at p = 1 to accomplish 
the object. As a matter of fact, the examples show that the 
boundary layer grows very quickly if it is thin. It is suspected 
from the example that a real boundary layer will behave like the 
present examples, if the boundary layer thickness is not zero but 
thin at p = 1. Such being the case, the author compared the 
example with the experimental data in a turbine nozzle, suspecting 
that the boundary layer is thin at the blade-end wall corner. 

Finally the author wants to call attention to the difference be- 
tween the present flow and a transferable flow. The constant 
pressure lines in Fig. 5 represent constant velocity lines. If the 
flow is transferable along the cascade axis, on the other hand, the 
constant velocity lines must be parallel to the cascade axis. That 
is, although the streamlines look alike for the two cases, the ron- 
stant velocity lines of a transferable flow are almost perpendicular 
to the constant velocity lines of the nozzle flow. 

Before ending the closure, the author thanks the discussers 
again. Owing to their co-operation, the author has a chance to 
make clear his own ideas and the present paper was comple- 
mented. 
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A Theory of Lubrication in Short Journal — 
Bearings With Turbulent Flow 


By L. N. TAO,' CHICAGO, ILL. 


Short journal bearings operating in the turbulent-flow region 
have been studied. Expressions for the pressure distribution, 
the load capacity, and the attitude angle have been obtained. 
Also the condition of laminar flow is shown as the special case of 
the present study. 


Introduction 


PRESENT engineering design frequently requires the use of 
bearings either rotating at extremely high speed or using fluids of 
low viscosities as the lubricant. When operating under either 
one of these conditions the well-known Sommerfeld analysis may 
depart from the actual results. Wilcock (1)? has shown that for a 
large journal bearing running at high speed there is a discrepancy 
between the theory and experiment to an unreasonable degree. 
Recently, Smith and Fuller (2) also demonstrated the existence 
of flow other than the laminar nature in journal bearings. Som- 
merfeld (3) has indicated that the experimental characteristics 
of journal bearings do not agree with the theoretical at certain 
large Sommerfeld numbers. This has been interpreted to mean 
that the motion is no longer laminar while the analysis is based 
upon the law of Newtonian viscous shear. This implies that there 
are different natures involved in the experimental and theoretical 
investigations, 

The present paper attempts to determine the bearing charac- 
teristics, especially the pressure distribution which relates to the 
load capacity of the bearing when the motion of the lubricant be- 
comes turbulent. In engineering practice most bearings have 
relatively small length-diameter ratios; i.e., bearings of short 
lengths with respect to the diameters of the bearing. This is the 
type of bearing investigated in the paper. 


Analysis 


The essential feature of turbulent flow is that the turbulent 
fluctuations are random in nature. The logical solution to the 
problem of turbulent flow requires the application of statistical 
mechanics. Osborne Reynolds was the first to apply this princi- 
ple and assumed that the instantaneous velocity may be resolved 
into two components: The mean velocity components and turbu- 
lent-perturbation velocity components which are zero in average. 
When these velocity components are substituted into the Navier- 
Stokes equations, it is found that the number of unknowns is 
larger than the number of equations. Hence these equations are 
insufficient to determine the unknowns. However, when only the 
mean velocity distribution is concerned, some semi-empirical 
theories with the assistance of experiments arose for the fully 
developed turbulent flow. 
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The motion of a lubricant in a journal bearing is identical to the 
flow of a viscous fluid in an eccentric annulus. Taylor (4) has in- 
vestigated extensively the stability of the flow in the circum- 
ferential direction between two concentric cylinders with rotation 
of either cylinder. He was able to evaluate the speed at which the 
instability begins and vortex rings are established. In the case of 
an annulus with small clearance the ratio of two radii is very close 
tounity. The problem can be treated as if there were flow bet ween 
two plates. By extrapolating his result, he estimates the stable 
condition for two parallel plates will exist when Reynolds number 
which is defined as Re = Uc/y is less than 2000, where U is the 
linear velocity of the rotating cylinder, c the radial clearance, and 
v the kinematic viscosity. While in an annulus with flow in axial 
direction only, it is analogous to the pipe flow as shown by Noot- 
baar and Kintner (5). If both the rotation of the wall and axial 
pressure gradient exist, the resulting flow will be a combination 
of laminar-turbulent and vortex-free or vortex cases (6). How- 
ever the presence of the vortex rings in the annulus does not change 
the over-all characteristics of the annulus, particularly the shear 
stress and the pressure distribution at the boundary. This result 
has been verified (7) within practical accuracy with the velocity 
term in the Reynolds number being the vector sum of the mean 
velocity components in the axial and tangential direction. It also 
has been shown that the same result may be applied to the local 
flow in the eccentric cylinders. Based on this estimation a criterion 
of Reynolds number may be established to determine the validity 
of the Newtonian viscous shear law. 

In short journal bearings with laminar flow the Reynolds equa- 
tion (8), Fig. 1 


where h is the local radial distance between two cylinders, has 
been solved by Michell (9), Cardullo (10), and Oevirk (11) by 
dropping the first term on the left side of Equation [1]. Michell 
solved for the case of rectangular slider bearings. Cardullo and 
Ocvirk determined the pressure distribution in journal bearings 
of finite lengths usually found in engineering practice. Ocvirk 
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also showed that the result with end flow obtained by dropping 


the term 
( OP. 
oz ox 


in Reynolds’ equation agrees in reasonable degree with experi- 
ments of the length-diameter ratio up to unity. His interpretation 
was that though dp/dz is not necessarily small the term 


Op 
12u Ox 


is small in comparison with '/,Uh. 

In so far as a short journal bearing is concerned, any variation 
of pressure in the circumferential direction due to a convergent 
and divergent wedge would be negligible when compared with 
the pressure variation in the axial direction. This is owing to the 
fact that the pressure gradients in these directions are intimately 
connected to the length and diameter of the bearing in the 
order of 1/2 and wd/4, respectively. Such an assumption can be 
justified for the short journal bearing and therefore will be em- 
ployed in the present investigation. Now, we may say that the 
flow in the circumferential direction is wholly contributed by the 
relative motion of the cylinders, similar to the Couette flow. Let 
the velocities in the X and Z-directions be expressed as u and w, 
respectively. 

In the Couette flow the velocity distribution (12) is symmetric 
with respect to the point of mid-section along the Y-axis. The 
average velocity in the annulus related to the pressure gradient 
can be derived from Blasius’ law of friction with the velocity pro- 
file of one-seventh power? 


where C = 0.326, n = 0.25, \ is known as the friction factor, and 
bar denotes the average value. This equation checks well with 
the recent Nootbaar-Kintner experiments (5). Hence the flows in 
the X and Z-directions are 


q: = Su dy dz 


q: = Sw dx dy 


2-n Q2t+n 
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From the continuity equation of a steady state 


dz + dz = 0 
ox oz 


the following equation is obtained 

2 oz oz Cv"p 
where h = c(1 + 7 cos 6), = RO, and n = e/c withc being the 
radial clearance, R the radius of the bearing, e the eccentricity, 
and 7 the attitude or eccentricity ratio, the following equation is 


obtained 


3 These values are derived based on the one-seventh power law of 
velocity profile. They are valid only within the limit of the proper 
Reynolds-number range For higher Reynolds number the values 
corresponding to the proper power law of velocity profile should be 
used. 
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Since A is a function of x (or @) alone, integrating Equation [6] 
gives 


with 


) "(sin 


l ( l 
= c 
P™ (3 — \or™ 
With the origin of the Z-axis taken at the mid-section of the length 
and with the property of symmetry, only the positive axis would 
be considered. The boundary conditions‘ of the present problem 
are 


So the pressure in the bearing is determined 


op/oz = 0 at z=0 


p=0 at z=1/2 


(3 —n)K \2R (1 + 9 cos 6)? 


In this equation, when @> 7, sin @ is negative and Equation [9] 
will give a negative (or complex) pressure. Because no negative 
pressure can exist in physical phenomena, at those locations 
probably cavitation or some other phenomenon will raise the pres- 
sure to zero value (13). 

When relating this pressure distribution to the load capacity W 
of the bearing, W is resolved into two components and the follow- 


ing equations hold 
/2 
=2 £ f, pR cos 6 dz dé 
l, 2 
2, pR sin 0 dz 


Because of the nonexistence of negative pressure the integration 
limits of 0 to 27 are taken from 0 to 7 with the implication of p = 
0 for @ = * to 2x. This procedure has been used by many in- 
vestigators® in the lubrication field. 

With mathematical formulas and identities* (14) 
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‘As p = po = const at z = 1/2, the second boundary condition can. 
be verified to the foregoing statement by a substitution of p’ =p- 


Po. 
8 See Bibliography cited in reference (13). 

; ® Various formulas are given here for use in numerical calculations 

in order to obtain a faster convergent series for a given 7. 
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where I(x) and F(a, b; c; z) are gamma and hypergeometric 
functions, respectively, we get the result 


| (Uen)*-* 
D'-" K 4-—n 


(Ucn)*-* 


W.=- 


And the total bearing load W 
By custom the load capacity of the bearing is given in terms of 
P, the load per unit projected bearing area 


(Ucn)? l 


Substituting N = U/(wD) and Re = cU/v and rearranging 


Equation [14] yields 
3-n 


P = 
16(4 — n) 1 (15) 
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(uN /P)(D/2c)* is known as the Sommerfeld number § in the 
lubrication field. Equation [15] may be written as 


(Re)!-* 


D (4s + [16) 


Also the attitude angle ¢ can be readily determined from 
@ = tan~'(W,/W,) | 


A 


A and B are functions of the attitude 7 only, hence ¢ is a function 
of 7 only. 

In addition, a significant feature of the present analysis is that 
Equations [9], [16], and [17] may also be used for the flow in the 
laminar viscous-shear range. In that case the constants in Equa- 
tion [16] are n = 1 and C = 96. Hence A and B given by 
Equation [12] may be reduced to 
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And Equations [9], [16], and [17] are reduced to 


_ 
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= tan | 


These are the same results derived by Ocvirk (11) for short jour- 
nal bearings with laminar flow. 


6uU sin 6 


[x1 — + 16n*] —'/*... . [19] 


Results and Discussion 


In applying the derived formulas the numerical values are ob- 
tained in the following manner: The pressure distribution around 
a bearing operating in the turbulent regime is plotted in the form 
of dimensionless quantities. The curve has the physica] dimen- 
sions as co-ordinates. For illustration, a bearing of 1/D = '/; 
with 7 = 0.6 and Re = 10,000 is chosen. The isobars are plotted 
in terms of a dimensionless quantity 


v= (Fie. 2) 


The load capacity and attitude relationship is plotted in a general- 
ized sense for bearings with flow of fully developed turbulence. 
Fig. 3. The load capacity is given in terms of 


l 
(Re)! 


This combination of dimensionless numbers is also consistent for 
the case of the laminar flow. For laminar flow, n = 1, and this 
number will be reduced to S(1/D)? which is designated as the 
capacity number by DuBois and Oevirk (15). In order to com- 
pare the present results with Equation [19], the work of Ocvirk, 
the turbulent flow is plotted in the same manner as the laminar 
case with an additional parameter, (1/D)Re; e.g., a family of 
curves with attitude 7 and capacity number S(1/D)* as co- 
ordinates and (1/D)Re as parameters, Fig. 4. From this curve it 
may be seen that at the same capacity number the bearing with 
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Fig. 3 Load capacity and attitude curve 
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Fig. 4 Load capacity and attitude curve 
1\3 
» Versus S ( 5) 


turbulence would always give a smaller attitude. In the turbu- 
lent range the higher Reynolds number would also give a smaller 
attitude. 

The attitude angle is calculated from Equation [17] and 
plotted with respect to attitude in polar form, Fig. 5. A direct 
comparison is made with the case of the laminar flow. In the same 
figure a semi-circle is also drawn from reference te their relative 
positions. It may be seen that the locus of journal centers for the 
laminar flow is on the one side of the semi-circle while that for the 
flow with turbulence is on the other. Their relative positions, we 
might say, are as expected. At a given attitude the flow with 
turbulence requires a higher speed than that for a laminar flow 
for the same bearing and lubricant. This implies that the journal 
center would move farther in the direction of rotation. 

As mentioned, Wilcock and Smith-Fuller have collected ex- 
perimental information of bearing performance with turbulence. 
Unfortunately, a direct comparison is not possible owing to the 
lack of the necessary information from their given experimental 
results. However, it should be stated that different boundary 
conditions have been employed between their experiments and 
present study. The major differences are that Wilcock has used 
axial oil grooves and Smith-Fuller has a single hole, while a cir- 
cumferential oil supply at the mid-section is assumed in the 
present investigation. Clayton (16) has shown that various oil- 
groove positions will give different. performance characteristics. 


ATTITUDE 2 


(A) Turbulent 
(B) Laminar 
— - —Semi-circle 


Fig. 5 Locus of journal center 


Hence no quantitative comparison is provided. But a qualitative 
interpretation of the experimental result can be given. 

Based on the present investigation the experimental result of 
fully turbulent flow should be plotted in terms of the dimension- 
less quantity 


instead of the Sommerfeld number S alone. With this kind of plot 
the cusp in the plot by Sommerfeld number alone as shown in 
Wilcock’s result will disappear. Also it will show a general trend 
as predicted by the present investigation when the flow reaches 
the fully turbulent condition. When the Sommerfeld number or 
the capacity number is used as the critical parameter for the fully 
turbulent flow a cusp is the usual result. However, other and 
equally baffling curves also can develop in such a simple plot, de- 
pending upon the judicious selection of alternate test points and 
parameters. 

In addition the heat-transfer effect in this type of problem may 
not be overlooked (6). It is clear that from the Reynolds analogy 
of momentum and heat transfer the variation of the temperature 
has a corresponding change of the viscous shear. However, if a 
mean temperature is used and the fluid properties are evaluated 
accordingly, it is felt that the given derivations would be a fairly 
good indication of the problem studied. 
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‘Discussion 

J. A. Cole.” This is an ingenious analysis of turbulence effects 
in film lubrication. At first sight it appears to be improbable that, 
even when applying narrow-bearing theory, turbulence can arise 
in the axial flow of the lubricant as a result of the high surface 
speed in the circumferential direction. However, examination of 
the conventional narrow-bearing theory confirms that this is 
reasonable 


Side-leakage flow = Ulen (author's notation) 
.. Mean axial-flow velocity = Ulen + 


Mean circumferential flow velocity 


Ratio axial/cireumferential velocities = 


Thus the two velocities are of the same order provided that 
1/D and 7 are not too far from unity. With very narrow bearings 
(l/D 2 *'/, say) and small eccentricity ratios (7 = 0.1 say), the 
mean axial-flow velocity is at least one order of magnitude less 
than the mean cireumferential-flow velocity. Turbulence would 
then develop earlier in the circumferential flow, and the author’s 
treatment becomes less satisfactory. 

From the practical point of view, turbulence in bearings is sig- 
nificant in its effects on load capacity, friction loss, and heat trans- 
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fer. The author's analysis shows that for a given eccentricity 
ratio, load capacity is increased by turbulence, a result also ob- 
tained by Osterle and Saibel.* Intuition also would lead one to 
expect this effect, and, since turbulence is most likely to occur in 
high-speed bearing, where load capacity is seldom a problem, 
this result is not of first importance. Friction loss at high speeds 
is, on the other hand, very important. The use of narrow-bear- 
ing theory and the author’s assumptions lead to unchanged 
friction when turbulence sets in, since the circumferential 
velocity profile is taken to be linear. This seems to be a short- 
coming of the analysis, for turbulence inevitably will increase 
friction torque, as has already been shown not only by Wilcock’s 
experiments on high-speed bearings, but also by Taylor’s meas- 
urements on vortex flow (see Fig. 10 of reference 4-ii). In this 
connection, the author’s statement that the presence of vortex 
rings does not change the shear stress at the boundary is difficult 
to accept. 


F. W. Ocvirk.? Most investigators of turbulent flow in journal 
bearings have been concerned with friction and power loss. Such 
investigators, on conducting experiments, have realized that load 
and eccentricity are important variables affecting friction in the 
turbulent region and have indicated the need for some method of 
determining eccentricity. On the other hand, the author has 
been concerned primarily with bearing-load capacity in terms of 
eccentricity and has come up with a neat solution to what is 
considered a difficult problem. He has shown how Reynolds 
number affects the problem and has given us an insight on the 
dimensionless arrangement of the variables. He is to be com- 
mended for a significant contribution. , 

It appears to the writer that an equation for friction in terms 
of eccentricity could be evolved from the author’s analysis. If so, 
this might lead to interesting comparisons with calculated friction 
for concentric cylinders and with experimental friction values. 


M. I. Smith.” In order to treat the difficult problem of turbu- 
lence in journal bearings, thus far it has been necessary to neglect 
one component of flow. The author, following the example of 
DuBois and Ocvirk who considered the laminar case, has ignored 
the circumferential pressure flow. Smith and Fuller neglected 
the axial flow, as did Sommerfeld in the laminar regime. Both 
analyses, while they cannot be expected to yield identical results, 
point in the same direction. Both predict that journal bearings 
with a turbulent lubricant film should support appreciably 
heavier loads than equivalent bearings operating in the laminar 
regime, 

The experimental data of Smith and Fuller showed that 
greater loads were carried at Reynolds numbers in excess of 
Taylor’s critical value. However, the advantage gained was not 
nearly as great as predicted by their theory or by the one now 
proposed. The writer disagrees with the author that those data 
should not be used to verify his analysis. His theory, as well as 
most others dealing with laminar flow, merely assumes the pres- 
ence of a lubricant and does not specify its mode of introduction. 
In fact, DuBois and Ocvirk'"'? used the same single-hole feed 


8“On the Effect of Lubricant Inertia in Hydrodynamic Lubrica- 
tion,” by F. Osterle and E. Saibel, Zeitschrift fiir angewandte Mathe- 
matik und Physik, vol. 6, 1955, pp. 334-339. 

§ Associate Professor of Mechanical Engineering, Cornell Univer- 
sity, Ithaca, N. Y. Mem. ASME. 

10 Technical Service Laboratory, Socony Mobil Oil Company, Inc., 
Brooklyn, N. Y. Assoc. Mem. ASME. 

11 ‘Experimental Investigation of Eccentricity Ratio, Friction, and 
Oil Flow of Short Journal Bearings,” by G. B. DuBois and F. W. 
Ocvirk, NACA Technical Note 2809, November, 1952. 

12 “Experimental Investigation of Eccentricity Ratio, Friction, and 
Oil Flow of Long and Short Journal Bearings with Load-Number 
Charts,”’ by G. B. DuBois, F. W. Ocvirk, and R. L. Wehe, NAC. 
Technical Note 3491, September, 1955. 
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in checking their laminar short-bearing theory, as did Smith and 
Fuller in their work. 

One reason for the discrepancy between the present analysis 
and experiment lies in the neglect of circumferential pressure flow. 
Even in the laminar regime, this assumption leads to unduly op- 
timistic estimates of load-carrying ability at high eccentricity 
ratios. For example, for 1/D = 1, the infinitely wide-bearing 
solution yields more realistic values for 7 > 0.67 than does the 
short-bearing theory. 

A more basic phenomenon, however, was observed in the labora- 
tory by Smith and Fuller. Although shear flow cannot sustain 
its laminar nature at Reynolds numbers above that predicted by 
Taylor for concentric cylinders, the situation is more complicated 
when pressure gradients exist as in loaded bearings. In such 
cases, the flow pattern is turbulent under no load. At increasing 
attitude, the flow becomes governed to a large extent by viscous 
stresses, and at fairly high eccentricity ratios may approach 
the laminar state. This is noted up to Reynolds numbers some 
5 times greater than Taylor’s critical value. These experiments 
showed that the concept of a purely turbulent flow cannot serve 
as the basis for a theory of journal-bearing operation. 


Author’s Closure 


The author wishes to thank the discussers for their remarks 
and comments and will attempt to reply to their questions within 
the space available. 

Mr. Cole’s evaluation of the side-leakage flow is interesting. 
According to his formula, 


side-leakage flow = Ulen 


a two-dimensional journal bearing of infinite length will have an 
axial flow of infinitely large amount. This is certainly contradic- 
tory to the conventional analysis. If the formula were empirically 
determined, then a wide range of application cannot be expected 
from the formula. 

Concerning his second point on the circumferential velocity 
profile, Mr. Cole misinterpreted the meaning of the statement 
that the velocity distribution (of the Couette flow) (12) is sym- 
metric with respect to the point of mid-section along the Y-axis. 
To clarify the point, we write the velocity distribution of the 
Couette flow from reference (12) 


where s and ¢ are experimentally determined constants and & 
is a nondimensional length measured from the mid-section of the 
Y-axis with boundaries of the walls at & = —land & = 1. For 


laminar flow s = 1 then we have the well-known result 


= 


By integration we obtain the circumferential flow 
q, = th = Uh/2 


while for turbulent flow the arbitrary constants s and ¢ are fune- 
tions of Reynolds number. As stated by Pai (12), there appear 
no experimental data which are suitable for the determinations of 
these constants. However, if only the mean velocity is the main 
concern as in the case of the present problem, the circumferential 
flow may be easily obtained by integration, i.e. 


and gq, = th = Uh/2.........[22] 


It is believed that this coincidence of the circumferential flows 
leads to Mr. Cole’s confusion of a linear velocity distribution in 
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the turbulent flow. Therefore his subsequent statements are, 
of course, improper. 

Another point which is mentioned by both Mr. Cole and Prof. 
Oevirk is that the friction loss of the bearing is very important 
from the practical point of view and has not been analyzed in the 
paper. The author agrees with their opinion. The friction loss 
has not been included in the paper simply because the constants 
s and ¢in Equation [21] are undetermined. A definite expression 
of shear stress is not obtainable (12). Consequently, no definite 
form of the coefficient of friction can be derived. However, if an 
expression with undetermined constants is desired, the author 
may offer the following analysis: 

Let us take the commonly used expression of shear stress for 
turbulent flow 

M_pU? 


~ (Re,)™ 2 


where Re, = Uh/v and M and m are arbitrary constants. Then 


the friction force for a short bearing is 


MrlpU?-=y= d0 


trdzd§ = 
Jo (1 + 7 cos 


l 
2 
since the integrand is an even 


function of 
By identity (14) 


1 { d0 
Jo (1+ cos 2’ 


where F(a, 6; c; z) is the hypergeometrical function, Equation |{ 
becomes 


Ue 2 ‘ 
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The coefficient of friction is readily obtained by 


Rearranging Equation [26], we get 


D _{mm+l 
f (2) = S(Re)!-™( M2?)F 


i .- [27] 
This shows the relation for friction in terms of the eccentricity 
ratio. Equation [27] is also usable for laminar flow. For laminar 
flow M = 2,m = 1, and 


F(1/2, 1; 1; 9?) = (1 — 9%)7"'2 


Equation [27] becomes 


D 2r? 


This is the same result as obtained by Oevirk (11). 

The author disagrees with Dr. Smith on his opinion of the dis- 
crepancy between the present analysis and their experiments. 
As mentioned in the paper, owing to the lack of the necessary in- 
formation from their experiments, no comparison can be given. 
In particular, the values of Reynolds number required in the 
analysis were not reported in either their or Wilcock’s experi- 
ments. A comparison of these two existing experimental results 
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(b) Smith and Fuller’s 


(a) Wilcock’s experiment 
experiment 


Fig.6 Experimental results of Sommerfeld number as a function 
of eccentricity ratio 


indicates that they seem to be quite different from each other. 
For example, the classical diagrams of eccentricity ratio 7 versus 
Sommerfeld number §$ for these two experiments are shown 
schematically in Fig. 6. Based upon the present analysis, their 
own discrepancy can be easily shown to be the omission of the 
important role of Reynolds number when bearings operated in 
the turbulent regime. 

In Wilcock’s experiment, the curve shown in Fig. 6(a) was ob- 
tained with the use of data taken from different rotational speeds. 


Fig. 7 A theoretical ex- 
planation of Wilcock’s 
experimental result 


At low speeds the Reynolds number of the flow is less than the 
critical value. The result should then follow the curve of laminar 
flow of Fig. 4. This is shown as the Curve A in Fig. 7. As the 
speed is increased beyond the critical value, the test points should 
be shifted in accordance with the appropriate Reynolds number 
to turbulent flow lines of Fig. 4. An increase of speed indicates 
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an increase of S$. It would then be expected that a curve such 
as Curve B of Fig. 7 would be the consequence. However, a 
careful study of Wilcock’s experimental conditions shows that 
operations at high speeds yield high film temperatures. With the 
oil used in his experiment, there results a large decrease in the 
coefficient of viscosity. A brief calculation reveals that the de- 
crease of viscosity is larger than the increase of speed. In other 
words, the Sommerfeld number is lowered with increasing speed. 
A curve such as Curve C of Fig. 7 would then be the result. The 
combination of Curves A and C is what has been shown by Wil- 
cock’s experiment, Fig. 6(a). 

Smith and Fuller show a different diagram of test points, Fig. 
6(b). In their experiment, various Sommerfeld numbers were ob- 
tained by tests at constant speed but different loads on the bear- 
ing. In this case, the lubricating medium is water which has a 
high specific heat, that is, the change of viscosity with tempera- 
ture is relatively small. Consequently, the Reynolds number of 
the flow is almost constant, since the Reynolds number is inde- 
pendent of the bearing load. This means that the test points of 
this experiment should follow one particular curve of Fig. 4. 
This is also what has been shown by their experiment, Fig. 6(). 

Furthermore, a basic question which has not been raised by 
the discussers but is an important one in the theory is that of the 
order of the inertia effect in the turbulent flow. In journal bear- 
ings with laminar flow it is well known that the ratio of inertia 
force to viscous force is of the order of the product of Reynolds 


number and h/r 
(Re: 


It seems to be that the bearing running in the turbulent regime 
might have a large ratio of the inertia force to the viscous force 
which will invalidate the analysis. However, this isnot the case. 
In turbulent flow the application of the Blasius’ law of friction 
instead of the Newtonian viscous shear leads to 


This is also in agreement with the laminar case where n = 1. For 
turbulent flow the exponent n is small and is equal to 0.25 for 
smooth surfaces. (Incidentally 0.25 is the upper bound of n in the 
turbulent regime.) It indicates that for a Reynolds number of 
10,000 in turbulent regime there will be a same order of the ratio 
of inertia to viscous forces as that of Re = 10 in the laminar re- 
gime. 
=> @& 
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The Performance and Reliability of 


Aero-Gas-Turbine Combustion Chambers 
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PART I GENERAL CONSIDERATIONS 


1 Introduction 


Many papers have been published dealing with combustion in 
gas turbine combustion chambers but with the successful applica- 
tion of this type of engine to civil aviation it was felt to be oppor- 
tune to publish some results on the specialized strength of ma- 
terials problems and some data relating to durability in actual 
service. 


1 The equipment is subjected to elevated temperatures, tem- 
perature gradients, and temperature fluctuations. 

2 Mechanical loads are imposed, both distributed and con- 
centrated, both steady and fluctuating. 


Other factors such as material deterioration by oxidation ad- 
mittedly also enter the picture, but these mentioned are undoubt- 
edly of greater importance. 

The time over which these factors must operate before the 
occurrence of failure or serious drop-off in performance obviously 
depends upon numerous other factors and can only be understood 
in the light of a full appreciation of the variety of conditions under 
which the chamber is called upon to operate. 

For this reason, attention is directed to the study of the range 
of running conditions with special reference to the factors calcu- 
lated to affect the life and reliability of the chamber. 


2 Specification of Performance Requirements 


It is usual to specify the performance requirements of a combus- 
tion chamber primarily at the full load or design point condition, 
and also to some extent at the various off-design point conditions. 
Table 1 shows a typical form of the specification. 

The first column gives the specification of thermodynamic 
performance required, and the second column, the auxiliary per- 
formance requirements which have to be met to an acceptable 
degree at every running condition. 

The requirement of flame stability at all conditions implies that 
the burning range should be wide enough for substantial changes 


Table 1 Required performance characteristics of a combustion 
chamber 


At All Conditions 


Secification| Performance 
Required Required 


Air Mass Plow | Combustion 


At Pull Load in Particular 


Minimum Loss of Total Pressure 
Short Plame 
Good Temperature Distribution 
at the Turbine 
Cool Plane Tube 
th 


ciency 
Plame Stability 
No Carton 


Smoo ing 
Minimisation of flame radiation 
Deposition 


effects. 


Temperature Durability 
ise 
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of fuel flow to be made, both as increases and as decreases, without 
any adverse effect on the combustion, and without flame extinc- 
tion. 

The last column shows the remaining auxiliary requirements 
which are characterized by the fact that if they are satisfied at 
the full load condition they will normally be found to be satisfied 
automatically at all other conditions. 

3 Range of Steady Operating Conditions => 

More than other combustion chambers, that used in the aero- 
gas-turbine is called upon to cover a very wide range of conditions. 
These are obviously not all equally onerous, and the life of the 
chamber would be increased many times if it were only to be run 
at, say, the cruising conditions. This is particularly applicable 
to long-distance civil aircraft. 

The combustion chamber parameters which alter from one 
running condition to another are four in number, as shown in the 
table: Air mass flow, air pressure, air inlet temperature, combus- 
tion temperature rise. 

These variables influence the magnitude of the forces and tem- 
peratures to which the equipment is subjected in a number of 
ways. The air pressure produces steady forces in the air casings 
which may present design problems in coping with stress-raising 
features such as bosses, flanges, etc., especially in the case of large 
annular chambers where the outer casing wall thickness has to be 
reduced to the minimum possible because of considerations of 
weight. The problem of high pressure appears in its most acute 
form when high-flight Mach numbers are contemplated at low 
altitudes with a fairly high basic compression ratio. Fig. 1 
shows the combustion chamber pressure arising from this effect 
for the full rpm condition, and the high values shown for the 
low-altitude, high-flight Mach number case usually lead to « flight 
restriction in consequence of which the maximum possible 
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Fig. 1 Combustion pressure at full rpm versus altitude for various 
values of compression ratio and flight Mach number 
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Fig. 3 Compressor delivery air temperature at full rpm versus alti- 


Fig. 2 Reference plane kinetic head at full rpm versus altitude for tude for various values of compression ratio and flight Mach number 


various values of flight Mach number 
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Fig. 4 Nomogram for finding air pressure and temperature and pressure drop in an aero-gas-turbine combustion chamber 
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flight Mach numbers are only permitted above a certain limit- 
ing altitude. 

Referring to the flame tube, the pressure differences are of more 
consequence than the absolute pressure. These differences are, 
in any given case, directly proportional to the kinetic head at the 
reference plane. Fig. 2 shows the way in which this kinetic head 
varies under the same conditions, expressed in terms of its value 
at the full rpm, sea level stationary condition. 

The other factor among the steady operating conditions which 
is of major importance to the life of the equipment is the air inlet 
temperature because of its influence upon the component tem- 
peratures, since it forms the limit towards which these latter 
may be made to tend by successive improvements in film cooling, 
etc. Fig. 3 shows how this air inlet temperature depends upon 
the altitude, flight speed, and pressure ratio, and the well-known 
way in which increases of flight speed cause increases of air tem- 
perature is immediately obvious. 

The values of combustion chamber pressure, compressor dis- 
charge temperature, and combustion chamber pressure loss can 
be obtained for any required operating conditions from the 
nomogram (3)? shown in Fig. 4. 

The dotted line shows an example of the use of this nomogram 
for the case of a flight Mach number of 1.0 at sea level at full en- 
gine rpm giving a compressor delivery pressure of about 150 psia, 
as against 100 psia at the take-off condition. 

The full line shows a corresponding example at a flight Mach 
number of 2.0 at an altitude of 60K ft. In other cases, the at- 
tainment of high-flight Mach numbers may double or even treble 
the pressure loss across, say, a flame tube. This is a factor which 
must be remembered when stressing the structure at the design 
stage. 


4 Unsteady Operating Conditions 


These conditions are of two types, the rapid fluctuations of 
pressure or temperature about steady mean values, and the transi- 
tion from one steady state to another as in the course of accelera- 
tions and decelerations. 

Combustion equipment should not be called upon to tolerate 
conditions of vibration or fluctuation arising from defective per- 
formance of the combustion equipment itself (such as flame 
resonance, etc.) but it is inevitable that the engine as a whole will 
be subject to internal vibrations based on frequencies deriving 
from the numbers of compressor blades, guide vanes, injectors, 
and so forth, and the rotational speed. 

The actual nature of the composite vibrations caused by these 
factors is usually fairly complicated. Fig. 5 shows a spectrum 
throughout the range of important frequencies for the pressure 


’ Numbers in parentheses refer to Bibliography at end of paper. 
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pulsations measured on the flame tube of a certain pipe chamber. 
Quite a large number of critical frequencies are in evidence, any 
of which may resonate with a natural mode of vibration of the 
flame tube to produce an excessive vibration amplitude. 

This type of situation has almost always to be faced, and can 
often be a serious factor limiting the life of the equipment. The 
most important consideration here is that the major pulsation fre- 
quencies should not be allowed to resonate with any of the 
natural modes of vibration of the combustion equipment, and 
that these modes should in any case be well damped. 

During changes of altitude or of flight Mach number, the transi- 
tion states are indistinguishable from the intermediate steady 
states, but when passing from one value of engine speed to 
another, the situation is entirely different, since, for the sake of 
rapidity of response, large degrees of overfueling and underfuel- 
ing are used, and are limited only by considerations of compressor 
surge, flame extinction, or overheating. 

As a direct consequence of this, the metal temperatures in the 
combustion chamber are subject to wide momentary fluctuations 
which give rise to an effect known as thermal fatigue, and are of 
the utmost significance in determining the life of the equipment. 
In fact, the process of controlled thermal fatigue is often used as a 
method of test and assessment of the relative merits of alternative 
designs as described below. 


5 The Influence of Combustion Intensity on Metal Temperature 


High metal temperatures in the combustion equipment, and 
particularly in the flame tube itself, arise as a result of the 
balance between heat supplied by the flame and combustion 
products, and heat removed by the air (either at the outside or 
immediately on the inside of the flame tube wall) at the compres- 
sor delivery temperature. Therefore high metal temperature can 
be the result not only of high air temperatures, but also of high 
rates of radiation and convection from the flame. These effects 
are a direct function of flame temperature. 

In an aero-gas-turbine combustion chamber, compactness is of 
the greatest importance, and the highest possible rates of specific 
heat release per unit area or per unit volume are therefore used. 
In addition, because of the wide range of air/fuel ratio which has 
to be dealt with, the optimum primary air/fuel ratio has to be 
chosen so as to ensure the best compromise between the richest 
and wea'est running conditions required. The flame tempera- 
ture will therefore be at its highest, and the heat transfer by 
radiation from the flame and by convection from the gaseous con- 
tents of the primary combustion zone will provide serious prob- 
lems in maintaining a sufficiently cool flame tube. 


6 Radiation and Convection of Heat From the Primary Zone 


When an appreciable amount of carbon is present in the flame, 
it is responsible for the bulk of the radiation, and where there is 
none, the radiation is almost entirely due to the CO, and H,O 
whose radiation properties are well known. 

In the extreme case, in which the amount of free carbon in the 
flame is very high, the emissivity will approach unity, though 
this state of affairs is normally associated with heavier fuels than 
those usual in the aero-gas-turbine. Expressions have been 
evolved, however, which give the radiant heat transfer in any 
case, taking into account the variations in emissivity. 

The convection of heat from the primary zone to the flame tube 
wall is much less amenable to rigorous treatment. There are 
several difficulties which arise. One is that nearly always there 
is some degree of film cooling used as described later, which 
means that the gases scrubbing the wall are not simply products 
of combustion, but are more or less markedly diluted by air at 
the compressor delivery temperature. Even if this were not so, 
the appropriate temperature to use for the purposes of calcula- 
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Fig. 5 Pressure fluctuations in flame tube 


tion would be far from clear because of ignorance of the boundary 
layer and combustion rate effects. 

Another difficulty is the determination of the local velocity at 
the wall which, due to flow pattern effects, usually bears no rela- 
tionship to the mean velocity within the flame tube. 


7 Film Cooling 


It is obvious that flame tube life can be greatly improved if the 
flame tube wall temperature is reduced. Various alternative 
methods of film cooling have been devised and incorporated into 
engine use after some initial development work. 

The techniques of film cooling developed by our firm are mainly 
along two lines. In one method, known as the internal ring, or 
skirt, a sheet-metal ring is fastened inside the flame tube by weld- 
ing or riveting to leave a definite annular clearance (see Fig. 13 
in Part II, Section 4). Air is admitted into this clearance space 
through rows of small holes in the flame tube wall proper and is 
directed by the skirt as a film of cool air along the flame tube 
wall. This method uses only the static pressure drop across the 
flame tube wall as the driving force for cooling air admission, and 
is typified by the Dart flame tube as shown in Fig. 18. 

In high velocity chambers (i.e., those with low pressure loss fac- 
tor, see Appendix A) this pressure drop may be too small to be 
effective. This has resulted in the development of film cooling 
arrangements in which the total pressure drop is utilized and 
which are known therefore as “total head’’ film cooling. A 
radical change in flame tube construction is usual in this case. 
The flame tube is made up of several sections of progressively in- 
creasing diameters in a downstream direction to leave an annular 
clearance between each section and the next. The sections are 
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Fig.6 Flame tube temperatures with internal skirt type film cooling. 
[A, below 410 C (770 F); B, 410-490 C (770-915 F); C, 490-575 C 
(915-1065 F); D, 575-800 C (1065-1470 F); E, above 800 C (1470 
F).] 
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then joined together, either by fluting (i.e., corrugating) the 
larger diameter and welding the flutes to the upstream section, 
or by the introduction of a corrugated joining piece known as a 
“wigglestrip” (see Fig. 15 in Part II, Section 4). 


8 Metal Temperature Variations 


Disastrous though excessive metal temperature may be, it is 
probably true to say that variations of metal temperature are 
more disastrous still. Such variations may take the form of 
fluctuations in time, or nonuniformity throughout the component 
at any given moment. The first type has the more serious 
effects. 

The fluctuations in time have already been referred to, and will 
be treated more fully under the heading of thermal fatigue. This 
trouble arises chiefly during accelerations and decelerations when 
the primary air/fuel ratio and hence the flame temperature 
undergo rapid changes. 

As regards the variations in space, from the very nature of 
the heating, and of the steps which can be taken to reduce it, the 
heating must be nonuniform. For example, where a cooling film 
of air is introduced, the flame tube is locally brought down to a 
relatively low temperature, and a little further downstream, 
where the film is breaking up and losing its effect, the metal tem- 
perature will be higher. This will give an axial gradient of 
temperature in the flame tube. 

Fig. 6 shows a flame tube in which this form of film cooling has 
been adopted. The flame tube has been subjected to thermal 
paint testing in which it has been painted with a material which 
exhibits color changes at certain temperatures, thus producing in 
effect a contour diagram of metal temperature distribution. The 
increase of temperature in a direction downstream from the film 
cooling point is clearly shown. 
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Again, a necessary obstruction outside the flame tube, such as 
a suspension pin, may interrupt the external convection cooling 
and produce an axial hot streak extending in a downstream 
direction, and so causing a circumferential temperature gradient. 
Fig. 7 shows a flame tube in which axial hot streaks of this type 
may be seen extending downstream from the welding point of the 
fluted film cooling construction described below in Part II. 
Temperature gradients of this sort naturally cause buckling 
stresses to be set up, and if at the same time the temperature at 
the point of maximum stress is at all high, the yield point may be 
passed, and a permanent or semipermanent deformation may be 
caused. A wide variety of effects come under this heading, from 
short term plastic yield at one extreme to long term creep at the 
other. With repetition, such a feature may be progressive, and 
lead to catastrophic failure. This commonly occurs when two 
parts which are welded together reach different temperatures, 
and so set up an excessive stress in the weld. 


9 The Effects of Stresses 


The effect of a steady stress in producing a failure depends upon 
the creep properties of the material at the particular temperature 
in question. At low temperatures, ordinary combustion chamber 
materials fail by breakage at a particular fairly well defined stress 
level, and the art of taking this into account in the design with an 
appropriate safety factor has been well understood for many 
years. At elevated temperatures, however, progressive relaxation 
occurs at a rate dependent upon the temperature and the stress 
level. This effect is known as creep. The creep properties of the 
materials commonly used in the construction of aero-gas-turbine 
combustion chambers, and the means of taking these properties 
into account in the design opens up quite a wide field in metal- 
lurgical technology, which is discussed in greater detail hereafter. 

Of equal, if not greater, importance are the effects of vibratory 
stresses whose origin has already been referred to earlier. The be- 
havior of a material under these conditions is described by the 
theory of fatigue properties, and though a great deal is known 
about this phenomenon, and the way in which to deal with it from 
a practical point of view, there are many features which will re- 
quire further experimentation for their elucidation. 


PART II MECHANICAL RELIABILITY 


1 General 

The detailed studies contained in this report go back to the 
beginning of the aero-gas-turbine in the United Kingdom and in- 
clude the work done in the Lucas Research Laboratories on the 
W.2.B engine, later referred to as the Rolls Royce Welland. 

In the early days (5) flame tube failures were caused by: 


(b) Distortion, due to high temperature gradients. 
(c) Fatigue, due to mechanical vibrations. 


(a) Corrosion, due to poor combustion conditions. 


(d) Cracking at the edges of holes by thermal fatigue. 


The corrosion and distortion problems have largely been over- 
come by improvements in design and the control of combustion, 
while the fatigue problem, which was very acute, has been met by 
changes of design and materials. Thermal fatigue, which is 
caused by extremely rapid increases and decreases of temperature, 
will always occur, but its incidence has been reduced by changes 
in design giving reduced flame tube wall temperatures and by 
careful manufacture. 

The prevalence of cracking at the edges of holes in flame tubes 
in service is not difficult to understand when it is realized that 
not only does the hole act as a stress concentrator for any mechani- 
cal vibrations present, but, on rapid acceleration or deceleration of 
the engine, high-temperature gradients are formed in the region 
of the hole edge, giving rise to a corresponding stress gradient. 
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Fig. 8 Temperature conditions in a typical flame tube during 
acceleration and deceleration 


The latter phenomenon gives rise to thermal fatigue. The extents 
of these temperature changes have been investigated during en- 
gine running (6), a typical example being shown in Fig. 8. This 
showed that.a maximum drop of 650 deg from 1430 F occurred at 
a hot spot in the primary zone, and most of it was complete in 
one second. From this arose the present form of thermal fatigue 
test used for the evaluation of sheet materials for flame tubes and 
subsequently augmented by fatigue and creép testing, which 
are discussed later. 

It should be noted that the temperature gradient and stress 
gradient near the edge of the hole can be considerably altered in 
their effect by modifying the edge of the hole in the various ways 
described later. There is one particular modification, however, 
namely plunging, which has a very beneficial aerodynamic 
effect. Besides raising the coefficient of discharge from values of 
very often less than 0.5 to values approaching 1.0, the sensitivity 
of the coefficient of discharge to the air flow conditions approach- 
ing the hole is very much reduced and the angle of penetration of 
the air jet through the hole into the flame tube is much more 
nearly perpendicular to the flame tube wall, and much less subject 
to fluctuations reflecting irregularities in the annulus air flow. 
Besides this the temperature gradients close to the edge of the 
hole are smaller in the case of plunged holes due to the way in 
which the entering air flow clings to the metal surface in the 
neighborhood of the plunging radius. 


2 Evaluation of Materials 


With the early engines, choice of materials for combustion 
chambers was limited to materials then available in sheet form. 
From the estimated temperature it was considered that 18/8 
stainless steel would be suitable for flame tube construction. En- 
gine tests soon showed the limitations of this material, however, 
as buckling and cracking at welds were very severe. The next 
choice was Inconel which was believed to have better high-tem- 
perature properties than stainless steel, but this material was 
found to suffer from the same defects as stainless steel in service. 

At this stage Nimonic 75—which had been developed as a tur- 
bine blade material—became available in sheet form and was an 
obvious choice for flame tube construction. Nimonic 75 is an 
80-20 nickel-chromium alloy stiffened with a small amount of 
titanium carbide. This alloy has excellent oxidation and corro- 
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sion-resistance at elevated temperatures, reasonable creep 
strength, and good fatigue resistance. In addition, it is amenable 
to pressing and deep drawing operations, and is readily weldable 
by most of the processes in use today. Nimonic 75 gave much 
improved performance over the alloys previously tried and be- 
came the standard material for flame tubes in the United King- 
dom. It might perhaps be worth mentioning that a sheet thick- 
ness of 0.048 in. (18 swg) has also become standardized. 

With the advances made in engine design over the years, and 
by introducing various film cooling devices to keep the flame tube 
wall temperatures to a reasonable level, Nimonic 75 has proved 
quite adequate for current standard turbine inlet temperatures 
of up to 950 C (1740 F), and may still be suitable for even higher 
inlet temperatures. Continuation of this trend in future develop- 
ments may eventually result in a need for higher-strength sheet 
materials, in which case it is anticipated that Nimonics 80 or 90 
will be considered. 

The requirements of a flame tube material fall into two main 
categories. On the one hand it must have adequate oxidation 
resistance and mechanical strength at temperature, and on the 
other hand it must be capable of being readily fabricated so that 
its ability to be welded, deep drawn, and preferably not to re- 
quire a special heat treatment must all be taken into account. 
Unfortunately these two requirements are not always com- 
patible. 

Considering only the first category, temperatures in flame 
tubes have not yet risen to the point where the oxidation re- 
sistance of the range of nickel or cobalt base alloys envisaged is 
seriously impaired. However, when metal wall temperatures 
reach 1000 C (1830 F) and more, possibly some new approach 
will have to be made to this problem. 

From the point of view of mechanical strength at temperature, 
there are three main tests currently being used, viz., mechanical 
fatigue, thermal fatigue, and creep. Since there are strong indi- 
cations that the properties of materials in sheet form may be con- 
siderably different, usually inferior to the equivalent material in 
bar form, it is essential that the material be tested in the form of 
sheet. Creep testing of sheet is a new development in the pro- 
gram of testing and insufficient work has been done to present 
any results here. There is, however, a good background of in- 
formation available from mechanical and thermal fatigue tests 
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Table 2 Typical composition of flame tube materials 


Chemical Composition, 


Material 
c 


r a Mn [Pe 
18/8 stainless 
16, 19.91) Bal, 
6,19 20. 20 - - Bal, 
Nimonie 75 19.5 - 10.3 
Nimonic 80 19.5 2.4 | 1.4/0,0810.4 


19.5 7.0)2.4 | 


Nimonic 90 


over a range of materials, whose compositions will be found in 
Table 2. 

The fatigue tests were all made in alternating direct stress (ten- 
sion compression) on an Amsler Vibrophore at a frequency of 
about 9000 cycles/minute. Three set temperatures have so far 
been employed, viz., room temperature, 500 C (930 F), and 700 C 
(1290 F). In order that some idea of the notch sensitivity in 
fatigue could be obtained the two types of test pieces illustrated in 
Fig. 9 were used, the “notched” test piece consisting of a '/:-in- 
diam hole in a 2-in-wide strip. 16-swg (0.064-in.) material was 
used throughout since, although 18 swg would have been pre- 
ferred, danger of buckling in the testing machine precluded its 
use. 

Stress concentration (4) due to a notch or structural discon- 
tinuity is conventionally defined by the ratio 

maximum stress of the section 


7 average stress of the section 


known as theoretical or geometric stress concentration factor, 
and for a hole in an infinitely wide sheet Ky = 3. In practice 
a width of sheet greater than nine times the hole diameter fulfills 
this condition, although in the case of the notched test piece used 
in these investigations, the width is only four times the hole 
diameter, and K, for this arrangement has been calculated from 
a method due to Howland (8) to be 2.4. 
The strength reduction factor is defined as the ratio 


unnotched fatigue strength 
notched fatigue strength 


and affords a measure of the practical reduction in fatigue proper- 
OIRECTION OF ROLLING 
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Fig. 9 Tests pieces for Amsler vibrophore 
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ties under a given set of conditions. Comparison of Kp and Ky 
also gives an indication of the notch sensitivity of a material in 
fatigue. Unfortunately, there is no unique relationship between 
K, and Ky, although use of the former will always result in a safe 
design. Since the value of Ky will vary with mean and alternat- 
ing stress, temperature of test, number of cycles to failure, and the 
value of Ky, to mention but a few, the A» values given in Table 3 
should be used with discretion. 

The heat treatments given to these test pieces are as follows: 
18/8 stainless steel, G.19, and Nimonic 75 were all annealed as a 
final operation at 1040 C (1900 F) for 7 min in a controlled at- 
mosphere furnace. Nimonie 80 and 90 which come solution 
treated from the manufacturers, Henry Wiggin & Co. Ltd., at 
1150 C (2100 F) for 2 to 3 min., were aged for 4 hr at 750 C 
(1380 F). The endurance limits at 40 million cycles obtained for 
these materials, together with the strength reduction factor Ky, 
for the notched test piece are given in Table 3. 


Table 3 Fatigue properties of sheet materials at elevated tem- 
peratures 


Endurance limit at LO million cycles in p.e.i. 
Material Soom Temperature (9300F) 700°¢ (1,290°F) 

} Plain | Notched| K, Plain | Notched Ky Plain | Notched Kp 
18/4 Stainless 

Steel 49,200 | 22,600 | 1.77 29,100] 15,500 1.88 | 21,300 11,300 1.9 
G.19 39,400 | 17,500 | 2.15 | 43,000 | 19,300 12.2 | 23,800 | 9,600 | 2.5 
Nimontc 75 %,200 | 19,000 [1.9 | 43,300 | 17,500 | 2.5 | 24,000 | 9,200 | 2.5 
Nimnic 30 35,200 | 16,800 2.1 35,600 19,300 | 1.65 37,000 | 16,600 2.2 
“Nimonic 90 47,600 17,000 [2.75 39,800 | 17,000 | 2.3 47,000 | 17,700 2.7 
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A study of these results yields some interesting information. 
First, there is very little difference in properties shown by the 
stainless steel, G.19, or Nimonic 75 over this temperature range. 
Secondly, that both Nimonics 80 and 90 show virtually no change 
in properties up to 700 C (1290 F). Thirdly, apart from the 
stainless steel, all these materials, when in sheet form, are very 
notch sensitive at room temperature, and at elevated tempera- 
tures they tend, if anything, to be more so. It should be empha- 
sized that these remarks do not apply to the materials in bar 
form. 

The thermal fatigue test used has been described by Lardge (6) 
in which the test piece is a 4-in-square sample of sheet containing 
a central hole 0.585 in. diam whose edge has been radiused and 
polished by the standard method. The hole edge is heated for 1 
min to the test temperature by a gas/air torch and then cooled 
to 50 C (120 F) by a blast of air for 1 min the cycle being repeated 
until a small visible crack forms at the hole edge when the number 
of cycles to achieve this is taken as an index of the thermal fatigue 
resistance at that temperature. In Fig. 10 will be found a tem- 


Table 4 Coefficients of expansion and thermal conductivity 


Thermal Expansion Thermal Conductivity Modulus of Elasticity 
Material 
tn/inP?F units 900°C 
at 90007 (1650°F) at 900°° (1650°F) (65°F (1650°F) 
psi psi 
18/8 
stainless 11.0 x 10° 0.064 28 ° 
steel 
6.19 10.0 x 10% 0.070 29.8 19.9 
Mimonte 75 8.9 x 10% 0.072 27 n 
Nimonie 80 8.8 x 106 0.066 27 
Nimonie 90 9.3 x 10% 0.069 28 19 
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we 
perature number-of-cycles-to-failure plot for the five materials 
listed in the same metallurgical condition as for the fatigue tests. 

This test is simple, quick, and an excellent sorting tool for new 
materials though, as numerous workers have discovered, very dif- 
ficult to interpret. Basically these results must be a function of 
the creep strength, fatigue strength, the coefficients of expansion, 
heat conductivity, and Young’s modulus, and even perhaps the 
oxidation resistance. Since all these variables alter all at once 
from material to material, the lack of agreement on this subject 
is hardly surprising. ‘l'able 4 shows the coefficients of expansion, 
thermal conductivity, and modulus of elasticity for these five ma- 
terials. Ideally, materials should have a high fatigue and creep 
strength, and good thermal conductivity, and a low coefficient of 
thermal expansion and modulus of elasticity, to have the greatest 
resistance to thermal fatigue, but a study of the results of Fig. 10 
and the data of Tables 3 and 4 reveals that no simple correlation 
exists. The acquisition of the corresponding creep data may help 
in this respect. 

Commenting further on the data in Fig. 10 it will be seen 
that there is little to choose in thermal fatigue resistance between 
18/8 stainless steel and Nimonic 75, and that G.19 shows a slight 
advantage at the higher temperatures. In the solution treated 
condition, Nimonics 80 and 90 are much superior to the other 
materials below 700 C (1290 F) but above this temperature 
they lose this advantage. In the aged condition, however, 
Nimonic 80 is definitely superior up to 875 C (1600 F.) Tests 
on Nimonic 90 in the aged condition are in progress and it seems 
reasonable to assume that this will follow the same trend. 

There is one further comment to be made concerning Nimonics 
80 and 90. Both these alloys are subject to intergranular oxida- 
tion if heated above 1000 C (1830 F) for any appreciable length 
of time, and this can have quite a serious effect on the fatigue 
properties since in sheet form it is not practicable to remove 
the surface layer afterward. This can have a marked influ- 
ence on production methods since it limits the number of times 
the material can be annealed after working without incurring 
this oxidation. 

It would seem, therefore, that in spite of the higher fatigue and 
creep properties of Nimonics 80 and 90, it is not easy to predict 
how they will behave as flame tube materials, and a full evalua- 
tion will have to await service trials. 


3 Evaluation of Detail Design by Laboratory Tests 

Three main methods have been adopted for this purpose. 
Mechanical and thermal fatigue tests have been used to study the 
effect of holes in thin sheet materials as modified by surface 
finish of the hole edge and shaping or reinforcing it. Complete 
flame tube subassemblies have been vibration tested to effect 
comparisons of various designs, and static pressure testing is be- 
coming increasingly employed, particularly on annular flame 
tubes, to determine the collapsing pressures. 


Mechanical and Thermal Fatigue Tests 


The conditions of testing were very similar to those described 
in Section 2, Evaluation of Materials, and the test material in 
all cases was 18 swg (0.048 in.) sheet Nimonic 75. To obtain 
comparative conditions, all the thermal fatigue testing was car- 
ried out at a nominal upper temperature of 900 C (1650 F) using 
the standard size of test piece. The ordinary fatigue tests wae 
made with the usual test piece consisting of a 2-in-wide strip 
containing a '/:-in-diam hole. Although these tests were per- 
formed at room temperature, there are good grounds for the be- 
lief that the same order of merit will hold at elevated tempera- 
tures, 

Since radiusing and polishing a hole edge is so widely used in 
in the United Kingdom, this ‘Serves as con- 


venient reference point for purposes of comparison. In addition, 
it should be noted that, again conforming with standard manufac- 
turing practice, all test pieces were annealed as a final operation in 
a partially burnt town-gas atmosphere at 1040 C (1900 F). 

Table 5 gives the mechanical and thermal fatigue properties 
for a variety of surface finishes. 


Table 5 The effect of various surface finishes applied to the hole 
edge 


| Mechanical 
H Patigue 
ce Pinish 


Hole edge radiused and po ished 
(stand.ré finish) 


Endurance lim 
million cycles 


ole pierced and deburred only 


Role perced and test piece 
tarielled’® for 24 hours (}" 
cranite chips) 


‘ole pierced and ie 
electropolished 15,700 
| Hole pierced, deburred, and 
liquic honed (vapour blasted) 26,800 
tole plerced and test piece 
eened, 


14,800 


As was expected, the standard finish is as good as any tested, 
although barreling and liquid honing would be acceptable al- 
ternatives. Of these methods, barreling seems to be the only 
alternative used in production and then only to a limited extent. 
The result for the shotpeened test piece shows very clearly the 
deleterious effects of annealing out the surface work hardening 
and internal compressive stresses induced by the process. This 
underlines a conclusion of Allen and Forrest (1) that shotpeening 
is an undesirable finish for high temperature applications. 

Shaping the hole edge either to stiffen it, or for aerodynamic 
reasons, was used quite early, and the properties of the configura- 
tions shown in Fig. 11 are given in Table 6. 


Table 6 The effect of shaping the hole edge 


icai 


Type of Hole Edge 
Endurance limit at 20 


million cycles, 


Rimmed 
Plunged 
Crimp 


Standard radiused and 
polished hole edge 


These results show that a rimmed or plunged hole, both widely 
used, are quite acceptable when compared with a standard 
radiused and polished hole edge. A crimped hole, on the other 
hand, on the basis of its poor mechanical fatigue properties, has 
not been incorporated into designs. 

The prevalence of cracking at holes in the early days led to 
some considerable interest in the possibility of reinforcing the 
hole edge. Accordingly various methods, illustrated in Fig. 12, 
were tried with results as detailed in Table 7. 

It is obvious that, if the reinforcement cannot improve the 
properties well above that for a standard finished hole edge, there 
is no point in doing it. Looking at Table 7 in this light, there is 
only the promise of type D from the mechanical fatigue aspects 
and even that is nullified by its poor thermal fatigue properties. 
Taking all in all, and bearing in mind the cost and difficulty of 
reinforcing holes on the shop floor, there would seem to be no 
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Fig. 11 Methods of stiffening holes by shaping the edge 
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Table 7 The effect of reinforcing the hole edge 


Mechanical 
Fatigue 


Thermal 
Patigue 
Type of Reinforcement shown in 

Pigure 1 


Endurance limit at | No, of cycles 
20 million cycles, | to goes tie af 
p.8.i. (1,650°F) 


Type A-washer welded on to one —_ 
side only. 19,3500 
Type B-washer welded on to both , 
sides, 145,800 
Type C-ring of rectangular n 
section welded into the hole, 19, 300 
Type D-ring of circular section 
welded into hole, 22,700 
Type E-ring of circular section 1u,70 
welded on to side of hole, yoo 


Type P-eyeletted hole, 13,400 
Standard radiused and polished 


hole edge, 19, 500 


justification for recommending this line of attack on the problem. 

It is perhaps worth mentioning that some ordinary fatigue 
tests have also been made to see whether the diameter of the hole 
exerts any appreciable influence of its own. The indications found 
were that there was a slight size effect (in the same material 
thickness) but that it was insufficient to warrant serious considera- 
tion in the design of combustion equipment. 


Vibration Testing 


Research into the fatigue properties of metals was supplemented 
by fatigue tests of components and subassemblies. These tests 
were carried out using vibrators to produce the required alternat- 
ing stresses. The vibrators used were electromechanical trans- 
ducers resembling large ‘“loudspeakers,’’ and were motivated by 
an amplified oscillatory signal. This equipment facilitates the 
selection of frequency and the control of applied force. 

Components and subassemblies were subjected to “resonance 
search tests” over the frequency range 10-1000 cps to determine 
the resonant frequencies of individual parts. During these tests 
points of suspension and methods of attachment in service were 
reproduced as closely:as possible. From the results design changes 
were often recommended to avoid or reduce severe resonances. 
Endurance tests were also carried out at resonant conditions until 
fracture occu 2d. These tests also often suggested design im- 
provements to avoid points of stress concentration which were il- 
lustrated by the positions of fractures. 

With the introduction of film cooling devices many new 
methods of construction became available to the designer. Each 
of these had its problems usually associated with the stress con- 
centrations at rivets or welds. Tests were therefore made on 
representative samples of film cooling arrangements to assess 
their relative merits when subjected to vibratory stresses. 

The specimens were vibrated until fracture was observed. 
Analysis of the endurance life and position of fracture enabled 
interesting comparisons to be made of various constructions and 
was the means of suggesting many design improvements. For 
example the optimum thickness of corrugated wigglestrip was 
determined in order that fracture would not be confined solely to 
the wigglestrip. 

Riveted versus welded designs were compared and hot-riveting 
concluded to be the better. The effects of bad welding were 
shown to reduce the endurance life by as much as 50 per cent. 
Split cooling skirts, though easier to assemble, were condemned, 
since fracture invariably occurred at the split through the last rivet 
hole or the end of the weld, even when the split was placed at a 
node of flexural vibration. In this manner such tests have con- 
tributed to the service efficiency of combustion chambers. 
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Pressure Testing 


With the advent of the large diameter fully annular combus- 
tion chambers, many new mechanical problems arose. Among 
them was the danger of the static pressure drop across the outer 
flame tube wall being sufficient to collapse or buckle it. This 
may occur at stresses below the yield point of the material and is 
due to instability, analogous to the buckling of a strut. Calcula- 
tions to obtain the collapsing pressure involve assumptions 
which may introduce large errors. Experimental data of collaps- 
ing strength were therefore obtained from basic types of annular 
chamber to confirm the theoretical analysis and supplement the 
limited knowledge of this type of failure. The tests have been 
made at room temperature only and thus still leave the effects of 
temperature on the mechanical properties to be interpolated. _ 


4 Influence of Methods of Manufacture on Life 


Early flame stabilizing systems included a cylindrical flame tube 
with pierced holes for the entry of air and a simple form of head 
for metering and directing the proportion of the primary air. 
This head was attached to the flame tube by means of locating 
pins, a method which introduced fretting and other defects and 
was replaced by an all-welded construction. 

Similarly improvements in tocling and finishing of the edges of 
holes received attention. 

The necessity of reducing the number of welds in a component 
to the minimum led to the introduction of pressing and deep 
drawing, particularly in flame tube head parts. While certain 
parts of the head run comparatively cool, the inner member, or 
flare, is sometimes subjected to quite high temperatures and 
severe thermal gradients. The introduction of drawing by 
multiple stages eliminated the use of weiding in the manufacture 
of this component with a marked increase in longevity. 

It will be appreciated that all types of overlap resistance welds 
suffer from a notch effect due to the geometry of the joint, which, 
together with the metallurgical notch at the junction of the cast 
and wrought structures, give rise to failure where stresses are 
high. Under fatigue conditions such welds are particularly prone 
to failure by high stress concentrations at these points. It has 
been found that fusion butt welds are the best under these condi- 
tions and this method has been introduced with great advantage. 

An important feature of present day construction is that of 
plunged holes for the introduction of air into the flame tube in- 
terior. This type of hole is better aerodynamically than a plain 
hole and gives more even temperature distribution, but there were 
a number of practical tooling problems to be overcome before its 
successful introduction. Experimental work proved that tbe 
plunged hole is at least equal, if not slightly superior, in fatigue 
to the plain round hole. 

Simultaneously with the development of the plunged hole, film 
cooling was also introduced. Both the systems previously men- 
tioned, i.e:, total head and splash cooling, give greater reliability 
and increased life provided satisfactory methods of manufacture 
are employed. 

With the “‘splash’’ system employing cooling skirts there is the 
problem of how to attach the skirt to the flame tube. Spotweld- 
ing can be used but there is the danger of fatigue failure at the 
notch around the weld under vibratory stress conditions, so that 
the method most generally employed is that of electrical hot 
riveting, see Fig. 13. In this method cheese-head rivets ma- 
chined from Nimonic 75 bar are placed through matching holes 
in the flame tube and the skirt. The machined head is inside and 
the outer head is hot forged in a form of spot-welding machine. 
The figure shows rivets both before and after the hot riveting 
process. This kind of rivet is absolutely tight and the design 
provides a degree of flexibility between the two members thus 
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Fig. 13 Riveted ng skirt for ‘‘splash 


allowing for different expansion rates through differential te 
peratures. 

Total head cooling can be achieved in two ways, either by th 
use of fluted sections (Fig. 14) or by the introduction of a cort 
gated spacer or wigglestrip (Fig. 15). In each case spotwelding 
used, but the spot welds are not under direct tension as is the 
case with a cooling skirt. 

These various forms of cooling raised the question of relative 
life under vibratory conditions and a number of tests were made 
by the forced resonance method that have been described. It is 
sufficient to say that all three methods give satisfactory results 
in aircraft engines today in all kinds of service. 


5 Design Changes Arising From Engine Tests 


One of the first things learnt from engine running was that the 
thickness of sheet metal chosen for both air casing and flame 
tubes was insufficient to withstand the alternating stresses en- 
countered. On the original W.2.B engine both air casing and 
flame tube were of 27 swg (0.0164 in.) 18/8 austenitic steel and 
this was considered ample to: withstand the static loads. While 
changes of material made a major contribution to increased relia- 
bility this went hand in hand with an increase in thickness of the 
material until it is probably true to say that the thickness of 
sheet material used for combustion equipment on the majority 
of engines today is around 18 swg (0.048 in.). 

With flame tubes, in particular, the need to increase sheet 
thickness to overcome mechanical fatigue failure at welds and 
other stress raisers is in direct conflict with the requirements to 
withstand thermal fatigue, where reduction of thickness gives an 
increase in life as shown by laboratory tests (6) (Fig. 16) so that 
a practical compromise between the two opposite requirements 
had to be established. 

Another design weakness brought out by engine testing was 
that of frettage. The troubles encountered with suspension at 
location of sheet metal parts by screwed pins brought about maj 
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Fig. 16 Thermal fatigue life versus metal thickness at 1650 F 
(Nimonic 75) 


Fig. 17 Fretting of suspension pins 


changes of design. Instead of small diameter pins of, say, '/,-in. to 
1/,-in. diam, the large diameter interconnectors required for pres- 
sure balance and flame propagation between individual chambers 
were utilized for suspension purposes (Fig. 17). 
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APPENDIX A 


Pressure Loss and Heat Release 


The pressure loss factor referred to in the text is defined ~ 
follows 


= pressure loss 
= air mass flow 

= air inlet density 

= cross sectional area on reference plane 


It may be shown that the pressure loss factor depends upon the 
ratio of inlet and outlet temperatures of the combustion chamber 
according to the following expression 


where 


loss factor 
T, = air inlet temperature 
T: = combustion chamber outlet temperature 


The relationship between the pressure loss and specific heat 
release is fully dealt with in reference (2) where it is shown that 
the specific heat release in Centigrade heat units/sq ft/hr/atm can 
be represented by the following expression 


where 

€, 7,, and 7, are different factors related to the degree of effec- 

tiveness of the primary vortex configuration. 
7’, is the flame temperature 

6/P is the fractional pressure loss in the chamber scones 


APPENDIX B 


British Aero-Gas-Turbines in Civil Operational Use oa 
1 The Rolls Royce Dart ws 


Fig. 18 shows a Dart flame tube which has completed 2600 
hours in service with Trans-Australian Air Lines. The nominal 
overhaul period for this engine is 1500 hr and trials are being 
conducted in Trans-Canada Air Lines with a view to increasing 
this period to 2000 hr. These lengthy running periods can be 
completed without it being necessary even to inspect the equip- 
ment at intermediate periods. 


2 The Bristol Proteus 


Fig. 19 shows a standard Proteus flame tube and Fig. 20, the 
sprayer used with it. This engine is fully cleared for a life of 
1050 hr between overhauls and trials are in progress to raise this 
to 1300 hr. Engines which have completed one overhaul period 
are frequently found to contain flame tubes which are fit for con- 
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Fig. 18 Standard flame tube for Rolls Royce Dart engine _ Fig. 19 Standard flame tube for Bristol Proteus engi 
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Fig. 23 Standard sprayer for Napier Gazelle engine 


vw 
: - Fig. 21 Standard flame tube for Napier Eland engine 7 Fig. 22 Standard flame tube for Napier Gazelle engine 
1 4 
= “7 


NOVEMBER, 1958 

siderable further running and it is believed that the maximum 
useful running time achieved on any one tube is of the order of 
1200 to 1500 hr. 


3 The Napier Eland 

Fig. 21 shows the standard type of flame tube for this engine. 
The established life of the combustion equipment under flight 
conditions is 300 hr, while under type test conditions (which are 
more arduous) the corresponding life is 250 hr on the test bed. 
At the present stage of development, the life is limited by the 
flame tube head, while the flame tube body is still fit for further 
running. The sprayer life is of the same order. 


4 The Napier Gazelle 

Fig. 22 shows the flame tube for this engine, and Fig. 23 the 
sprayer which, unlike the Proteus, is of the upstream injection 
type. 

This being a comparatively recent engine, no figures of life in 
flight are as yet available, but the proved test bed life is over 500 
hr under type test conditions. Again, the sprayer life is of a 
similar order. 


APPENDIX C 
Reliability of Sprayers 7 


The life of the sheet metal parts of the combustion equipment 
has been described in the body of the paper and no reference has 
been made to the method of injecting fuel into the flame tube. 
The principle that our firm has followed since starting work on 
aero-gas-turbine combustion in 1940 on the Whittle engine has 
been the burning of an atomized spray and the development of a 
suitable flow pattern to give adequate mixing for the attainment 
of high rates of heat release with a minimum of pressure loss. 
The system which has been developed therefore includes a 
sprayer which may inject fuel in either an upstream or down- 


Fig. 24 Combustion chamber flow pattern showing primary toroidal 


vortex 
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stream direction into a primary combustion zone occupied by a 
toroidal vortex as shown in Fig. 24. 

The life of the sprayers is of equal importance to that of the 
sheet-metal work since obviously if the spray deteriorates due to 
carbon deposition or oxidation catastrophic failures of the 
whole combustion system may take place. For this reason much 
attention has been paid by our firm to the design and manu- 
facture of sprayers to comply with these requirements. : 


SA 


WS 
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Fig. 25 Diagrammatic cross section of Duplex sprayer - 


Fig. 25 shows a cross section of a typical sprayer, while Figs. 20 
and 23 show photographs of the sprayers actually used in the 
Proteus and Gazelle combustion chambers, the former being of 
the downstream injection type and the latter upstream. 

The design of the atomizer has to be matched with the pressure 
provided by the main fuel pump and dictated by the fuel control 
system. It also has to match the conditions of operation as set 
out in Sections 2 and 3 of Part I; these considerations have led to 
a wide range of design studies on sprayers. 

Generally speaking, in aircraft-engine practice wide ranges of 
fuel flow have to be atomized (e.g., 80/1) and for this reason 
Duplex sprayers are commonly used. Experience has shown 
that for the form of combustion chamber described in this 
paper combustion efficiency considerations require a droplet size 
of 100 microns or less when using kerosene. This size of droplet 
or less is required throughout the range of fuel throughput con- 
ditions from ground level up to altitude. 


Discussion 


S. M. DeCorso.‘ This is a fine paper which does much to re- 
move the design of combustors from an art to a science and is a 
welcome addition to the literature on this subject. Some ques- 
tions arise concerning the reference to drop size in Appendix C, 
where the authors state that a droplet size of 100y or less is re- 
quired for satisfactory combustion efficiency at all operating 
conditions. Do the authors mean that individual drops of size 
greater than 100u are not permissible or does this refer to some 
spray distribution characteristic diameter, such as surface mean 
diameter? 

In any case, this discusser is curious as to how this drop-size 
limit was determined. 


Authors’ Closure 


The droplet size of 100 y referred to is the Sauter Mean Diame- 
ter, and a spray atomized to this extent will, of course, contain a 
proportion of larger droplets. 

The suggestion that this droplet size should be regarded as a 
limit for the type of combustion chamber in question is meant to 
serve as a rough guide and is based on various correlations of 
combustion efficiency against 8. M. D. extending over a variety 
of combustion chambers. 


‘Mechanics Department, Westinghouse Electric Corporation, 
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Bearings and Vibr: 


Small Gas 


Several new principles of bearing design have proved effective 
in improving the reliability and smoothness of small gas turbines. 
The key development was the tilting-slipper thrust bearing 
which not only provided important radial clearance, but also 
made possible higher speeds at higher thrust loads. One of the 
unique features considered important for performance and low 
production costs is that the slippers float in their retainers in- 
stead of having fixed pivots. 


Introduction and Résumé 


Tue high rotor speeds of small | gas turbines and other small 
turbine machinery have brought new bearing and vibration prob- 
lems. Short and unpredictable bearing life, together with de- 
structive high-frequency vibrations have been encountered, as 
rotor-tip speeds have been pushed upward to reduce size and 
weight, and to improve thermal efficiencies. Both difficulties 
have been found to be associated with rotor-bearing runout and 
rotor-balance errors, difficult, if not impossible, to eliminate with 
conventional balancing methods and conventional “antifriction”’ 
bearings. 

This paper describes several new principles of bearing design 
which have proved effective in improving the reliability and 
smoothness of small gas turbines. The importance of radial 
clearance in all the rotor bearings, including the thrust bearing, 
has been established. A self-balancing action, or automatic 
compensation of balance errors has been obtained with increased 
running clearances in the bearings. The new bearings designed 
to accomplish this have virtually eliminated radial-bearing loads 
and the vibrations they cause. 

The new bearings are modified forms of tilting-slipper radial- 
journal and axial-thrust bearings. The key development was the 
tilting-slipper thrust bearing which not only provided the re- 
quired radial freedom, but also made possible higher speeds at 
higher thrust loads. One of the unique features considered im- 
portant for performance and low production costs is that the 
slippers float in their retainers instead of having fixed pivots. 

The bearings have been designed for use on conventional rotor 
shafts with case locations and mountings similar to ball and 
roller bearings. Because load capacities increase with speed with 
slipper bearings, journal diameters can be larger than with ball 
and roller types. The ability to use larger journals has helped 
make possible the higher compressor and turbine-tip speeds re- 
quired for making the major advances in thermal efficiency 
needed is small gas turbines in order to reduce fuel consumption. 

With proper attention to bearing design, method of lubrication, 
and oil flow, friction losses have been found to be less than with 
conventional sleeve bearings, and in fact, are in the same range as 


1 Manager, Engine Projects Section, Boeing Airplane Company, 


Industrial Products Division. 
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Turbines 


By H. C. HILL,' SEATTLE, WASH. ~ 


ball bearings. It is therefore not improper to refer to these slipper 
bearings as antifriction types. 

About 5000 hours of testing in gas-turbine engines over the past 
five years, as well as many tests with special bearing test appara- 
tus, have established these superior load-carrying capacities and 
antifriction characteristics. At the same time they are sub- 
stantially free from critical production-tolerance problems of 
close fits, and tight trueness requirements often encountered 
with ball bearings for very high speeds. 

The possibility of advantageous use of the same slipper-bearing 
principles in very small air-turbine machines, as well as in large 
gas turbines, has been explored in a preliminary way, with 
favorable conclusions. Photographs of typical examples and 
applications of the new bearings are shown in Figs. 1, 2, 3, and 4. 


Fig. 1 First-stage rotor and bearings, 502-10C engine 
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4 Fig. 2 Second-stage rotor and bearings, 502-10C engine 
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(a) 

Fig. 4 Exploded view of slipper thrust bearing, 502-10C engine (a: 
First-stage oil slinger, 6-91586-1; s/n 7; total time 332:27. b, First- 
stage radial bearing, 60-95068; s/n 8; total time 332:27. c, First- 
stage-compressor bearing retainer, 6-91589-1; s/n 7; total time 
332:27. d, First-stage slipper bearing, 60-95067; s/n8; total time 
332:27. e, First-stage thrust sleeve, 60-95132; s/n 9; total time 
332 :27.) 


Background 

The theory and application design principles of plain journal 
and thrust bearings have, of course, been well established over a 
considerable period of years. So have the design criteria and 
characteristics of pivoted-shoe bearings originated in this country 
by Kingsbury and in England by A. G. M. Michell. Plain journal 
and thrust bearings have been very successfully used in the rela- 
tively high-speed mechanically driven superchargers of aircraft 
engines, also in exhaust driven turbochargers and the exhaust 
turbines of compound engines. Pivoted-shoe bearings have been 
widely used in large industrial-turbine machinery, and more re- 
cently in some of the large industrial gas turbines here and 
abroad. 

But most of the smaller gas turbines and probably all of the 
small air-turbine machines used in jet airplanes have ball thrust 
bearings and ball or roller radial bearings. The reason for this 
preference on the smallest, and therefore the highest speed rotors, 
no doubt lies in the ready availability of the ball and roller bear- 
ings, and in the desire to avoid force-feed lubrication and scaveng- 
ing systems; also in the widespread acceptance of the good anti- 
friction characteristics of these bearings. In the light of the in- 
vestigations described further on, this choice might be questioned. 
It would appear rather astonishing that these bearings have been 
made to operate with reasonable life at speeds of 50,000 rpm and 
above. 

The original Boeing 502 gas-turbine engine of 1947 had a ball 
thrust bearing at the compressor end, and a roller bearing adjacent 
to the turbine. Because of a serious critical speed in the rela- 
tively flexible rotor shaft, a third bearing was added near the 
center of the shaft. Seizures of this center bearing occurred, and 
were eliminated by changing to the floating-sleeve bearing il- 
lustrated in Fig. 1. Later this same floating sleeve bearing was 
also substituted for the roller bearing at the turbine end. These 
two changes made a big improvement in reliabilty and life. The 
floating-sleeve bearings showed remarkable freedom from wear, 


1757 
and freedom from sensitivity to production tolerances. Further- 
more, the heat-soak problem from quick engine shutdowns, which 
had seriously affected the previously used roller bearing near the 
turbine disk, was no longer present. 

In preparing the advanced model of this engine, the 250-hp 
502-10C which is now in small quantity production, there were 
two important factors requiring further improvement: 


1 High-frequency vibration was causing failures of sheet- 
metal and other components of some engines in the field. These 
engines invariably showed vibration readings at first-stage rotor 
frequency of 20 g’s or higher. A production vibration tolerance 
of 15 g’s max had been established which alleviated these failures, 
but it was found extremely difficult and costly to achieve this 
smoothness in all engines. This was traced to slight changes in 
bearing journal “runout” of the shaft after the rotor assembly 
had been carefully balanced to less than 0.02 oz-in. balance error. 
No matter how carefully the rotor assembly was taken apart and 
reassembled in the engine, and despite all attempts to maintain 
super-accuracy of the individual pieces, it was not possible to 
maintain the journal runouts that existed during the balancing 
operation. Balance errors were therefore introduced in the engine 
at final assembly. 

2 Development progress on the single-stage centrifugal com- 
pressor to higher efficiency, and higher pressure ratio for the new 
engine model, brought higher thrust loads and more frequent 
failures of the ball thrust bearing adjacent to the compressor. 
We were unable to get satisfactory assurance that a ball bearing 
could be made available to take this increased thrust load for 
even 500 hr. A serious look, beginning in 1954, was therefore 
directed toward the plain-type thrust bearing. 


Sleeve Bearing Performance. At about this same time a very 
significant fact came to our attention and provided the clue to 
solution of both problems above mentioned. It was observed 
that loss of a turbine blade did not distress the floating-sleeve 
turbine bearings in spite of the substantial out of balance of 
the turbine wheel; nor was there evidence of excessive vibration. 
With the previous roller bearing, loss of a turbine blade invaria- 
bly caused violent vibration of the engine and destruction of 
the bearing. It became clear that this superior behavior of the 
plain bearing was not, as we previously thought, due to higher load 
capacity but rather to the fact that the loads were small with the 
loose-fitting sleeve bearing, and very high with the close-clearance 
roller bearing. In other words, the turbine unbalance caused 
heavy bearing loads only when the bearing journal was closely 
restrained radially; and further, when this restraint on the bear- 
ing was removed, the engine vibration caused by the unbalance 
also disappeared. In the light of this discovery it seemed 
plausible that, in spite of the meticulcus balancing operations 
carried out on the rotor assemblies, there were unbalance errors 
in the running engine that were translated into heavy bearing 
loads and vibration at rotor frequency at the thrust ball 
bearing.? 

Self-Balancing With Loose Radial Clearance 

The following principles became evident by analysis and were 
confirmed experimentally: 

(a) A rotating disk and shaft if not restrained by bearings will 
spin about its true balance center. This simple “fact’’ gives some 
difficulty from a theoretical standpoint because current mathe- 
matical treatments of balancing, and critical speeds of shaft- 

?Among the corrective measures investigated was electronic 
balancing of the rotor after engine assembly. This has been successful 
in mass-produced automobile engines, and should be possible in small 
turbines if a convenient production method could be worked out for 
adding or removing weight at the turbine disk without removing 
the turbine wheel. 


3 
Fig. 3 Rotor and bearings, model 520 engine 
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Z geometric center 


true balance spin center 


SPINNING ROTOR WITH NO BEARINGS 


(assumed case of rotor spinning in space) 


Loads 
- Vibration 
Critical Speeds 


Effect of Unbalance - 


spin center shifts 


from geometric center to true balance center 


Fig. 5 Diagram, case 1, rotor with no bearings 


mounted disks, require as a starting point that there be bearing 
supports. If we leave out the bearing supports we also leave un- 
determined the center of rotation, and therefore we cannot 
calculate either the unbalance or a critical speed. The author 
submits that this is prima-facie evidence that if the bearings are 
loose enough there will be no unbalance nor will there be any critical 
speeds. This is what our results indicate for turbine rotors, with 
either one or two disks. Fig. 5 illustrates this Case 1 of the rotor 
with no bearing restraints. 

(b) Relatively small amounts of unbalance will cause high bearing 
loads in small turbine machines if the bearing radial clearances are 
small. This, of course, is because the centrifugal force of the un- 
balance increases as the square of the speed. For example, a 0.02 
oz-in. unbalance in a turbine or compressor wheel running at 
36,000 rpm will cause a bearing load of 46.2 lb if there is no clear- 
anceinthebearing 


Bearing load P 


32.2 16 X 12 60 
= 46.2 lb 
lb unbalance at 1 in. radius 
32.2 fps on 
= radius | in. 
27 rpm 
radians 


Note that 0.02 oz-in. unbalance is the present drawing limit for 
production balancing using the best available electronic balancing 
machines. If this amount of unbalance is exceeded by runout 
changes during assembly or engine operation, the bearing load 
and vibration will increase in direct proportion to the increase in 


: 


unbalance. Loss of the tip of a turbine blade, for instance, will 
produce an unbalnace of about 1.0 oz-in., or 50 times the limit 
used on the drawing. The corresponding bearing load (if there is 
no clearance in the bearing) is 2310 Ib, obviously beyond the 
capacity of the bearing, Fig. 6. 

(c) A small amount of bearing or shaft “runout’’ causes a rela- 
tively large amount of unbalance in a high-speed rotor. Using the 
0.02 6z-in. balancing limit of the above example, the amount of 
turbine-bearing eccentricity or journal runout to cause this 
amount of unbalance with a 13-lb turbine wheel would be equiva- 
lent to a center-of-rotation shift of 0.000096 in., or a runout of 
0.000192 in. full indicator reading. 


= 2 (0.000096) = 0.000192 in. 


It has been found, however, that the runouts cannot be held 
closer than about 0.0005 in. (0.001 in. full indicator) as a produc- 
tion operation with conventional tolerances in the rotor pieces. 
Thus the unbalance error in the assembled engine is not the 0.02 
oz-in. obtained on the balancing machine, but 


& 0.001 
0.02 ————— or 0.104 oz-in. 
0.000192 


The radial bearing load is then 231 lb, not 46.2 as mentioned 
above. This is the beginning situation without any allowance for 
distortions in the running engine from centrifugal stresses or 
temperature gradients, Fig. 6. 

(d) The amount of radial shift to allow self-balancing for rela- 
tively large unbalance errors, is small. This follows from (c). 
With the 8-in-diam, 13-lb turbine disk running at 36,000 rpm, of 


the previous example, the center of rotation need shift only 0.005 


in. to regain true balance from a 1 oz-in. unbalance. 
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00008 inch 
@enter shift 


unbalance = 0. 10 oz. -in. 


13-lb Turbine 


* 


geometric center 


balance spin center 


geometric center 


true balance spin center 


CONVENTIONAL ROTOR WITH BALL AND ROLLER BEARINGS 


(8-lb compressor and 13-1lb turbine spinning at 36,000 rpm) 


Bearing Loads 
Vibration 


Critical Speed - 


Effect of Unbalance - 


compressor bearing radial load = 231 lb 
turbine-bearing radial load = 231 lb 


compressor end - 29 g's at 600 cps frequency 
turbine end - 18 g's at 600 cps frequency 


severe fundamental critical at 26,000 rpm 


destructive engine vibration and short bearing life 


Note that with the rotor perfectly balanced an eccentricity of only 0.0005 inch 


at the turbine bearing and 0.0008 inch at the compressor bearing will 
cause this same unbalance of 0.10 ounce-inch and bearing load of 231 Ib. 


Fig. 6 Diagram, case 2, rotor with ball and roller bearings 


unbalance when rotated on geometric center = 1 oz-in. 
= rotor weight = 13 lb 
radial shift of true balance center away from geometric 

center to put rotor back in balance 

= 16xXwxXC 

1 oz-in. = 16 X 13 X C 

= — = 0.005 in. 
16 13 

Thus the 0.007 total radial clearance used in the floating-sleeve 
bearing is in the range to accommodate 0.005-in. shift of the rotor 
running center to allow self-balancing for a 1-oz-in. balance error, 
equivalent to loss of half a turbine blade, Fig. 7.* 

(e) Provision for radial clearance to obtain self-balancing is 
especially significant in a thrust bearing. This is because a ball 
bearing when used to take thrust will automatically take up all 
the ball clearance manufactured into the bearing. Fig. 8 il- 
lustrates this. Thus a ball thrust bearing is inherently a zero- 
clearance bearing, and therefore any balance errors or runout 
errors are reflected immediately in higher bearing loads. For 
example, with 0.0002 production runout tolerance for the inner 
ball race, the bearing itself will create a radial load of 30 lb, 
using an 8-lb compressor-impeller disk at 36,000 rpm. With 
the rotor balanced to 0.02 oz-in., we then have an additional 
radial bearing load of 46.2 lb or a total of 76.2 lb. If the total 
shaft runout goes to the production limit of 0.001 in. full indica- 


’ This suggests that increased ball and roller clearances will in- 
crease the safety factors for these bearings by allowing self-balancing 
for small balance errors. This undoutedly is true where no thrust 
load is present. But !arge clearances of the order under discussion 
are usually distasteful to antifriction bearing manufacturers because 
the load capacity is reduced and ball retainer difficulties may occur. 


tor when the engine is assembled, the bearing load then becomes 
226 lb. This built-in bearing load will produce vibration of about 
20 g’s at 600 cycles frequency. And this is without any allowance 
for distortions due to temperature, or shaft runout errors due to 
running shift of the bolted-up parts. The design thrust load, in 
this case 370 lb, when combined with the 226-lb radial load, makes 
a difficult situation for a ball bearing running at 36,000 rpm. 

From these considerations it becomes apparent that thrust 
bearings for high-speed shafts should have radial freedom to 
avoid the “built-in” overload. The slipper thrust bearing of Fig. 
4 does this by allowing the slipper to float with the same radial 
clearances and double oil film as the floating-sleeve radial bear- 
ings previously mentioned.‘ 

(f) The amount of self-balancing obtained with the floating radial 
and thrust bearings already mentioned is enough to eliminate the 
need for balancing the assembled rotor. In other words, if each 
individual component of the rotor assembly is dynamically bal- 
anced—which ordinarily should be the case—the rotor can then 
be assembled in the engine without having to go through the 
meticulous and expensive assembly-balancing operation. 

The great value of this feature in reducing engine-production 
costs will be obvious. Rotor parts can be stocked as details in- 
stead of assemblies, and “match marking’ of pieces can be 
eliminated. Even more important is the simplification of main- 


‘It is, of course, possible to mount a ball thrust bearing so that 
there is radial clearance between the outer race of the bearing and its 
engine case retainer. This, however, involves motion against the 
thrust lip which then becomes a plain thrust-bearing problem. It 
would therefore seem proper to handle the entire thrust bearing as a 
plain-type thrust bearing. Soft materials such as synthetic rubber 
have been used between the ball bearing outer race and its retainer 
and bearing loads from unbalance errors can undoubtedly be reduced 
in this manner, but not eliminated. 
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Floating Bearings 
with 0.0007-inch 
vadial clearance 


4 tric center 


true balance spin center 


4 geometric center 
true balance spin center 


ROTOR WITH FLOATING BEARINGS 


(8-lb compressor and 13-lb turbine spinning at 36,000 rpm 


. Bearing Loads 
. Vibration 


. Critical Speeds 


. Effect of Unbalance 
or times the 


no effect until unbalance exceeds 1.0 oz. -in. 


10 oz. -in. of the example, i.e., the 0. 007-in. 


bearing clearance will accommodate the center shift of 0.005 in. 
required by 1.0 oz.-in. unbalance. 


_ Diagram, case 3, rotor with floating bearings 


Sas 
Model 502-10C (1957) 


4 ivy 


Thrust = 270 lb 
@ 36,000 rpm 


BALL THRUST BEARING 


Zero radial clearance in bearing when balls are 
taking thrust load because of angular contact be- 
tween balls and races. 


Fs Oil Jet 
A 


Floating 
P Oil- Baffle Ring 


— Floating 
Slipper Bearing 


+ Thrust = 370 lb 
@ 36,000 rpm 


< 


0, 006 to 0.011 inch radial clearance when slippers 
aft’ are taking thrust load. 


= 
SLIPPER THRUST BEARING 


Fig. 8 Assembly drawing cross sections, ball and slipper thrust bearings 


tenance operations in the field because spare compressor wheels 
and turbine wheels can be stocked and installed without going 
back to the factory or special base where an electronic balancing 
machine is available. Experience with assembly of about two 
hundred Boeing 502-10C engines with floating rotor bearings has 
already established the feasibility of this interchangeability of 
rotor components. None of these rotors were assembly-balanced 


and the maximum rotor frequency-vibration readings have been 
in the 1 to 5-g range—well below the production tolerance re- 
quirement of 15 g’s. 

Fig. 9 compares the vibration of one of these engines, first with 
a ball thrust bearing, second with a floating-slipper thrust bear- 
ing, and third with a known unbalance of 2.2 grams (0.078 oz) in- 
troduced by installing a headed screw at the impeller hub. The 
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Same engine with slipper thrust Dearing 


Same as (B) with slipper thrust Dearing 
and 2 gram-inch unbalance added 
| 


w 
VIBRATION READINGS in g's at 600 cps rotor (requency (36, 000 rpm 


Fig. 9 Bar chart, vibration-test results, ball and slipper thrust 
bearings 


same rotor parts were used for all these tests (except for the com- 
pressor thrust bearing). In each case care was used to get the 
shaft journal runouts the same during assembly in the engine. 
It will be observed that changing the thrust bearing from a ball 
bearing to the floating slipper, not only reduced the rotor fre- 
quency vibration to a negligible amount, but also permitted an 
unbalance error of about 0.10 oz-in. without exceeding the pro- 
duction vibration tolerance. 


Design and Development of the Floating-Slipper Bearing 

The five factors just described led to the conclusion that all 
rotor bearings should have the floating feature, and that the 
thrust bearing, at least, should be a slipper type utilizing the well 
established principles of Kingsbury and Michell for pivoted-pad 
bearings. 

A rather extensive bearing-development program was carried 
out to determine the simplest and most effective design arrange- 
ment. While the primary objectives for the thrust bearing were 
radial freedom under thrust loading, and increased thrust load 
capacity, we were also vitally interested in low manufacturing 
cost in connection with the obviously pressing need for lower en- 
gine prices. 

Fig. 10 shows the bearing test machine. Among the bearing 
designs tested were the plain split ring of Fig. 11, and several 
plain thrust rings with Michell type slow bevels on the thrust sur- 
faces to promote build-u » design of Fig. 12 is a tilt- 
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Fig.13 Experimental hydrostatic-type slipper thrust bearing 


ng-slipper thrust bearing with fixed pivots, and a separate float- 
ng-sleeve radial bearing. Fig. 13 is one of several hydrodynamic 
ypes tested. The floating-slipper-typc radial bearings selected 
or use in the 520 engine model, shown in Fig. 3, have differential 
arcs inside and outside to permit rocking. In another new 
nodel a fixed tilting-slipper radial bearing has been used success- 
fully. 
Floating-Slipper Thrust Bearing 
The thrust-bearing design shown in Fig. 4 was selected for pro- 
duction use because it showed superior load capacity and low 
friction. It also is the simplest, and the easiest to manufacture. 
Reliability has been good, and it has the ruggedness and relative 
insensitivity to production tolerances common to plain-type 
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(A) CONVENTIONAL FIXED- PIVOT SLIPPER (B) FLOATING SLIPPER (Boeing) 


Fig. 15 Diagram, graphic representation of operation of fixed and 
floating slippers 


journal bearings. Details of the slipper assembly are shown in 
Fig. 14. 

One serious fault of most pressure-fed plain bearings, particu- 
larly in the case of high-speed bearings as required for turbo- 
machinery is the variation of oil flow with slight variations in 
clearance due to production tolerances or wear. This defect is 
not present in the new floating-slipper bearings because the oil 
flow is jet controlled, not clearance controlled. Once the jet sizes 
are established, there is almost complete freedom from oil-flow 
control problems. 

This bearing design was not worked out overnight. A great 
deal of test work on the bearing machine and in the engine was re- 
quired, with a number of errors and many failures, before the 
critical design criteria were uncovered. One of the big difficulties 
in this work was the fact that when a bearing failed at 36,000 rpm 
or similar high speed, destruction of the parts of the bearing was 
so rapid, usually from the heat generated, that the exact cause of 
the failure was often impossible to determine by examination. 
Thermocouples were useful in determining operating-tempera- 
ture levels, but proved of little value in anticipating failures or 
preventing destruction of the bearing surfaces. 
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The important design criteria were found to be the following: 


1 As anticipated, the characteristics of the tilting-pad thrust 
bearing were found to be ideal for gas turbines and other turbo- 
machinery where thrust increases more or less directly with 
speed. Referring to the left-hand sketch in Fig. 15, the load 
capacity of a fixed-pivot tilting-pad bearing has been established 
by Michell.$ 
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P 


load in psi 
= speed 

viscosity 

pad area 
= inclination of pad to runner plane 


where P 


Also: Position of center of pressure (pivoting point) = 42 per cent 
of pad length from trailing edge. That is, the pivoting point and 
center of pressure on the pad should be at a location 42 per cent 
of the length of the pad from the trailing edge. 

These equations show that the load capacity varies directly with 
speed and oil viscosity, and inversely as the square of the inclina- 
tion. Also that “the efficiency and effectiveness of the bearing 
are therefore enhanced by making the angle of inclination as 
small as possible.’’ Further, the location of the pivot point does 
not vary appreciably with the width, length, or inclination of the 
bearing pad (that is, the 42 per cent point from trailing edge is 
correct for all shapes of pad and all angles of tilt). 

2 From these considerations (item 1) it is evident that a float- 
ing slipper pad as represented by the right-hand sketch of Fig. 15 
will operate just as well as the fixed-pivot type, except that the 
load capacity and the friction loss will be less because of the re- 
duced relative speed between the slipper and the shaft runner on 
one side, and between the slipper and stationary thrust collar 
on the other side. 

In practice, the correctness of this concept has been confirmed 
except that the following additional design criteria have been es- 
tablished: 


(a) Because of the arcuate shape of the thrust pads it is essen- 
tial that the trailing edges of the pads on opposite sides of each 
bearing segment be cut parallel to each other, and symmetrical to 
the segment. These are the “hinge points’’ for tilt, and if they are 
not parallel the thrust will cause cocking of one or both pads rela- 
tive to their respective running surfaces. All attempts to get good 
load capacity with floating-thrust slippers were unsatisfactory 
until this important point was established. 

(b) The amount of offset of the thrust pads on either side of 
each segment can be greater than indicated in Fig. 15 with satis- 
factory results, but where relatively heavy loading occurs at the 
lower speeds, the 40-per-cent rule provides higher load capacity 
with less friction. 

(c) Centrifugal loading of the floating segments on the outer 
radial bearing surfaces, due to their own weight, becomes im- 
portant at high speeds. Because of this, and to help promote 
axial tilt for the thrust pads without binding at the ends, the inner 
and outer circumferential surfaces are made with “differential” 
radii similar to the radially loaded slippers previously mentioned. 
This has the further advantage of permitting the thrust slippers 
to take also radial loads. 

(d) While the thrust-load carrying capacity of the floating 
slipper is theoretically less than that of a fixed slipper because of 
the reduced relative speed under the same operating conditions, 
in practice this is of no consequence because the diameter of the 


“Lubrication,” by A. G. M. Michell, Blackie and Son, London, 
England. 
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Fig. 16 Display of various sizes and applications of floating-slipper bearings 


bearing and pad areas can readily be increased to handle the re- 
quired load. The floating-slipper bearing is being used success- 
fully with pad pressures as high as 800 psi. Floating speed of 
these bearings has been checked as about '/; of the shaft speed. 

(e) For easier handling, and to retain the bearing segments in 
matched widths, a garter spring retainer is used, threaded through 
drilled holes in the segments. 


Fig. 16 shows a display of various sizes and applications of this 
bearing. Included is one with alternate left and right hand-cut 
segments, which can take thrust in either direction of rotation. 
By using two such bearings, one on either side of the thrust collar, 
thrust can be taken in either direction as well. Furthermore, ra- 
dial loads can be taken by both bearings, and it is impossible to 
improperly assemble the parts. The latter can be an important 
consideration because it is not obvious to most people by visual 
inspection of the “one-way” bearings of Figs. 4 and 14, which 
directions of rotation and thrust apply, nor is a simple method of 
marking apparent. 
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Fig. 17 shows test curves made on the bearing machine, com- 
paring the friction torque losses of the floating-slipper bearing and 
a precision ball bearing under the same thrust loadings, the speed 
being constant at 36,000 rpm. These curves show the impor- 
tance of keeping oil flow as small as possible consistent with safe 
operating temperatures. The coefficients of friction corresponding 
to these curves are in the range of 0.002 to 0.006 for both the 
slipper and ball bearings. It would appear appropriate, there- 
fore, to apply the term antifriction bearing equally well to the 
slipper-type bearings as to the ball and roller bearings. 


Application of the Floating Bearing Principle to Very Small and 
Very Large Rotors 


Having shown the advantages of floating bearings for a small 
gas turbine of the 250-hp class, the question arises as to whether 
the same would be true for smailer or larger rotors. 

To investigate this from the standpoint of applicability of the 
self-balancing principle for balance errors, three rotor sizes were 
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Fig. 17 Curve plot, friction losses of slipper and ball thrust bearings 
compared by bearing machine tests 


assumed, one having the 8-in. diam, 13-lb turbine of the example 
already described, one having a 4-in. turbine, or '/: the size, and 
one having a 24-in. turbine or 3 times the size. Assuming the 
tip speeds are the same, and that the amount of unbalance error 
to be compensated for is a constant percentage of the rotor weight, 
it was readily shown that the required amount of center shift of 
the true balance center from the geometric center, is identical in 
all three cases. In other words, the amount of center shift to ob- 
tain self-balancing, does not change with rotor-scale size as long 
as the amount of unbalance is a fixed proportion of the rotor 
weight. This is true whether the rotor weight in the examples 
be varied as the cube of the diameter or as the square of the 
diameter. Thus the amount of bearing float or diametral clear- 
ance required to get self-compensation for the same percentage 
of unbalance error, is constant regardless of scale size (that is, 
0.007-in. bearing clearance of our 250-hp-engine example will give 
the same results for any engine size). 

Following similar procedure for bearing loads it will be found 
that the bearing total loading from the unbalance error is also 
identical for all sizes of rotor, assuming no radial clearance. Since 
bearing sizes will vary approximately as the scale size, it be- 
comes evident that bearing unit pressures will increase directly as 
the decrease in scale size, for the same percentage of unbalance 
error. In other words, where ball thrust bearings are used, with 
the resulting lack of any radial freedom, the problems of over- 
loading and vibration due to unbalance errors get increasingly 


more critical as the size decreases. ee 
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We reach the general conclusions, then, that floating thrust 
bearings will be just as effective in very large and very small 
machines, in eliminating vibration and bearing problems, as 
in the 250-hp machine described above, but the need is most criti- 
cal in the smaller machines. 

Among other questions that have been brought up relative to 
the self-balancing action of floating bearings, the effect of rela- 
tively large bearing clearances on seal and blade-tip clearances is 
worth mention. Blade tip clearances in the engines using the 
slipper bearings were already relatively large (0.025 in.) to avoid 
tip rubs from shroud-ring distortion, and no difficulties have 
occurred from the 0.006 to 0.019 bearing “%learances. The 
labyrinth seals originally caused some difficulty until materials 
were used that permitted rubbing without seizure or melting. It 
has been found that seal rubs can readily be detected by excessive 
vibration readings, no doubt because the seal when it rubs is 
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Fig. 18 Diagram, explanation of self-balancing action of floating 
bearings, by oil-viscosity behavior 


Another question rather difficult to answer with positive as- 
surance is: “How does a bearing journal run eccentrically in a 
floating bearing without causing hydraulic loading or oil whip?” 
Fig. 18 is offered to explain this in terms of oil velocities in the 
clearance space. It is suggested that the oil film between the 
journal and the floating bearing does not, in fact, have to change 
its thickness 36,000 times a minute, as might be assumed, but 
rather, in effect the oil film follows the shaft rotation. 
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in Flow Around a Bend 
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By E. R. G. ECKERT? anp T. F. IRVINE, JR. MINNEAPOLIS, MINN. 


Measurements of the temperature and velocity field are re- 
ported for a specific duct geometry which bends the flow by 90 
deg and simultaneously accelerates it to an average exit velocity 
which is twice the inlet velocity. The measurements demon- 
strate that the temperature field existing in a cross section up- 
stream of the bend is considerably rearranged by the action of 
the secondary flow. The temperature field also influences the 
velocity field as observed in the exit cross section. A simple cal- 
culation method which allows a prediction of these effects in the 
core of the flow field is presented and good agreement to the re- 
sults of the measurements is found. The importance of this 
flow rearrangement to various engineering applications, es- 
pecially to the design of gas turbines, is discussed. 


_ Tue following nomenclature is used in the paper: 


= cross-sectional area 
= specific heat at constant pressure 
static pressure 
temperature 
= velocity 
duct co-ordinates 
= density 


= centerline stream tube 

arbitrary stream tube 
maximum 
cross section A 
cross section D 
cross section 1 
cross section 2 
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Secondary flows have recently found considerable attention be- 
cause it was recognized that they determine strongly the flow 
through the passages in rotating compressors and turbines, and 
that they are in this way responsible for a considerable part of 
the losses in these machines. Secondary flows are caused by 
centrifugal forces which act on the fluid particles when they move 
in curved streamlines. A movement of the fluid particles normal 
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to the direction of the mean flow is caused ‘when these centrifugal 
forces are not balanced properly by pressure forces. An accu- 
mulation of low-energy fluid and the formation of vortexes at 
certain locations are the consequences of such a rearrangement 
of the velocity field. A number of studies reported in recent 
publications (1-3) have investigated this situation experimentally. 
Secondary flows, however, also may cause other effects which 
have not found proper attention up to now. 

When the temperatures are not uniform in the approaching 
flow, the secondary flow will cause a rearrangement of this tem- 
perature field. A knowledge of the degree of this rearrangement 
is important for various engineering applications. One example 
is the flow through a gas turbine. Usually the gases leave the 
combustion chamber with a temperature which is not uniform 
over the exit cross section. The flow then experiences a sharp 
turning as it moves through the row of stationary blades. 
This turning will cause secondary flows and a rearrangement of the 
temperature field so that the local temperature with which the 
gases approach the rotating blades may be considerably dif- 
ferent from the temperatures which would exist at the same loca- 
tion if the rearrangement had not occurred. A knowledge of the 
temperatures with which the gases approach the rotating blades 
is, however, important for calculation of the blade temperatures 
and of the requirements for blade cooling. It also is a prereq- 
uisite to a calculation of the local velocity of the gases. Other 
engineering applications which may be affected by secondary 
flows are the deflection of gas-exhaust jets on deflectors as they 
are proposed as brakes on jet aircraft. Similar secondary flows 
occur also in rotating channels. 

Temperature differences in the flow through a curved duct also 
will cause by themselves secondary flows because the centrifugal 
forces on a fluid particle per unit volume depend on the local 
density as well as on the velocity. Therefore an unbalance of the 
centrifugal forces may occur when the temperature and, as 4 
consequence of this, the density vary in a flow field. 

This paper reports on a study of the effects of secondary flows 
and is intended as a first contribution in this area by directing 
attention to this problem and by presenting quantitative infor- 
mation on a specific duct shape. The velocity and temperature 
fields have been investigated in detail by measurement and by 
flow visualization in a bend of a specific shape. The geometry 
was chosen in such a way that the mean velocity increased in 
downstream direction. In this way conditions were created 
within the flow similar to those existing in turbine nozzles. 


Velocity and Temperature Field in Accelerated Flows 


A certain rearrangement of the velocity field already occurs in 
the flow of an inviscid fluid through a duct with a straight axis. 
An understanding of this rearrangement is necessary for the inter- 
pretation of the experimental results which will be presented 
later. Therefore it will be demonstrated here by a simple one- 
dimensional calculation. For this purpose it will be assumed 
that the density change in the fluid connected with the accelera- 
tion of the stream is negligible; in other words, that the fluid can 
be considered as incompressible. This assumption is well justi- 


‘Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


Rearrangement of the Temperature Field 
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Fig. 1 Sketch of accelerating duct 
fied for the conditions of our experiments which were carried out 
with air since the maximum velocity did not exceed 200 fps. 
For a calculation of the conditions in compressors or turbines the 
fluid usually has to be considered as compressible. The calcula- 
tion with this specification can be made easily following the same 
pattern as used in this paragraph. It only requires more com- 
putational work and is in its results more difficult to comprehend. 
In a first step the following question will be answered: What 
effect does acceleration of the flow have on the velocity field when 
the temperature is constant? Fig. 1 indicates a duct, the area 
of which decreases in flow direction. A number of streamlines is 
also indicated. We wiil fix our attention on a stream tube near 
the axis of the duct, which will be denoted by the index c. A 
second stream tube may be chosen arbitrarily in the flow field 
and denoted by the index i. The velocity field in the approach 
section A; may be prescribed. The problem is to determine the 
velocity in the various stream tubes at cross section 2. Bernoulli’s 
equation states for the two stream tubes c and 7 
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The static pressures p, and p; may be assumed constant over the 
respective areas A; and Az when the area reduction of the duct is 
sufficiently gradual. Assuming for the moment that the velocity 
V2 is known, the pressures can be eliminated from these equa- 
tions and the velocity V2: can be calculated from the equation 


The velocity V.z2 can then be found from the condition for con- 
tinuity 


= AAge....... ..[4] 


We are especially interested in determining what the degree of 
nonuniformity of a flow field in cross section 2 is when a cer- 
tain nonuniformity exists in cross section 1. We will express the 
nonuniformity by the ratio of the velocities in the various 
stream tubes. From Equation [3] follows 
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As a numerical example let us consider the following conditions 


Va Ve 


Equation [5] gives the velocity ratio 


Ves = 1.054 
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2 and +t = 1.10 


el 

the velocity ratio in cross section 2, Vi2/V.2 assumes a value of 
1.025. It can be seen that in this example the velocity difference 
existing in the approaching stream (in the cross section 1) has 
been decreased to about one fourth by the acceleration of the flow. 
The calculation demonstrates in this way the well-known fact 
that the velocity in a flow can be made more uniform by ac- 
celerating the fluid. 

If the temperature is nonuniform over the cross section A, 
then the nonuniformity of the temperature field will not be 
influenced by an acceleration of the fiow as long as the properties 
or, specifically, the density of the fluid is constant. For a fluid 
with variable density the field of the static temperatures will be 
different in cross section 2 from the field in cross section 1. The 
total temperatures, however, remain unchanged as long as no 
energy transfer from one stream tube to another by heat conduc- 
tion or by friction occurs. A nonuniformity of the tempera- 
tures in the approach cross section will, however, have an influ- 
ence on the velocity field existing after the acceleration, and this 
influence will be investigated now. Assume the density in the 
stream tube c to have the value p, and in the stream tube 7 the 
value p;. Bernoulli’s equation for the two stream tubes reads 
in this case 


Va? 


+ 


Assuming the static pressure to be constant over cross sections | 
and 2 and eliminating it from the foregoing equations result in 


Vi? + (V2? = Vu?) Se ete [8] 


From this equation, the velocity in any stream tube in cross sec- 
tion 2 can be calculated provided the velocities and the densities 
in cross section 1 and the velocities in the center stream tube c 
at cross section 2 are known. The later value is found again 
from the continuity equation 


The nonuniformity of the velocity field in cross section 2 is ex- 
pressed by the relation 
2 


Va Ves Pi 
For the calculation of an example we will assume that the veloc- 
ity is uniform in cross section 1; however, that densities in the 
two stream tubes under consideration have a ratio 1:2. The 


center streamline may again be accelerated to twice the original 
velocity. The foregoing relation gives 
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y = 0.25 + 1.2(1 — 0.25) = 1.15 
The ratio of the velocities in cross section 2 is 

Ve _ 107 


For a ratio of the densities equal 1.1 the ratio of velocities in cross 
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section 2 becomes 1.036. This calculation demonstrates that 
now a nonuniformity of the velocity field in cross section 2 has 
been generated by a nonuniformity of the temperature in cross sec- 
tion 1. This effect is important in gas turbines because an exact 
knowledge of the local velocities in the gas flow leaving the sta- 
tionary nozzles is required for a determination of the relative up- 
stream velocity to the rotating blades and for a knowledge of the 
upstream angle. The calculations showed that the velocity at the 
exit of the stationary nozzle will be nonuniform even if the flow 
enters the nozzle with uniform velocity, provided the tempera- 
tures in the flow field are nonuniform. 

If both fields—the velocity and the temperature field—are non- 
uniform in the approach cross section, then a flow acceleration 
will cause the velocity field to rearrange in a way which is now 
determined by the velocity and the temperature field in the up- 
stream region. Both effects may tend to cancel each other or to 
add up depending on the specific shape of those fields. Condi- 
tions will still be more complicated when the various streamlines 
interact with each other by transferring energy through heat 
conduction or through the effect of viscosity and turbulence. The 
rearrangement of temperature and velocity profiles can pres- 
ently be determined only experimentally. The following para- 
graphs on secondary flows also will include an experimental study 
on these rearrangements. 


Test Equipment 


The geometry of the bend in which the experimental investi- 
gation was carried out is shown in Fig. 2 in its horizontal cross 
section. It can be recognized that the width of the duct de- 
creases through the bend to half its original value. The two 
horizontal walls of the duct are plain walls parallel to each other 
and arranged at a distance equal to the duct width at the en- 
trance cross section. The shape of the duct cross section at the 
entrance is, therefore, a square and the shape of the duct exit 
cross section is a rectangle with a side ratio 2: 1 and the flow veloc- 
ity of an incompressible fluid in moving through the duct in- 
creases to twice its original value. The specific shape of the 
bend as indicated in Fig. 2 is identical to the shape of a duct on 
which extensive investigations have been carried out by the 
National Advisory Committee for Aeronautics (4, 5). Refer- 
ence (4) contains also an exact description of the duct shape in 
its details. The duct has been designed in such a way that the 
pressure continues to decrease in flow direction along both side 
walls of the duct. This means that the danger of a flow separa- 
tion on these side walls is eliminated. The presence of the top 
and bottom wall, however, causes secondary flows in such a way 
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Fig. 3 Details of test setup 
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that the slower moving fluid portions on the bottom and top 
wall move toward the inner side wall, whereas the faster moving 
fluid in the core is correspondingly displaced toward the outside 
wall. This secondary flow has been studied in detail by the 
NACA. The purpose of the present investigation was to make 
the temperature in the approaching flow nonuniform and to 
study the effect of such a temperature field on the flow and to 
determine also the rearrangement of the temperature field itself. 

The test setup used for this investigation is indicated in Fig. 3. 
Air is sucked through a rounded entrance region, through a heat- 
ing section, and through a straight duct with square cross section 
into the bend, and from here into the exhaust chamber. A 
blower removes the air from this chamber. Fig. 4 gives a de- 
tailed view of the heating section in the duct. This heating sec- 
tion consists of nichrome ribbons stretched back and forth across 
the duct and arranged so that the number of ribbons per inch de- 
creases in a direction from the top to the bottom. Thus more 
heat is added to the air at the top than at the lower portion of the 
duct. A straight section 36 in. in length following the heater 
could be inserted in the duct arrangement or be taken out. This 
section was provided to study the decay of the temperature and 
velocity field in a straight section. Several quartz windows were 
arranged in the upper wall of the bend so that the flow could be 
observed in flow-visualization studies. pee es 


Test Program and Instrumentation 


Fig. 2 Duct geometry cia eat te he object of the investigation was to obtain detailed informa- 
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tion on the temperature and velocity field upstream and down- 
stream of the bend. For this purpose measurements were made 
in the cross section A-A, B-B, C-C, and D-D. In a first series 
of measurements, the heating section was removed. Measure- 
ments of the velocity were made in the cross section C and D 
and compared with the previous investigations at the NACA. 
Then the heater was inserted and a flow-visualization study was 
carried out. During this part of the tests, both still and motion 
pictures were taken of the flow within the bend with cigar smoke 
used as tracer. Finally, the temperature and the flow field was 
measured at various stations with the heating section installed 
in the duct and with or without heating of the nichrome ribbon. 

The required information was obtained by measuring the tem- 
perature and the total pressure in the various sections by probes, 
which could be moved throughout the whole flow field. The 
static pressure was measured as it existed along the duct walls 
in the various sections and for the calculation of the velocity it 
was assumed that the static pressure was constant over each of 
the cross sections. Measurement of the peripheral variation of 
the static pressure at each of the measuring stations showed that 
this assumption was valid. Special care had to be exercised in 
the temperature measurements in planes A and B to avoid radia- 
tion errors caused by the proximity of the heated ribbons. The 
temperature probe used for these measurements is shown in 
Fig. 5. It has a bend near the probe inlet to prevent the thermo- 
couple from seeing the heater. The air enters the probe by the 
opening pointing in the upstream direction and leaves it again 
through side openings located behind the thermocouple junction. 
An 8-point probe rake was designed for the measurements at 
station D-D. A sketch of the rake is shown in Fig. 6. A small 
total-pressure probe and a thermocouple are arranged in close 
proximity at each of the eight locations. The spacing of the eight 
points on which total pressure and temperature measurements are 
made is nonuniform in order to obtain more detailed information 
in areas in which larger changes of the velocity and temperature 
field occur. No radiation shield is required for these thermo- 
couples because the bend itself prevents them from seeing any 
heated surface. 

Calculations made on the temperature-measuring elements indi- 
cated that the maximum error due to radiation under the most 
extreme conditions would be less than 0.5 deg F. The various 
probes could be inserted either from the top or the bottom of the 
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Fig. 5 Temperature rake 


Fig. 6 Total pressure and temperature probe 


= 


Test Results 


Comparison With an NACA wens In a first series of 
measurements the heating section was removed from the duct 
and the velocities were measured at stations C-C and D-D. 
Figs. 7 and 8 present the results of these measurements and 
compare thera with measurements at the NACA (5). In the 
latter study the boundary-layer thickness at station C was varied 
by inserting spoilers near the wall in an upstream cross section. 
The measured velocity profile in the cross section upstream from 
the bend as obtained at the NACA with a spoiler 0.5 in. high is 
plotted in Fig. 7, and it can be observed that this spoiler generated 
a boundary layer of practically the same thickness as the straight 
duct length, Z, in our test arrangement. Fig. 8 compares the 
results of measurements by the NACA and in our duct at cross 
section D-D. Plotted against the dimensionless co-ordinate y/1 
is a function which has been called in the NACA investigation 
relative pressure. The numerator of this function is the dif- 
ference between the total pressure in the fluid core at station 
C-C and the local total pressure at station D-D. The denomina- 
tor is the maximum value of the same pressure difference. The 
location z/l for these measurements is chosen such that the probe 
traversed a vortex which forms near the inner side wall and ex- 
periences, therefore, large variations in total pressure. It can 
be observed from Fig. 8 that the total pressure variation in our 
study corresponded well to the one reported by the NACA. This 
is convenient although somewhat fortuitous since in the present 
study the ratio of inlet-duct width to height was 1.0 while in the 
NACA report the ratio was 11.92/16.50. 

Velocity and Temperature Field Upstream of Bend. The next 
measurements were concerned with a determination of the tem- 
perature profile which could be obtained by the heater and with 
an investigation of the effect of the heater on the velocity pro- 
file in the duct upstream of the bend. In these investigations 
the straight duct length Z was inserted. Fig. 9 shows the tem- 
perature profiles measured at cross sections B and C for two 
heat inputs. It may be observed that in the center portion the 
temperature decreases linearly in a direction from the top to the 
bottom wall of the duct. Near the walls the temperature field 
is distorted by heat conduction from the air to the walls. The 
fact is also evident that, in the duct length L, very little change 
in the temperature field occurred. Only the peak temperatures 
near the top wall of the duct decreased somewhat as the flow 
progressed from station B to station C. It can, therefore, be con- 
cluded that a change in the temperature field as it occurs between 
stations C and D is caused solely by the flow rearrangement in 
the bend. 
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Fig. 10 indicates the corresponding velocity profiles as they 


were measured in the planes B and C with and without heating 
of the nichrome ribbon. Owing to the larger drag effect which 
the flow experiences at the locations where the ribbons are spaced 
more closely, the velocity profile is skewed with lower velocit 
near the top and larger velocities near the bottom of the d 
This skewing of the velocity profile was unavoidably connected 
with the method by which the temperature field in the flow 
generated. Fig. 10 also indicates the growth of the boundary 
layers between stations B and C. In accordance with the equa- 
tion of continuity, the velocity in the center portion of the duct 
increased in downstream direction to compensate for the bound- 
ary-layer growth. The change in the velocity field occurring 
in a straight duct is, according to Fig. 10, considerably larger than 
the change in the temperature field. For the investigations re- 
ported in the next paragraph, the duct length ZL was removed 
from the test equipment. The temperature differences estab- 
lished in cross section C in this test series will affect the secondary 
flow by the same order of magnitude as the temperature dif- 
ferences occurring in turbo engines. This can be demonstrated 
by the following calculations: From dimensional analysis it fo!- 
lows that a dimensionless parameter on which the rearrangement 
of the flow depends will be the ratio of the maximum tempera- 
ture difference in a plane upstream of the bend to the mean 
absolute temperature in this cross section. Temperature dif- 
ferences observed at the exit of the combustion chambers in jet 
turbines are of order 300 to 400 F at an average absolute tempera- 
ture of 2000 R. This results in a temperature ratio 350/2000 = 
0.175. In our tests the maximum temperature difference in 
cross section C is found to be 90 deg at an absolute temperature 
of 510 F, which results in a temperature ratio of 90/510 = 0.177. 
It can be seen that both temperature ratios are of the same order 
of magnitude. 


Flow-Visualization Studies 


The flow through the bend with or without heating was made 
visible by cigar smoke and both still and motion pictures were 
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Fig. 11 Flow-visualization studies, station D 
taken of the flow phenomena. Fig. 11 is a typical set of the 
photographs obtained in this way. It may be observed that the 
secondary flow creates two pronounced vortexes in the neighbor- 
hood of the inner side wall of the bend. These vortexes had 
already been observed in the previous NACA investigations. 
They had been found to be located symmetrically with respect 
to a horizontal center plane of the bend. In our investigation, 
the two vortexes are arranged asymmetrically. This may be ex- 
plained by the fact that our velocity profile is skewed as indi- 
cated in Fig. 10. The effect of heating on the vortex formation 
is not too clear in Fig. 11. It appears that the vortex in the 
lower right-hand corner has become more intense and that the 
upper vortex has been lifted from the side wall. The motion 
pictures and the visual observations seem to indicate that this 
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tion D 

lifting off of the vortex does not exist continuously but occurs 
only periodically. No indication of such a lifting up of the vor’ ex 
can be observed in the velocity and temperature-profile measure- 
ments which will be discussed in the next section. 

Velocity and Temperature Field Behind the Bend. Finally, 
measurements were made in the cross section D of the duct. 
The straight length Z in the entrance section was for these 
measurements removed in order to insure that the temperature 
profile created in the stream by the heating section would exist 
throughout the whole duct length if the secondary flows were not 
present. The measured quantities were temperature and total 
pressure within the plane D and the static pressure around the 
periphery of the duct at the cross section D. From these meas- 
urements the velocity field could be calculated. In ail future 
measurements, the heater was in place. Figs. 12 to 20 present 
the results of the measurements. 

Fig. 12 shows contours of constant values for the total pressure 
Pr and the velocity in plane D without heating. The pres- 
ence of two vortexes shows up clearly on the right-hand side of the 
figure. In addition, it is observed that in the center core the veloci- 
ties are highest near the lower duct wall and decrease in the 
direction toward the upper wall. This skewness of the velocity 
field comes from the presence of the heating grid in the entrance 
cross section. It is of interest to compare the nonuniformity 
of the profile at station D with a nonuniformity calculated by the 
procedure of the second paragraph. From Fig. 10 the ratio of 
the maximum velocity to the velocity in the center of the duct 
is found to be 

Equation [5] gives the following ratio of the maximum velocity 
to the centerline velocity at cross section D 
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Fig. 13 Total pressure contours at sta- 


Fig. 14 Temperature contours and aver- 
age ordinate temperatures at station D 


This compares with the following numbers taken from Fig. 12 


Vow 


V2. = 68.5 fps, Vow = 69.4 fps, = 1.013 


2c 


The agreement between calculation and experiment is very good. 
This indicates that the process on which the calculation has been 
based is really the one which causes the skewness of the velocity 
field in cross section D. 

Figs. 13 to 15 present the results of the test series with a tem- 
perature field generated in the flow by electrical heating of the 
heater grid. The inlet velocity in this series as in the preceding 
one was 33.8 fps, which corresponds to a Reynolds number of 
1.3 X 105. This Reynolds number is based on the ink t velocity 
and on the width of the duct at the inlet cross section. The heat 
input in these tests was 35,000 Btu per hr. Fig. 16 shows the 
temperature field as it was created in the flow at cross section C 
by the heater. The figure indicates that the lines of constant 
temperature are almost horizontal. Near the upper and lower 
wall the heat transfer to the wall surface is again evident. Asa 
consequence, the maximum temperature within the cross section 
occurs some distance from the upper duct wall. Fig. 13 shows 
the contours of constant total pressure at station D and Fig. 14 
presents contours of constant temperature in the same cross 
section. Two faets are evident from this figure. The lines of 
constant temperature in the central portion of the cross section 
are not horizontal any more, but inclined. This obviously is a 
consequence of the secondary flow. It also may be observed 
that the maximum temperature has somewhat decreased from 
90 to 85 F. If the duct which has been investigated in this study 
would be used as a stationary nozzle in a gas turbine, then the 
rotating blades would average because of their heat capacity the 
temperature variations along the X-direction. The tempera- 
ture profile which would determine the blade temperatures would 
be the one indicated as AT avg on the right ordinate in Fig. 14. 
These may be compared to the temperatures existing in the X- 
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direction at station C which are shown in Fig. 16. It may be 
observed that some reduction of the temperature differences has 
occurred. It amounts under the conditions studied in this test 
series to approximately 20 per cent of the over-all temperature 
difference. The velocity field as calculated from the total-pres- 
sure and temperature measurements is presented in Fig. 15. 
The contours of constant velocity indicate again the position of 
the two vortexes. Remarkable is the fact that in the core of the 
flow the skewness of the velocity field has practically disappeared. 
It again may be checked whether this fact is explained from 
the calculations presented in the second paragraph. From Fig. 
9 the differences between the maximum temperature and the 
one in the centerline can be determined as 34 deg F. The center- 
line temperature is 510 R. These values determine the ratio of 
the densities corresponding to the maximum and to the center- 


line temperature 
> 


The ratio of the velocities at the same locations at cross section 
C can be found from Fig. 10 


33.0 
—— = (0.9304 


or 


Vii 


> 
With these values, Equation [10] gives the following ratio of the 
velocity in the stream tube with maximum temperature and the 
centerline velocity in cross section D 


= 0.93042 X 0.25 
V2. @= bes 
Vear 
+ 1.058 (1 — 0.25) = 1.0105, 5 = 1.005 
2e 


This indicates that the velocity variation in the core should es- 
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Fig. 17 Total-pressure and velocity con- 
tours at station D 


sentially disappear at station D. It may be observed that this 
prediction is in excellent agreement with Fig. 15. 

As a further check on the internal consistency of the measure- 
ments, a heat balance was performed using the information in 
Figs. 14 and 15. The energy passing station A per unit time 
can be written as 


Correspondingly, the energy term at station D is 
Qp = Cp PpoV pT pdAp [12} 
re 


The difference between these two energy quantities is the amount 
of energy added to the air stream by the heater. Equation [11] 
can be rewritten with the use of the continuity equation 


ce PoV pT 4dAp 
Area 
and thus the difference between the energies at stations A and D 
is 


Qp-4 = Qn er ff 


PoV — Ta)dAp. . (13) 


Using the velocity and temperature maps, Figs. 14 and 15, 
Equation [13] was evaluated and compared with the known energy 
input to the heater. The agreement was within 3 per cent. 

Figs. 17 through 20 present the results of another series of 
measurements in which the inlet velocity was increased to 105.3 
fps corresponding to a Reynolds number equal to 4.0 X 105. 
Fig. 17 presents again the measured total pressure and velocity 
field under the condition that no heat is supplied to the air 
stream. Fig. 18 indicates the total-pressure field, Fig. 19 the 
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Fig. 18 Total-pressure contours at sta- 
tion D 


temperature field, and Fig. 20 the velocity field when a total 
heat input of 35,000 Btu per hr is supplied to the heater. The 
temperature differences existing in the air stream are less in this 
test series than in the preceding one because of the higher air- 
flow rates. Correspondingly, the shift in the temperature profile 
as indicated in Fig. 19 is smaller than the one observed in the 
previous test series. Both the total pressure and the velocity 
field indicate again the position of the two vortexes. The smaller 
amount of the temperature differences within the duct cross sec- 
tion makes it also understandable that in this series the tem- 
perature profile was not able to completely suppress the velocity 
variation in the core of the fluid. This can be observed in Fig. 
20. 
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Fig. 20 Velocity contours at station D 


Fig. 19 Temperature contours at statior D 
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7 The Use of Adjustable- Stator Blades t 
Reduce the Idle Fuel Flow of a Simple. 


Cyc le, S 


A simple-cycle, single-shaft, gas-turbine power plant has 
been tested with adjustable compressor-stator blading to in- 
vestigate this method of reducing idle fuel flow. This paper 
discusses the factors affecting idle fuel flow, and presents re- 
sults of power-plant tests with several stator geometries. 


Tue General Electric simple-cycle, single-shaft gas turbine 
was described in an earlier paper.?~ The purpose of this paper 1s 
to discuss factors affecting the idle fuel flow of such a plant and 
to describe test experience in the use of a compressor with ad- 
justable-stator geometry to reduce idle fuel flow. Adjustable 
inlet guide vanes and five adjustable-stator rows were included in 
a special forward compressor casing used for the tests. 

Significance of Idle Flow. Because the compressor component 
of a gas-turbine plant absorbs such a large share of the turbine 
wheel output—almost 75 per cent at rated load on the present 
plant—a change from full load to idle represents a relatively 
smail change in turbine temperature and fuel flow. For ex- 
ample, if the plant is unloaded at full speed, the normal procedure 
for a single-shaft machine, the no-load fuel flow is about 52 per 
cent of the full-load flow. In a variable-speed application, the 
idle fuel can be reduced by decreasing the rotational speed of the 
plant, for example, to 29 per cent at 55 per cent speed which is 
approaching the minimum for self-sustaining operation. A more 
conventional idling point would be at 80 per cent speed where 
the fuel flow is typically 38 per cent of the full-load flow. Com- 
parison of these values with current diesel power plants empha- 
sizes the importance of methods to reduce idle fuel flow. 

Reasons for Power-Plant Evaluation. Idle fuel flow is deter- 
mined by a number of factors as will be described in this paper. 
While most of these are subject to analysis and assumption, 
many are indirectly interrelated. Others are determined pri- 
marily by full-load design and operating considerations. One can 
imagine a power plant so optimized for good idling performance 
as to become useless for ivaded conditions. Thus the measured 
fuel flow of a complete power plant was adopted as the most 
significant indication of the effectiveness of the adjustable-stator 
principle. Many interesting aspects of the compressor-com- 
ponent performance remain partially buried in the test results 
due to the effect on fuel flow of accompanying variations in tur- 
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bine efficiency, pressure drops, and so on. However, it was con- 
sidered desirable to include these secondary effects on idle fuel by 
actual measurement lest they be overlooked or incorrectly evalu- 
ated. Approximate component performances were measured, 
however, to guide analysis of the results. 


Basic Factors Affecting Idle Fuel Flow 


Assume a simplified thermodynamic cycle, (1) neglecting inlet 
and exhaust pressure losses, (2) taking specific heat as constant, 
and (3) allowing for air extractions and leakage losses, and for 
mechanical losses by empirically determined constants. By 
equating the power absorbed by the compressor and mechanical 
losses to the aerodynamic output of the turbine, the no-load 
fuel flow can be expressed in terms of its basic variables. This 
is derived in a later section as 


OW, = 
hynx 


Nc + — 11 — m) 


no-load fuel flow, pps 

compressor air flow, pps 

gas average specific heat, assumed constant for air and 
products of combustion, Btu/lb deg F 

compressor-inlet total temperature, deg R 

lower heating value of fuel, Btu per Ib 

combustion efficiency 


function of compressor pressure ratio = [( 


compressor-inlet total pressure, psia 

compressor-discharge total pressure, psia 

ratio of specific heats (assumed 1.4, constant for air and 
products of combustion) 

compressor efficiency 


k = combustor pressureloss 
Nr = turbine efficiency 

f = w,/wg, fuel/air ratio 

l = extraction and léakage flows, per cent of compressor flow 
m = mechanical losses, per cent of turbine output 


Equation [1] indicates that the principal factors determining 
idle fuel flow are: (1) Compressor air flow; (2) compressor effi- 
ciency; and (3) turbine efficiency. Considering the possible range 
of values, these variables appear in the order of decreasing in- 
fluence on idle fuel flow. Mechianical and leakage losses have the 
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Fig. 1 Idle fuel/air parameter as a function of compressor pressure 
ratio and efficiency 


IDLE FUEL/AIR PARAMETER 


same effect as a proportional reduction in turbine efficiency. 

The pressure-ratio functions will be shown to be unimportant. 
Significance of Pressure Ratio. The relationship Equation [1)] 

also can be expressed as a dimensionless fuel/air parameter 


WelpT cr kK Ne 
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This expression is evaluated for a range of compressor efficiencies 
at 540 R ambient temperature in Fig. 1. Analysis shows that 
the turbine of such a simple-cycle, single-shaft plant tends to 
operate at relatively constant no-load efficiency, and in Fig. 1, 
turbine efficiency is assumed constant at a reasonable no-load 
value of 83 per cent. Combustion efficiency is taken as 95 per 
cent, and combustor pressure drop as 5 per cent. Also assumed 
are combined extraction and leakage 2 per cent of turbine flow, 
and mechanical losses 2 per cent of turbine output. Gas spe- 
cific heat is assumed constant at 0.25 Btu/lb/deg F, an average 
test value determined as the ratio of gas-enthalpy rise to total 
temperature rise from compressor-inlet to turbine-inlet condi- 
tions. A value of 18,200 Btu per lb is assigned for the lower heat- 
ing value, typical of the fuel used for the test operation. Fig. 1 
shows the insensitivity of the no-load fuel flow to the thermody- 
namics of the cycle as represented by the pressure-ratio functions. 

Significance of Idle Speed. Although rotational speed does not 
appear in Equation [1] as a factor in the determination of idle 
fuel flow, it should be recognized as a parameter of prime im- 
portance in the consideration of idle operation. The response 
characteristics of the gas-turbine power plant are largely re- 
sponsible for this importance. At low speeds the single-shaft gas 
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turbine has relatively low net power available either for useful 
shaft output or for acceleration to higher speeds, thus the plant 
idling at reduced speed is in a poor position to meet emergency 
demands for power. In addition, a shaft-driven centrifugal 
compressor is used to boost main compressor-discharge air to 
higher pressure for fuel atomization in the atomizing nozzles. 
At low speeds, the available pressure of atomizing air is low. 
This may lead to poor fuel atomization and result in undesirable 
carbon formation in the combustion system. 

Function of Adjustable Stators. Changes in air flow are at- 
tainable over a fairly wide range by changes in compressor speed 
alone. However, flow reductions accomplished by reducing 
speed with fixed compressor geometry are generally obtained at 
the expense of compressor efficiency. Thus gains from the re- 
duction in flow may be offset to a considerable degree by increase 
in compressor losses. By the use of adjustable-stator geometry, 
it should be possible to recoup some of the losses due to unfavora- 
ble blade angles of attack at low flows. The optimum combi- 
nation would yield minimum fuel flow. 


Test Results 

Figs. 2 and 3 present test fuel flows and air flows for the design 
stator-blade configurations and for five alternative configurations 
selected to yield lower fuel flows. For reasons discussed pre- 
viously, rotational speed is selected as the significant independent 
variable for this comparison. Data are shown at 55, 65, 80, and 
100 per cent corrected speed. The selection and designation of 
the five alternate configurations is described in the Appendix. 

The curves designated STD-Aa show results for a basic gas- 
turbine power plant with standard (fixed-geometry ) compressor. 
In a variable-speed application, the minimum idle fuel flow is 
29 per cent of full-load flow at 55 per cent speed. A more con- 
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Fig. 2 Test fuel flows. 100 per cent values correspond to 4000 
Ib per hr and 6900 rpm at 1000 ft altitude and 80 F ambient. 
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ventional idling point would be at 80 per cent speed where the 
fuel flow is about 38 per cent. At full speed, no load, the fuel 
flow is 52 per cent of the full-load value. 

The curves marked ADJ-Aa are for the same plant with the 
adjustable-stator forward casing as initially assembled. The 
blading is set at the design angles of the standard casing. It is 
evident that for the same blading configuration, use of the adjusta- 
ble-stator geometry entails a performance penalty. Probable 
reasons for this will be apparent from an inspection of Fig. 7 
showing details of the assembly of the blading within the adjusta- 
ble-stator casing. Each blade is dovetailed into a spindle which 
passes through the casing for adjustment. It is unavoidable 
that minor mismatchings of dovetail and spindle platform, and 
of platform and cylindrical casing, as well as radial clearances at 
nose and tail of each adjustable blade will contribute additional 
losses. These losses amount to 5 per cent in idle fuel flow at half 
speed, decreasing to 3 per cent at full speed. Under load, the 
specific fuel flow (lb/hphr) is about 1 per cent higher with the 
adjustable-stator casing than with the standard. 

The cesting revealed that, when idling at a speed of 80 per cent 
and below, fuel was saved with all stator configurations by closing 
the inlet guide vanes 24 deg. Accordingly, only test results with 
this guide-vane setting are reported for the alternate configura- 
tions. For three of the alternate geometries, 100 per cent speed 
points were omitted from the test program because of expected 
poor performance with these geometries at full speed. 

a The minimum idle fuel flows are obtained with the blade con- 
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Fig. 3 Test air flows. 100 per cent values correspond to 100 Ib per 
sec and 6900 rpm at 1000 ft altitude and 80 F ambient. 


CONSTANT FUEL FLOW- 
\ \¢% OF FULL LOAD FLOW 


IDLE FUEL/AIR PARAMETER 
( 


2 3 4 . 
COMPRESSOR PRESSURE RATIO 


Fig. 4 Test idle fuel/air parameters. Full-load fuel flow is 4000 Ib 
per hr at 1000 ft altitude and 80 F ambient. X’s show test values 
of compressor-component efficiency. 


figuration (designated Ec) in which the inlet vanes and five ad- 
justable-stator rows are all closed 24 deg. These minimum flows 
at 55 and 80 per cent speed, respectively, are 24 and 35 per cent 
of the full-load fuel flow. These are improvements of 17 and 
8 per cent, respectively, over the plant with the standard com- 
pressor. In spite of further reduction in air flow with the fifth 
alternate configuration (Fc), fuel flows are higher indicating that 
compressor efficiency has fallen off markedly with this geometry. 

Inspection of the low-speed end of Fig. 3 shows that initial 
closing of the stator blades actually increases the compressor 
flow. Evidently some of the inlet stages become unstalled 
under these conditions and both flow and efficiency are improved. 

Test Fuel/Air Parameters. The assumptions used in evalu- 
ating Equation [2] are not sufficiently valid to expect a detailed 
agreement of measured component efficiencies with the values 
inferred from the calculated curves of Fig. 1. At the same time, 
as pointed out in the Appendix, the component instrumentation 
is not complete enough to permit accurate determination of ab- 
solute component performances. Nevertheless, the agreement 
is substantial, and Fig. 4 shows test values of fuel/air parameter 
plotted on the background of Equation [2] as a frame of reference. 
The pressure-flow characteristic of the plant, Fig. 5, being deter- 
mined by the turbine-inlet geometry and temperature, remains 
essentially unchanged. Therefore it is possible also to plot 
lines of constant fuel flow on the same axes. These are given as 
percentages of full-load fuel fi 

In the case of the design biade configurations (Aa), the agree- 
ment between test and inferred compressor efficiencies is excellent. 
Test values are not shown. (The constants were, of course, 
evaluated to produce agreement for this condition.) For the 


Ec configuration, measured compressor efficiencies (indicated 
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Fig. 5 Pressure-flow characteristic 
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Fig. 6 Effect of ‘‘errors’’ in blade setting on compressor efficiency 


by X’s at the test-pressure ratios) are substantially better than 
would be inferred from the plotted test fuel/air parameter 
values. This illustrates a point made previously on the effect of 
interrelations between components in evaluating such a scheme. 
Because of reduced flow and improved compressor efficiency at a 
given speed, the pressure ratio and turbine-inlet temperature are 
both low compared to the standard configuration. As a result, 
the turbine runs at very high velocity ratios, and its performance 
is off several points from the assumed constant value of 83 per 
cent. The net effect is a gain in over-all plant performance which 
is only about half what might have been predicted on the basis of 
compressor performance alone. 

Other Uses of Adjustable-Stator Test Results. The adjustable- 
stator compressor also was used to investigate other effects 
of stator-blade setting angle. Among these were: (1) Possible 
improvement in compressor performance at the design point; 


(3) the effect of blade-setting errors on compressor performance. 

There have been indications that the latter stages of this par- 
ticular compressor were running lightly loaded and, therefore, 
at something less than peak efficiency. By turning the blades of 
stators 3, 4, and 5 in a manner to unload rotors 4, 5, and 6, it was 
hoped to force additional loading to the back end stages. How- 
ever, the tests revealed that the first three stages assumed the 
entire additional loading, while operation of the latter stages 
was virtually unaffected. Compressor efficiency and shaft 
thermal efficiency were unchanged, but plant capacity was re- 
duced in proportion to the reduction in air flow through the 
throttled inlet stages. 

Two maximum load points were tested to investigate the possi- 
bility of increasing plant output by “high flowing” the com- 
pressor. For these, the blades of the five adjustable-stator stages 
were opened up successively 6 and 12 deg. The compressor air 
flows increased 3.5 and 7.6 per cent, respectively, but plant ca- 
pacity and thermal efficiency decreased in both cases, indicating 
significant reductions of compressor efficiency. 

In investigating the effect on performance of ‘“‘errors’’ in blade 
settings, seven test points were run with the blades of stator 5 
only changed progressively up to +24 deg from the design set- 
ting. Results are shown in Fig. 6. One additional point was 
run with average angles of inlet vanes and the five adjustable- 
stator rows at the design values (configuration Aa), but alternate 
blades in error by +3 deg; the resulting decrease in compressor 
efficiency was one half percentage point. 


Analysis 

For the simple-cycle gas turbine, temperature rise from com- 
pressor discharge to turbine inlet is a direct measure of combustor 
heat release, and can be used to derive the rate of fuel flow. 
This is given by 


The meaning of the various symbols has been given in a previous 
section. 

The relationship between 7'7; and T¢: is derived from the ther- 
modynamies of the cycle by recognizing that, at the steady-state 
idle condition, the turbine-wheel output is just sufficient to fur- 
nish the power absorbed by the compressor, plus mechanical 
losses. Aerodynamic power absorbed by the compressor is given 
by 


— Tei) = Waly 
Aerodynamic output of the turbine wheel is 


(1 +f) - l)wee,( Tr — 
=(1+f)(1 — lw e,Tn¥ rnr 


Assuming mechanical losses to be given by m, a fraction of tur- 
bine-wheel output, and equating the net power to zero yields 


Tare] = 0....{6] 


Waly [a DO m)Pn¥ ene 
c 


Solving this expression for turbine-inlet temperature 


TaYe 
Yonrnc(l + f)(l — — m) 


Solving Equation [4] for compressor-discharge temperature 


Yc ) 
Te: = Ta | 1 + — 


Tn 
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Finally, substitution of Expressions [7] and [8] into Equation [3] 
gives, with some rearrangement, the relationship of Equation [1]. 

In evaluating Equation [2] for the plot of Fig. 1, specific con- 
stant values were assigned to the leakage and mechanical losses, 
and to the combustion efficiency and pressure loss. In the light 
of test experience, the assigned values are believed to be of rea- 
sonable magnitudes for no-load operation. 


Summary 


The principal factors affecting idle fuel flow have been shown 
to be compressor air flow, and compressor and turbine-component 
efficiencies. Rotational speed is a significant variable. Com- 
pressor pressure ratio is not an important factor. 

The minimum idle fuel flow of a basic gas-turbine plant with 
the standard (fixed-geometry) compressor was found to be 29 
per cent of full-load flow at 55 per cent speed. A more conven- 
tional idling point is 80 per cent speed where the fuel flow was 
38 per cent. By use of an appropriate adjustable-stator geome- 
try, these values were reduced by 17 and 8 per cent, respec- 
tively. However, use of the adjustable-stator casing introduced 
a penalty on performance with the design blade configuration 
which amounted to 1 per cent in fuel under load. 

The results of several additional test investigations with the 
adjustable-stator casing also have been described. 


APPENDIX 
Alternate Stator Blade Configurations 


The five alternate stator-blade configurations were selected 
after a study of off-design performance such as suggested by 
Sinette.4 They were chosen arbitrarily but, it was believed, 


* “Increasing the Range of Axial-Flow Compressors by Use of Ad- 
justable Stator Blades J. T. Sinette, Jr., J au- 
tical Sciences, vol. 14, May 47, pI 


Fi e-stator casing. First stator showing n 
attaching Diaces. 


rationally for test evaluation. Each blade configuration was 
identified by two symbols, namely, a capital letter keyed to the 
position of the five stator rows, and a lower-case letter keyed 
to the position of the inlet guide vanes. Table 1 summarizes the 
keying of these symbols. The numbers show degrees by which 
each blade row was changed from the design setting. The minus 
sign (—) indicates a change in the closed (low flow) direction. 


Table 1 Stator-blade and guide-vane configurations 


Stator 
configuration 


Guide-vane 
configuration 
Design inlet-vane angle of the standard 


compressor casing 
Ie 


Guide vane closed 12 deg 
Guide vane closed 24 deg 
‘a¢ 


Test Apparatus and Instrumentation 


The investigations which have been described were carried out 
during the factory test of a gas-turbine power plant. For this 
phase of testing, the standard forward compressor casing was re- 
placed by a test casing in which the blade setting angles of inlet 
guide vanes and five stator rows were adjustable. The me- 
chanical design of the adjustability feature was the simplest that 


Worm-and-gear mechanisn 


Fig. 8 Adjustable-stator casing. 
blade adjustment. 
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Fig. 9 Adjustable-stator casing. 


General view of top half. 
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could be conceived. As shown in Fig. 7, each blade was dove- 
tailed to a spindle shank which passed through the casing to a 
gear and worm for positioning. Gear and casing were match- 
marked with the blade at the design setting angle, and changes 
from the design setting were indexed by counting teeth on the 
gear and turns of the worm. One tooth or one turn of the worm 
represented a 6-deg angle change. Details of the worm and gear 
positioning and indexing mechanisms are shown in Fig. 8. An 
over-all view of the adjustable-stator casing top half is shown 
in Fig. 9. 

The general test instrumentation was that of a standard factory 
test on a production machine. Load at the generator terminals 
was measured by the two-wattmeter method, and corrected for 
generator electrical and mechanical losses to give net shaft out- 
put at the turbine coupling. Fuel flow was measured by averag- 
ing the readings of three Bowser meters connected in series in the 
supply line. Air flow was measured by ASME flow nozzles 
located in a filter house at the entrance end of the compressor- 
inlet duct. Speed was measured by means of a General Electric 
electronic tachometer. 

Compressor-inlet instrumentation consisted of three thermo- 
couples and four total-pressure probes at the inlet-hood flange, 
confirmed by comparable data at the filter house. Instrumen- 
tation at the compressor discharge was limited to two pitch-line 
thermocouples and a single pitch-line total-pressure probe. In 
the turbine-exhaust hood, four thermocouples and two static- 
pressure taps gave the turbine-discharge conditions. 

The fundamental data of such a production test are net out- 
put at the turbine coupling and fuel flow. These, together with 
lower heating value of the test fuel, permit the calculation of 
shaft thermal efficiency. The component instrumentation is in- 
tended merely to monitor component performance, to help pin- 
point trouble in the event a plant should fail to meet its guaran- 
teed performance. 
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of the Free-Piston Engine 


R. HUBER,! RUEII 


The first part of the paper gives a short description of the gasi- 
fier, type GS-34 gasifier, with diagrams showing the main opera- 
tional factors versus gas pressure and stroke length. The pres- 
ent state of its application to ships, stationary plants, and locomo- 
tives is reviewed briefly. Details are given when running with 
a reduced number of gasifiers in service in a stationary power 
plant of 6000 kw (Cherbourg). In the second part the trend of 
future development is examined, especially with regard to an 
increase in power output per gasifier. The possibilities and 
limits of supercharging and after-burning are studied, as well 
as twinning of the gas-generators and increase of their size. 
The general relationship for similar engines but of different 
sizes is given. A gasifier with a 20-in. diesel bore is studied. 
Such an engine, supercharged, twinned, and with after-burning 
would produce 8000 to 10,000 hp on the turbine shaft per unit. 


IN THE course of the development of free-piston gasifiers dif- 
ferent thermodynamic cycles and many constructional arrange- 
ments have been studied and tested by interested industrial firms, 
as well as by certain major educational institutions. Of all the 
proposed solutions, a single one has attained a degree of maturity 
sufficient to be launched onto the industrial market, all the 
others having been abandoned in the meantime. 

To try to explain the partial failure of these different studies in 
spite of the effort and the resources employed, we must first of 
all examine the particular problems set by the technique of the 
free-piston engine. It is possible to distinguish two principal 
problems of quite different natures. 

The first, a thermodynamic one, is the development of a two- 
stroke diesel engine supercharged to several atmospheres. Until 
now, only four-stroke engines have attained such a high degree 
of supercharge, whereas large industrial and marine two-stroke 
engines have remained limited to a few tenths of an atmosphere. 

The second problem is set by the need to control the move- 
ment of pistons which are not connected with a crankshaft, and 
to obtain nevertheless a regularity of operation equal to that of a 
crankshaft engine. 

The fact that the free-piston gasifiers of the type SEME- 
SIGMA have totaled 250,000 running hours in varied industrial 
service, shows that the problems just mentioned have been 
solved. In 1956, Dr. Horgen and M. Barthalon* reported the 
results obtained with these diverse installations of gasifiers. 

We will here briefly summarize the description of the only in- 
dustrial gasifier, giving its principal operating characteristics in 
the form of three-dimensional diagrams. More than 350 gasifiers 
of this type, constructed by la Société SIGMA at Vénissieux 
(France), are actually in service and under construction to the 

1 Directeur Technique de la Société D’Etudes Mécaniques et 
Energétiques. 

2 See reference (4) at the end of the paper. 

Contributed by the Gas Turbine Power Division and presented 
at the Gas Turbine Power Conference, Washington, D.C., March 
2-6, 1958, of Tue American Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received at ASME Headquarters, 
November 27, 1957. Paper No. 58—GTP-9. 
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? 
drawings of la Société d’Etudes Mécaniques et Energétiques 
(SEME) by different licensees. In view of the results of practi- 
cal experience we later will consider the different possibilities 
for futtire development, and in particular the different methods of 


increasing the power of individual gasifiers with the purpose o! 
producing sets of large power. 1 Mas 


Characteristics of Free-Piston Engine _ 


center a two-stroke diesel-engine cylinder with two opposed pis- 
tons. Each diesel piston is rigidly connected to a compressor 
piston. The diesel cylinder is surrounded by a cylindrical en- 
velope which forms the scavenge air receiver. At the two ends 
of this receiver, called the engine case, are fixed the two com- 
pressor cylinders. The air is compressed in the two inner 
spaces near to the combustion cylinder, while the two spaces be- 
tween the outer faces of the compressor pistons and the cylinder 
covers serve as cushion cylinders. The energy produced in the 
diese] cylinder during combustion is stored in these two cylinders 
during the out-stroke and it is restored to the pistons during the 
return stroke. 

The two opposed pistons are connected together by a linkage 
consisting of swinging links, which maintain the symmetry of 
their movement. The function of this linkage consists simply in 
equalizing the frictional forces, which may be slightly different 
for the two pistons. 

All the air delivered by the compressor passes through the 
diesel cylinder and then passes through a gas collector before be- 
ing expanded in the turbine, which alone produces useful power. 

At full load the pressure of the gas delivered is about 3 kg per 
sq cm eff (43 psig). The gas temperature is about 440 C (824 F). 
The speed of oscillation is 570 per min, and the power at the 
shaft of the turbine is about 1000 hp per gasifier. 

As is well known, the variation in the power of a steam turbine 
is obtained by throttling the steam or by partial closure of the 
inlet nozzles of the turbine. This method of control cannot be 
used in a gasifier set because of the loss of efficiency that it in- 
volves. 

The control of a group of gasifiers is effected in practice in all 
installations by adjusting the pressure of the gas delivered by the 
gasifier to the power demand. In general therefore there is no 
throttle valve between the gasifier and the turbines, and the lat- 
ter are generally of the full-admission type. 

It is well known that all turbines with full admission have a 
pressure-consumption characteristic that is well defined and 
only very little dependent on the speed. For a given turbine, to 
each gas pressure there corresponds a definite consumption, vary- 
ing according to the law m = k[p/(T')'/*], where k is a constant, 
and p, 7, are the absolute pressure and temperature of the gas, 
respectively. If one wanted to avoid all losses by throttling be- 
tween the gasifier and turbine, it would be necessary to be able 
to vary the delivery of the gasifier over a wide range; for example, 
by varying the length of stroke or the speed of oscillation, or 
again by a simultaneous variation of these two factors. 

The speed of oscillation is a function of the pneumatic energy 


in play; it depends on the gas delivery pressure and the compres- 


Present State and Future Outlook 


Fig. 1 GS-34 Gasifier 
1—Engine case 5—Scavenge-air receiver Coolant inlet 13—Stabilizer 


10—Coolant outlet 14—Synchronizing gear 
11—Gland 15—Fuel injection pump 
12—Starter 


2—Compressor cylinder 6—Suction valve 
3—Cushion end cover 7—Delivery valve 
4— Motor cylinder 8—Balance pipe 


sion pressure in the diesel cylinder. The higher these pressures 
are, the greater is the speed of oscillation. In fact, it will be seen 
that this variable cannot be chosen freely. Similarly, the varia- 
tion in the length of the stroke is limited by the geometry of the 
machine, and any increase in its value lengthens the machine. 
Considerations of size and cost, therefore, compel the maker to 
reduce the difference between the maximum and minimum 
strokes as much as possible. It nevertheless would be a mistake 
to fix the value of this difference taking account only of the con- 
siderations of matching the gas generator to the turbine. For 
a free-piston engine to run, and particularly for it to start re- 
liably, it must be able to run even if the quantity of fuel injected 
differs momentarily from the value intended and provided by the 
controls. It also should be insensitive to the change in friction 
between a hot and a cold engine. It is particularly difficult to 
avoid such differences in fuel injected and friction when starting 
a gasifier, and for this reason it is essential to provide for the 
possibility of variations in the stroke, capable of absorbing the 
difference in motive energy or frictional resistance by means of 
the variation in the compressor work. 

These considerations, for example, have led us to adjust the 
fuel injection when starting to correspond to an average length of 
stroke, which allows for variations in energy in both directions. 
The correct choice of the difference between the maximum and 
minimum strokes is certainly one of the most important deci- 
sions which the manufacturer must make, because on this choice 
will depend not only the size and cost of the engine, but also the 
reliability of its operation and the ease of control and operation 
of a gasifier/turbine set. 

The GS-34 will stop at an outer dead point (ODP) position less 
than 16 in. from the center line and an ODP greater than 20 in. 
from the center line. The difference is therefore 4 in. This dif- 
ference in stroke would not by itself give a large enough range of 
output for the satisfactory operation of a gasifier/turbine set. 
The range of output can be increased substantially if an increase — 
in stroke produces an increase in the diesel compression pressure — Fig. 1(a) 
and the speed. This effect is obtained by the internal char- \ oe] 
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Fig. 2 Characteristics of GS-34 gasifier versus outer dead point 
(ODP) and gas-delivery pressure p 


A—Speed of oscillation 
B—Gas temperature 


C—tTrapped air/fuel ratio 


D—Gas delivery and consumption 
E—Compression pressure 
F—Gas horsepower 


acteristics of the gasifier and particularly of the stabilizer, the 
device which controls the level of pressure in the cushion cylinder 
as a function of the gas delivery pressure. 

It will be seen from what has been said that the operation of a 
free-piston gasifier is characterized essentially by two parameters; 
the length of the stroke—-that is the position of the pistons at the 
outer dead point—and the pressure of the gas delivered by the 
gas generator. We have chosen three-dimensional diagrams to 
show the influence of the stroke and the delivery pressure on the 
various characteristic operating factors, Fig. 2. 

It should be noted that in diagrams A, B, and C, an increase in 
stroke is shown from right to left and in diagrams D, E, and F, 
from left to right, as indeed is indicated on the diagrams of the 
gas generator shown below these diagrams. ete oe 

These diagrams show: pes 

A Number of oscillations per minute. " a} 

B Temperature of gas delivered by gas-generator. 


C The ratio 
weight of trapped air 

weight of air theoretically required for combustion 
D_ Gas delivery in pounds per second. 
E _Diesel-cylinder compression pressure. 
F Gas horsepower. 

In the case of a gasifier supplying a turbine with a given nozzle 
area, for each gas pressure there corresponds a particular mass 
flow, and as a result the outer dead point of the pistons is settled. 
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The law connecting the gas-delivery pressure and the dead points 
of the pistons is defined by the intersection of the two curved 
surfaces in Fig. 2D, one of them representing the delivery of the 
gasifier and the other the mass flow of gas that can pass through 
the turbine. The projection of this curve on the horizontal 
plane gives the relation between the gas pressure and the posi- 
tion of the dead points under steady running conditions. The 
vertical ordinates on the various diagrams show the values of the 
different characteristic factors of a gasifier/turbine set. 

The “‘speed of oscillation” increases with the gas-delivery pres- 
sure, but is practically independent of the length of the stroke. 
This comes from the fact that at a given pressure the mean pis- 
ton speed increases in the same ratio as the length of stroke. 

The “gas-delivery temperature” varies from 478 F when idling 
to 842 F st full load. It always remains above the dew point of 
SO:, and is low enough even at overload for the turbine to be 
made in ferritic steel. 

The ratio A, which represents the excess of trapped air, shows 
that under all running conditions, except when starting, the ex- 
cess air is at least 100 per cent. It also must be remembered 
that the excess scavenge air even at full load is 150 per cent. 
As a result, at full load the total air delivered is about 5 times the 
weight of air theoretically necessary for combustion. 

The diagram Fig. 2D showing the gas delivery as a function of 
the stroke shows that at no load or zero load (point X) the gas 
delivery is greater than the consumption, and the excess gas 
produced must be allowed to escape (indicated by the hatched 
surface). At point Y the delivery is equal to the consumption, 
and the discharge of excess gas ceases. The point Z at a gas- 
delivery pressure of 3 kg per sq cm (43 psig) corresponds to full 
load. The maximum stroke can be reached during overload. 

The “diesel compression pressure’’ is not proportional to the 
scavenging pressure as in a crankshaft engine. On the contrary, 
it can be chosen freely for each delivery pressure by adjusting the 
return energy in accordance with the required law. This return 
energy depends on the level of the air pressure in the cushion 
cylinders, and this level of pressure is controlled and corrected by 
a device called the “‘stabilizer.”’ The stabilizer is arranged so as 
to produce a large increase in compression pressure when the 
stroke increases and when the delivery pressure rises. 

The diagram of gas horsepower shows that the effect of an 
increase in the stroke is greater the higher the gas-delivery pres- 
sure, and the same gas horsepower can be obtained at a short 
stroke and a high gas pressure, or at a long stroke and at a lower 
gas pressure. 

In a set consisting of several gasifiers supplying a single tur- 
bine, the aliquot part of the ouptut of gas per gasifier naturally 
varies with the number of gasifiers working. In this case there 
are several curves X, Y, and Z, giving the relation between the 
gas pressure and the positions of the outer dead points. This 
law also varies, although very slightly, with the ambient condi- 
tions; i.e., the pressure and temperature of the air at the intake 
of the gasifier. 


Results of Service Experience 


We will summarize briefly the service experience up to October, 
1957. At that time installations comprising a total of 90 gasifiers 
were in commercial operation and the total running time of these 
gas generators was about 250,000 hr. 

Stationary Sets. The largest stationary set is that of the 
power station at Cherbourg, Fig. 3, consisting of 8 gasifiers of the 
GS-34 type supplying a single turbine. The turbine runs at 
3000 rpm and drives an alternator of 6000 kw at the same speed. 
The results of the official tests of this set are summarized by the 
curves in Figs. 4 and 5. It will be seen from these graphs that 
with 8 gasifiers in operation the maximum available power is 
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Fig. 3 6000-kw free-piston gasifier at Cherbourg; interior view 


6900 kw, and even when one of the gasifiers is stopped it is still 
possible to obtain the full load of 6000 kw. 

This installation allows a very impressive demonstration to be 
given of the reliability in operation of these free-piston gasifier 
sets. During these demonstrations one of the gas generators is 
cut off from the gas manifold while still producing the full rated 
power. This gasifier can then be stopped and one of the pistons 
can be removed, for example, to demonstrate the accessibility of 
the main parts of the engine. This can then be put back again 
and the gasifier restarted. After reconnecting this gasifier to 
the gas manifold the power is automatically redivided between 
the 8 gasifiers. With two mechanics the entire procedure can be 
accomplished in less than 40 min. 

The largest installation actually on order is one of 36,000 kw, 
intended for a power station at Singapore. It is composed of 6 
groups similar to those in the power station at Cherbourg, each 
consisting of 8 gasifiers. 

Marine Sets. Twenty-one minesweepers of the French Navy 
are equipped with free-piston gasifiers. Each minesweeper has 
two propellers driven by a turbine reduction gear whose turbine 
is supplied with gas by one gasifier. The turbines have ahead 
wheels and astern wheels in the same casing. To stop the pro- 
peller shaft, the ahead and the astern wheels are supplied with 
gas simultaneously. The results of operation at sea are very 
favorable to this method of propulsion, which is distinguished in 
relation to a diesel engine by an excellent degree of maneuvera- 
bility. It is in fact possible with these installations to reduce 
the speed of the propeller at will without any lower limit. As a 
result of this experience la Marine Nationale Frangaise has 
ordered two new ships of 16,000 hp each. 

Two coasters fitted with two free-piston gasifiers were put into 
service in 1953, and in the meantime they have reached a total of 
26,000 hr running time at sea between Bordeaux and Hamburg. 
In spite of the novelty of the installation there have been very 
few breakdowns. 

The Liberty ship William Patterson, converted to free-piston 
machinery by the order of the U. 8. Maritime Administration, 


completed its official tests at sea in September, 1957, and sailed 
on its maiden voyage to Europe early in October. This in- 
stallation consists of 6 gasifiers supplying two turbines. These 
are connected to a common reduction gear which drives the pro- 
peller shaft at 100 rpm. Each turbine has 5 ahead wheels and 2 
astern wheels. On test the turbine, during 5 hr running in re- 
verse, delivered 35 per cent of its full ahead power at a speed of 70 
rpm astern. The gas horsepower provided by the gasifiers during 
this test was only three quarters of the maximum power. Dur- 
ing forward running the reverse wheels are churning in the exhaust 
gas and absorb some power due to windage. It is nevertheless 
possible to keep these losses below 2 per cent of the rated power 
by means of a mask fitted round the reverse blading, which pre- 
vents gas being projected in a radial direction by the reverse blad- 
ing while running forward. 

Other Applications. The prototype free-piston locomotive, 
constructed by la Régie Nationale des Usines Renault and put 
into service in 1953, has run for 6000 hr. As a result of the ex- 
perience acquired during passenger and freight service, new 
locomotives of double the power are under construction. 

Free-piston engine sets are very suitable for driving pumps and 
compressors owing to the high speed of the output shaft. A 
pumping set with one gas generator was put in service near Paris 
in 1955. 

Another installation comprising 15 gasifiers supplying 6 turbo- 
compressors through a common gas manifold will be put into 
service in 1958. 

The various installations enumerated in the foregoing show that 
free-piston gasifiers have proved themselves in very varied in- 
dustrial applications. Up to the present only a single gas gener- 
ator, the GS-34, has been put on the market, but it is improba- 
ble that this one type can satisfy all future requirements. 

The problem today is to know in which direction the future 
development of free-piston gas generators will take place. In 
what follows we will review the different possibilities which pre- 
sent themselves with the GS-34 as a starting point, and we will 


examine critically the various possible solutions. 
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Fig.4 Gas characteristics as recorded during official tests in function 
of power and number of gasifiers in service a 
d—gas output, lb per sec 
t—gas temperature, deg F 
P—gas pressure, psig 
n—number of gasifiers in operation 
L—power at terminals, kw 


The Future of Free-Piston Engines 

The evolution of engines tends in a general way towards ma- 
chines of greater power and higher efficiency. In parallel with 
this evolution the aim is to make the machines less bulky and 
lighter in weight. This same tendency naturally also applies to 
the future development of gasifiers. 

Any required increase in power, at least theoretically, can be 
obtained simply by increasing the number of gasifiers of the 
known type. In fact, we know how to make gas turbines up to 
50,000 kw and more, and the construction of large units would 
in that case be limited by the problem of the design of the gas 
piping between the gasifier and the turbine. Alternatively 
several turbines can be used, as in the power station under con- 
struction at Singapore, by dividing the station into six units of 
6000 kw. 

For the more distant future it would seem to be preferable for 
large power outputs to be obtained by groups of gasifiers of con- 
siderably greater unit power than 1000 hp. 

There are four different possibilities for increasing the unit 
power of gasifiers: 

1 Supercharging the gasifiers by precompressing the air. 

2 After-burning between gasifier and turbine. 

3 Twinning of gasifiers. 

4 Making gasifiers with a larger bore and stroke. A 
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Fig. 5 Performances recorded during official tests in function of 
power and number of gasifiers in service 
Csp—specific fuel consumption, lb per kwhr 
C»—hourly fuel consumption, lb per hr 
r—over-all efficiency 
n—number of gasifiers in operation 
L—power at terminals. kw 


In what follows we will examine each of these possibilities, 
trying to pick out the advantages conferred, and also the dif- 
ficulties that are liable to be met in these new developments. 

Supercharging of Gasifiers. Supercharging is very general in 
four-stroke diesel engines, and during the past few years in 
two-stroke engines as well. By the use of supercharging, the 
power of these engines can be increased by more than 30 per cent 
without appreciably increasing the weight or the size. In free- 
piston installations the situation is rather different. For ap- 
plication to gasifiers the turboblower would be larger and more 
expensive, because per unit of power the gasifier requires nearly 
twice the amount of air compared with a diesel engine. More- 
over, the advantage obtained by supercharging diesel engines, 
namely, the elimination of several cylinders with their connecting 
rods, and so on, is reduced in the case of gasifiers to the elimina- 
tion of some gasifiers whose weight per horsepower is several 
times smaller than that of corresponding diese] engines. 

The advantage in weight and bulk obtained by supercharging 
gasifiers for this reason will be considerably less and its applica- 
tion becomes less attractive. There again the problem of per- 
fect “tuning”’ of the exhausts, of vital importance in diesel en- 
gines, becomes impossible to achieve in a group of several inde- 
pendent gasifiers, which always have slightly different speeds, 
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unless, of course, the gasifiers are forced to run in synchronism, 
which would complicate the installation. On the intake side, 
harmful pressure waves also are to be feared, and it probably 
would be necessary to interpose damping chambers of sub- 
stantial volume. In the case of large individual engine units 
this difficulty disappears, because it would then be possible to 
provide each gasifier, or each pair of twinned gasifiers, with an 
independent turboblower. 

From the point of view of mechanical strength the supercharg- 
ing of gasifiers does not seem to present any difficulties. Only 
the pistons, and in particular the compressor piston, are working 
at a relatively high loading, because of the effects of inertia at the 
inner dead point. 

By raising the level of pressure in the compressor and cushion 
cylinders the importance of these inertia effects is reduced, be- 
cause the pistons are then restrained over their whole surface by 
a more powerful cushion. The mechanical stresses therefore will 
be reduced. 

It seems, a priori, that the greatest difficulty likely to be 
encountered in supercharging gasifiers will arise from the thermal 
loading of the walls of the combustion chamber. 

In an unsupercharged gasifier the thermal loading, defined as 
the quantity of heat per unit area passing through the combus- 
tion-chamber walls, is already considerably higher than in a two- 
stroke diesel engine, and the evolution of a satisfactory design 
of the parts forming the combustion chamber has been by far the 
most laborious part of our development. We now know that 
this problem can be solved for an unsupercharged gasifier, but it 
is very difficult to estimate to what extent the thermal loading 
could be increased further without the risk of meeting in- 
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surmountable difficulties with the piston rings or the combustion 
cylinder. 

If we wish to evaluate on a theoretical basis what chance super- 
charging of gasifiers has of succeeding, we must find out its ef- 
fect on the thermal loading, and examine under what working 
conditions supercharging can be applied without exceeding the 
thermal loading of an unsupercharged gasifier. 

Before getting down to details, we must fix the degree of super- 
charge. The foregoing considerations concerning the size and 
weight of turboblowers lead one to think that supercharging is 
only economically possible if the increase in power is substantial. 
It cannot therefore be a matter of supercharging to a few tenths 
of an atmosphere, and for the present study we will choose an 
absolute pressure of 2 kg per sq cm (28.5 psia) at the intakes of 
the compressor cylinders. 

To make a comparative calculation of the thermal loading of 
supercharged and unsupercharged gasifiers, we must define the 
method of calculating the loading, which depends primarily on 
the coefficient of heat convection between the combustion gases 
and the walls of the combustion chamber. We will choose 
Professor Eichelberg’s formula for calculating this convection 
coefficient, determined from temperature measurements on diesel 
engines with bores not very different from that of the GS-34. 
This formula is written 


a = KC’ 


where K is a numerical coefficient, C the piston speed, and p and T 
the absolute pressure and temperature of the gas, respectively. 
K = 2.1 with C in m per sec, p in kg per sq cm abs, T in deg C 
abs, x in kg cal/m? hr deg C. 
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Fig.6 Pressure and temperature in diesel cylinder onastroke base 
A, B, C—cases according to calculation 


T—gas temperature, deg F 
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For our comparative study, the numerical value of K is of no 
importance. We also will assume in what follows that the gasi- 
fiers, whether supercharged or not, run at the same speed. Thus 
the value of C also disappears in our comparative calculations. 

Supercharged gasifiers without difficulty could be made to run 
at a higher speed, because the pneumatic energy in play is con- 
siderably greater. However, an increase in speed of oscillation 
does not seem to be desirable, because the pumping and scavenge 
losses already will be increased, and a further increase due to an 
increase in engine speed does not seem to be indicated. 

The precompressed air should be cooled before entering the 
gasifier, and the gas temperature throughout the cycle depends 
on the degree of cooling. To begin with we will make compara- 
tive calculations of thermal loading, assuming that the cooling 
of the precompressed air is carried far enough to get the same 
temperature at the gasifier intake as for the unsupercharged gasi- 
fier. 

The pressures and temperatures during combustion and ex- 
pansion depend on the diesel compression pressure and on X. 
An increase in the compression pressure produces an increase in 
the pressures and temperatures throughout the period of combus- 
tion. It is therefore very desirable, with a view to avoiding high 
thermal! loadings, to keep the diesel compression pressure at a 
sufficiently low level. 

In a crankshaft engine, the final compression pressure increases 
in direct proportion to the degree of supercharge whereas in a 
free-piston engine the compression pressure is not tied to the de- 
gree of precompression. The diesel compression pressure can be 
chosen at will and altogether independently of the degree of 
supercharge. This difference between the crankshaft engine 
and a free-piston engine is very important, because it enables an 
increase in thermal loading to be avoided, in spite of supercharg- 
ing, by limiting the diesel compression pressure. 

If necessary, a supercharged gasifier could be made to run at a 
compression pressure lower than when unsupercharged. a 


With the simplifications mentioned, consisting of maintaining 
unchanged the speed of oscillation and the temperature of the 
intake air, we calculate the thermal loading for the three follow- 
ing working conditions: 


Case A 


Penge of intake air, kg per sq cm 
abs 
Temperature of air, 
Diesel compression pressure: 

Kg per sq cm abs 

Psia 
Gas delivery pressure: 

g per sq cm abs 
Psia 
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Fig. 7 Pressure and temperature in diesel cylinder on a time base 
t;—exhaust-port closing 
t:—-exhaust-port opening 
IDP— inner dead point 


P—gas pressure, psi 
7—gas temperature in deg F 
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Fig. 8 Coefficient of heat transmission on a time base 


a—coefficient of heat transmission in Btu/sq in. hr deg F at 


t:—exhaust-port closing 


t:—exhaust-port opening 
IDP—inner dead point 
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Fig. 6 shows, for those cases considered, the temperatures and 
pressures of the gas in the diesel cylinder as a function of the 
stroke of the pistons. Fig. 7 shows the same values plotted as a 
function of time. 

Fig. 8 shows, as a function of time and for the three cases A, B, 
and C, the instantaneous values of the convection coefficient @ in 
Btu/sq in. hr deg F. 7 ae 


The heat from the gas entering the walls “@« 


Q = Qave( Tett — Twat inner surface) 


where the effective temperature of the gas Tete = (@T7’)avg/Qavg 
and the subscript avg refers to the time-average of the quantity. 

According to recent researches* the temperature of the walls 
in contact with the water cannot exceed the boiling point of the 
water by more than 36 deg F. Knowing the two temperatures 
Te of the gas and T'wan (outer surface), we can, by a well-known 
graphical method, determine the flow of heat, as indicated in Fig. 
9 by plotting a point at a temperature of Te and at a distance 
C/cavg from the inner face of the wall, where C is the coefficient of 
thermal conductivity of the wall. The point obtained in this 
way is joined to the point W at the temperature at the outer sur- 
face of the wall. The intersection of this line with the inner 
surface of the wall gives the temperature of this surface, and its 
slope indicates the magnitude of the flow of heat. In Fig. 9 
points at Ter and C/davg are plotted for the three cases con- 
sidered, A, B, and C, and the slope of the connecting lines shows 
the relative thermal loading. Taking case A as 100 per cent we 
get 115.8 per cent for Case B and 129.5 per cent for Case C. 

Table 1 contains the principal numerical values for the three 
cases A, B, and C, the calculations having been made for A = 2 in 
all three cases, and assuming that to a first approximation the 
heat loss during combustion is 10 per cent. The calculations of 
the thermal loading show that the heat loss through the walls, 
4s a percentage of the heat introduced, is smaller in cases B and C. 
The real value of \ is therefore slightly higher in these two cases. 

The efficiency at the turbine shaft is reduced in the two 
cases of supercharging by 0.85 and 0.15 per cent, respectively, 
compared with no supercharging. These figures were obtained 


Kihlseitige Warmeitibergang in einem ZweitaktDiesel- 
motor; Einfluss der Verdampfung,’’ by Dr. Nikos Dimopoulos, Ver- 
lag Leeman, Ziirich, Switzerland, 1955. We 


Intake pressure: 
K r sq cm abs 2 
* 28.4 
temp, deg F 68 
Gas delivery press, psia 56 113.8 
Speed of oscillation, min~! 570 
Inner dead point, in 2.11 
Outer dead point, in... . 18.9 
Effective stroke, in..... 16.71 
Diesel compression press, psia.......... 995 
Maximum diesel cyl press, psia....... . 1660 
Engine-case air temp, deg F. 
Weight of combustion air, Ib 
Gas delivery, lb per sec. 
Scavenge air ratio 
correc 
Gas delivery ang! F 
Power in gas, gas h 
Fuel consumption, 
Gas hp absorbed b 
blower eff = 0.7 
Power at turbine chat (turbine eff 
0.85), shp 
Efficiency at turbine shaft, ul cent.... 
Thermal loading, per e cent. 
— 


(turbo- 


Fig. 9 Flow of heat through wall of combustion chamber 


q—weall of combustion chamber 

effective temperature of gas 

T ~—wall temperature on outer surface 
C—coefficient of thermal conductivity of wall 
Qavg—convection coefficient (time average) 


assuming that the internal losses in the gasifier are proportional 
to the indicated work of the diesel cylinder. 

In fact, the losses would increase less rapidly, so that the ef- 
ficiency would practically be unaffected by supercharging. One 
might expect that the drop in efficiency would not be negligible, 
because of the cooling of the precompressed air. It will be seen, 
however, that these losses are to a large extent compensated by 
the reduction in the loss to the cylinder walls, and also by a reduc- 
tion in the loss to the exhaust, the gas at the outlet from the tur- 
bine being cooler. 

In case B, the gas-delivery temperature would be 549 C 
(1020 F); thus it exceeds the temperature limit for a turbine 
made of ferritic steel. This should be considered a rather serious 
objection, because a turbine in austenitic steel would be con- 
siderably more expensive. 

To estimate the influence of the air-intake temperature of the 
gasifier and of X, calculations of thermal loading have been made 
assuming: 


(a) A constant diese] compression pressure of 70 kg per sq cm 
(1000 psi). 

(b) An air-intake temperature to the gas generator of 50, 100, 
and 150 F. 

(c) AXof 2, 2.2, and 2.4. 


The diagram in Fig. 10 gives the thermal loading in the various 
cases considered as a function of the pever at the turbine shaft, 
and similarly, that of an unsupercharged gasifier at half and at 
full load. The conclusions that can be drawn from this diagram 
are rather unexpected, because it seems possible practically to 
double the power of a gasifier without exceeding, or exceeding 
only slightly, the thermal loading of an unsupercharged gasifier. 
This result is above all a result of the characteristics of a free- 
piston engine which allow the compression pressure to be main- 
tained at a moderate value in spite of a high degree of super- 
charge. 

Thus, from the purely technical angle, supercharging seems 
very promising. On the other hand, from the point of view of 
economics, in particular the first cost of the installation, it seems 
doubtful if the advantages would be so clear. Comparative cost 
studies would show if the cost of the turboblowers, the heat ex- 
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changers, and the higher cost of the turbines in austenitic steel, 
would compare favorably with the saving by eliminating one or 
more gasifiers. It does not seem at first sight that the difference 
in price, which would depend largely on the number of installa- 
tions to be made, would be sufficiently decisive to justify super- 
charging. 

The turboblowers can be connected, either in parallel with the 
main turbine, or in series, upstream or downstream of the main 
turbine. 

Placing the turboblower immediately after the gasifiers ap- 
pears to have great advantages. The turbine in this case would 
have a single wheel, expanding the gas from 8 kg per sq cm (114 
psia) and 549 C (1020 F) to 4.15 kg per sq cm (59 psia) and 475 C, 
so that only the wheel of the turboblower would have to be made 
in austenitic steel. 

The power of the turboblower would adjust itself automatically 
and without the intervention of any control gear to the power of 
the main engine. 
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Fig. 10 Relative thermal loading as a function of power at turbine 
shaft 
Q—relative thermal loading (100 per cent—corresponds to full load 
of GS-34) 


t;—air temperature at compressor intake 
A—air/fuel ratio 


Afterburning. The gas temperature at full load of a GS-34 
free-piston gasifier is 440 C (824 F) for an intake temperature of 
20 C (68 F). Turbines made of ferritic steel can withstand a 
temperature of 520 C (967 F), and the use of heat-resisting ma- 
terials allows the temperature to be increased to 650-850 C 
(1200-1547 F), and even more, according to cire.stances. By 
the combustion of additional fuel between the gas generator and 
the turbine, it is therefore possible to increase the power in the 
ratio of the absolute temperature of the gas after and before this 
combustion. The efficiency of transformation of this additional 
heat into mechanical work is determined by the expansion ratio 
in the turbine. Applied to an unsupercharged free-piston gasifier 
with a gas-delivery pressure of 4 kg per sq cm abs (57 psia) the 
afterburning is utilized at an efficiency of 32.2 percent. With a 
supercharged gasifier with a gas-delivery pressure of 8 kg per sq 
cm abs (114 psia) the efficiency of utilization of afterburning to 
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650 C (1200 F) is 34.7 per cent. The heat introduced by after- 
burning is therefore utilized in this case with an efficiency of the 
same order of magnitude as the set itself, and if, with an un- 
supercharged gasifier, afterburning can only be employed oc- 
casionally because of poor efficiency, this objection disappears in 
the case of supercharged gasifiers. The allowable gas tempera- 
ture would be determined as a function of the cost of the turbine 
and of the required reliability of operation. 

By applying afterburning up to a temperature of 750 © to a 
supercharged gasifier on the lines of case B, a power of 2700 hp 
would be obtained on the shaft of the turbine. The increase in 
power is in this case greater than that corresponding to the ratio 
of the absolute temperatures, because the power to be subtracted 
for the supercharger remains unchanged. 

Twinning of Gasifiers. By joining together two gasifiers to 
form a twin, or siamese unit, the power available from the unit is 
doubled, and the bulk is substantially less than that of two in- 
dividual gasifiers. In one form of construction of a twin unit 
the two gasifiers can be placed side by side, or one above the 
other, with a common engine case for the scavenge air. The 
motion of the two pairs of pistons is maintained 180 deg out of 
phase. It follows that the pistons of the first gasifier are at their 
inner dead point when the pistons of the second one are at their 
outer dead point. The gasifiers are dephased by a pneumatic 
device controlling the level of pressure in the two cushion spaces. 
Any divergence, however small, from the 180 deg phase relation- 
ship slows up the pistons that are ahead by a reduction of the 
pressure in their cushion spaces, and likewise accelerates the other 
pistons by increasing the pressure in their cushions. 

Twinning in this way gives an increase of efficiency of some 
per cent, because the loss of pressure due to compressing the 
scavenge air into the engine case is avoided. In fact, in the case 
of a simple gasifier, the compressor delivery takes place while the 
scavenge and exhaust ports are closed. All the air delivered is 
stored in the engine case and therefore produces a rise of pressure 
in this chamber. In the case of a twinned unit, the air delivered 
by the compressor of one gasifier passes directly to the diesel 
cvlinder of the other gasifier, and the losses mentioned previously 
are avoided. Twinning also gives a more uniform fiow at intake 
and exhaust, and the intake and exhaust damping chambers can 
be eliminated. 

As a result of their compact construction and of their more uni- 
form intake, twinned engines lend themselves better te super- 
charging than single gas generators, especially if a turboblower is 
provided for each twinned unit. 

From the foregoing calculations it will be seen that the power 
of a twinned unit consisting of two GS-34’s, with supercharging to 
2 kg per sq cm abs (28.5 psia) and with afterburning to a tempera- 
ture of 750 C (1380 F), can reach 5400 hp on the turbine shaft. 

Units of Larger Dimensions. From the constructional point 
of view, as well as from the economic point of view, the dimen- 
sions of the GS-34 do not constitute a limit. On the contrary, it 
is to be expected that development will be oriented toward units 
of larger dimensions. It seems to us probable that, taking into 
account our own experience and that of other makers, one would 
choose the same arrangement of the various components, and the 
ratio of the bores, and the stroke-to-bore ratio will remain ap- 
proximately the same as in the GS-34. It is possible to establish 
general formulas giving the relation between the dimensions and 
principal characteristics for engines in which all the principal 
dimensions are increased or decrease’ in the same relation from 
those of the GS-34. 

If we adopt as the fundamental magnitudes of comparison the 
combustion cylinder bore D (in inches) and the weight of one of 
the moving parts W (in pounds), we obtain the following rela- 
tions 


> 
GS.34 

| 
Po 


C; (Dt 
= (,(D/W)'” 


Power at turbine shaft (hp) 
Frequency of oscillation (min~ ') 


Mean piston speed (fps) = C;(D3/w)'” 


The coefficients C,, C2, and C; can be deduced from the working 
conditions of the GS-34, and are 


C2 


If the geometrical similarity is maintained in the construction of 
the moving parts, their weight is proportional to the cube of D. 
It “is then possible to replace the weight, W, by AD®*, and the 
foregoing formulas are simplified and become 


C; 


C, = 4.00, 5350, 9.67 


Power at turbine shaft (hp) K, 
‘D 


Ky 


Frequency of oscillation (min~!) 


Mean piston speed = const 


where K, = 5.72, Ki = 7991, K; 28.02 fps = 1680 fpm. 
We see from the diagram Fig. 11 that for a combustion cylinder 


bore of 50 cm (19.7 in.), for example, the same mean piston speed 
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is obtained with a piston weight of 1680 kg (3700 lb); the fre- 
quency of oscillation would be 370 per min, and the power at the 
turbine shaft would reach 2200 hp. The weight of the moving 
parts would be smaller, in fact, because all the thicknesses would 
not have to be increased in proportion. The power, the mean 
piston speed, and the speed of oscillation therefore would be 
greater. 

It remains to weigh up the difficulties that we are liable to meet 
in the production of larger units. We can expect three principal 
problems, in order of importance: The endurance of the com- 
bustion-chamber walls; the guiding of the moving parts which 
will be considerably heavier; and the mechanical strength of the 
compressor pistons. 

In geometrically similar combustion chambers, the heat trans- 
mitted per unit area of the wall is theoretically independent of the 
bore; the thermal stresses are therefore simply proportional to 
the thicknesses of the walls. With a constant wall thickness, 
the thermal stresses would remain constant; but the stresses of a 
mechanical origin would increase in the same ratio as the bores. 
In the GS-34 the pressure stresses are very much smaller than the 
thermal stresses, and it seems quite probable that a thickness 
only a little greater than that of the GS-34 would be suitable. 
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Fig. 11 Relation between diesel-cylinder bore and weight of one piston for a given mean speed, 
power, and speed of oscillation 
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It is possible to reduce both the thermal stresses and the pressure 
stresses by reducing the compression pressure of the diesel 
cylinder. 

We do not think therefore that the development of a gas gen- 
erator of 500 mm bore (19.7 in.) would present a very serious 
problem as regards the design of the diesel cylinder and pistons. 

The weight of the pistons increases as the cube of the linear 
dimensions, but the bearing surface increases only as the square. 
Even though the side loads are much smaller than those of a 
crankshaft engine the pistons do not remain perfectly parallel to 
the axes of the cylinders, because of thermal expansions. 

To avoid these difficulties, the bearing surfaces could be re- 
moved from the diesel and compressor cylinders by providing a 
support fixed to the cylinder head projecting into the inside of the 
piston trunk and carrying part of the weight of the pistons. 
Fig. 12 shows this arrangement, which includes torsion bars 
pressing onto the slippers, which are located close to the center of 
gravity of the piston, with a force great enough for a large part of 
the weight of the pistons to be supported on the slipper and only a 
small fraction of this weight to be supported by the cylinders. 

The third problem is the strength of the compressor pistons, 
which are of large dimensions and are subjected to high accelera- 
tions at the inner dead point. With a geometrically similar con- 
struction, the acceleration at the inner dead point is inversely 
proportional to the diesel-cylinder bore, because the loads 
are proportional to the square of the bore and the masses propor- 
tional to the cube. The mechanical stresses in the piston arise 
from the inertia of the masses forming the piston itself. Now the 
masses increase as the cube of the dimensions. The bending 
moments produced by the inertia cf these masses also increase as 


20’ 


1789 
the cube of the dimensions, because the effects of the variation of 
the moment arm and the variation of the acceleration compen- 
sate for each other. 

On the other hand, the section modulus of the various sections 
of the piston also vary as the cube of D, so that finally the 
stresses in geometrically similar compressor pistons are inde- 
pendent of the diameter. It will be seen therefore that the design 
of the compressor piston does not in fact pose any new problem. 

Fig. 12 shows the design of a twin gas generator with a diesel- 
cylinder bore of 500 mm (19.7 in.) and a full-load stroke of 650 
mm (25.6 in.). The two gas generators are arranged one above 
the other, and the two engine cases are connected together by a 
passage of large cross section. The starting vessels and the 
stabilizers are arranged at the sides. The gas outlets, which also 
are at the sides of the engine cases, are connected by a vertical 
manifold common to the two gas-generators. The principal di- 
mensions of this engine are: 


500 mm (19.7 in.) 
1300 mm (51.2 in.) 
800 mm (31.5 in.) 
650 mm (25.6 in.) 
391 min= 

8.5 m/sec (1670 fpm) 


Diesel cylinder bore 
Compressor cylinder bore 
Maximum possible stroke 
Stroke at full load 


Twinned gasifier with 20-in. diesel-cylinder bore 


4 < 
Power at turbine shaft............. 4000 shp 
If supercharging is applied to this twinned unit of 500 mm bore ; 
| i i Sie 


Fig. 13 16,000-hp set consisting of four twinned gasifiers 


as Just described, we obtain a power for the unit of more than 
7500 hp at the turbine shaft; and with afterburning to 750 C, 
this power would be increased to more than 10,000 shp. 

Fig. 13 shows the size of a 16,000-hp set, consisting of four 
twinned gasifiers, with diesel-cylinder bores of 500 mm (19.7 in.), 
two turbines with reverse wheels, and a reduction gear incorporat- 
ing a thrust block. The weight of this set is distributed as 
follows: 


Gasifiers: 


4 units at 36 tons 
Reduction gear 
Gas piping 

Total.... 


Weight = 19 kg per hp (42 lb/hp) 


Conclusion 

After having examined the various possibilities which present 
themselves, when seeking to increase the power per unit of free- 
piston gasifiers of the GS-34 type, the most direct solution, and 
one that retains the simplicity and moderate temperatures of the 
known cycle, consists of an engine geometrically similar to the 
GS-34, but with a diesel-cylinder bore of the order of 500 mm (20 
in.). There are few constructional difficulties to be feared, ex- 


cept those concerning the central part of the combustion cylinder. 
If necessary, the thermal and pressure stresses in this part can be 
reduced in relation to the GS-34 by reducing the diesel compres- 
sion pressure; efficiency is most probably increased. 

Another possibility consists in joining together two GS-34 
gasifiers in the form of a twin unit. This solution is not so simple, 
because it requires practically twice the number of parts. On the 
other hand, it has the advantage of reduced size and an increased 
efficiency. 

Supercharging to 2 kg per sq cm abs (28.46 psi) represents a 
third possibility of practically doubling the power of a gasifier. 
Comparative calculations show that the thermal loading in a 
supercharged gasifier are of the same order as in a gasifier with 
atmospheric intake, on condition that the diesel compression is 
maintained at a constant value, in spite of supercharging. 

The difficulties that one is liable to encounter in supercharging 
is that the pressure in the diesel cylinder at the moment of open- 
ing the exhaust ports is still high, of the order of 22 kg per sq cm 
(312 psi). Apart from this question, supercharging seems to be 
more of a problem of economics. 

It seems doubtful if the reduction in the number of gasifiers in a 
supercharged installation, compared with the number required 
without supercharging, would balance the cost of the turboblow- 
ers, the heat exchangers, and the damping chambers, as well as 
the difference in price of a turbine made in austenitic steel. 

Afterburning allows a supplementary increase in power to be 
obtained. This procedure particularly is justified in installations 
with supercharged gasifiers, because the efficiency is not affected. 
When applied to gasifiers with atmospheric intake, afterburning 
involves a drop in efficiency that is not negligible. ; 
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Optimization of Plate-Type Air Preheaters © 


for Automotive Gas 


Turbines 


4 W. HRYNISZAK,'! NEWCASTLE ON TYNE, ENGLAND 


This paper deals with recuperative plate-type heat-exchanger 
elements for a composite air preheater for automotive gas tur- 
bines. The general requirements and optimization of the essen- 
tial dimensions of such an element are discussed. 

Such optimization leads to the smallest possible weight for 
a given temperature and pressure efficiency. As these two 
efficiencies affect the specific fuel consumption of the gas tur- 
bine, two further optimizations lead to: (a) The best pressure 
ratio of the turbomachines for given initial temperatures; and 
(6) the best temperature and pressure efficiency of the air pre- 
heater. The weight of this heat exchanger affects the perform- 
ance of the vehicle propelled by the gas-turbine unit in different 
ways. Further optimization therefore leads to the best weight 
of the air preheater at a given average speed. 

Cost considerations which affect the design of the element are 
influenced by the method of manufacture and the choice of mate- 
rials as well as the method of maintaining clean channels in the 
heat-exchanger elements. 


Introduction 


Four major problems—affected decisively by thermodynamic 
considerations—must still be solved to make the gas turbine a 
competitive prime mover for automotive applications: (a) Time 
lag due to dynamic and thermal inertia when changing load; 
(b) positive and negative torque behavior eliminating any forward 
gear steps as well as extension of mechanical brakes; (c) fuel 
consumption under no-load conditions; (d) specifie fuel consump- 
tion over the whole range of loads, but especially in the neighbor- 
hood of the average load to be expected. 

This paper, however, deals exclusively with the important task 
of improving the specific fuel consumption of the gas turbine by 
air preheating as the simplest form of waste-heat recovery. Fora 
given size of the recuperative heat exchanger, the behavior of 
which is mainly characterized by that of its matrix, internal op- 
timum considerations will lead to a minimum weight for a given 
pressure and temperature efficiency. Optimization of the pres- 
sure ratio of the turbomachines will then result in a minimum 
specific fuel consumption of the gas turbine for a given air- 
preheater weight. 

The increase in vehicle weight due to the air preheater and its 
ducts, is partly offset by a reduction in weight of fuel carried and 
weight of fuel tank. Since the weight increase reduces the 
speed of the vehicle, which affects the amount of fuel consumed, 
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Gas Turbines. 
heaters are to be successful in automotive gas-turbine units. 
This is one reason for the slowness of their adoption. 


performance. 
makes it difficult to attain low weight. 
thermal inertia of parts facing the flow of high-temperature gases 
seems to be necessary to prevent burnouts. 


an optimum value for the air-preheater weight where the vehicle 


performance is at its best, can be determined. 


Plate-Type Recuperative Air-Preheater Elements 


General Requirements Concerning Air Preheaters in Automotive 
Very severe requirements have to be met if air pre- 


High tem- 
perature gains and low pressure losses are imperative and at the 


same time the weight should be low, especially for parts causing 
flow resistance without effective conversion into heat transfer. 
This low weight and hence low thermal inertia are necessary to 
keep the time lag as small as possible when changing load. On the 


other hand, there is need for u rapid increase in temperature and 
pressure efficiency with a decrease in load, to improve part-load 
The strength required throughout the service life 
Furthermore, a high 


Further desirable properties, which would greatly assist the 


speedy introduction of the air preheater, are adjustability to dif- 
ferent component arrangements, as well as to different working 
conditions of the gas turbine such as mass flow, and so forth. 
Exchangeability and interchangeability, as mainly affected by the 
header design, would also be desirable. 
would be standardization leading to mass production and hence 
lower costs in material and manufacture. 


The logical conclusion 


Plate-Type Air-Preheater Elements. One solution to the dif- 


ficult task of designing an air preheater for automotive gas tur- 
bines, offering a good compromise with regard to all the require- 
ments mentioned in the previous section, seems to be the laminar- 
flow plate-type heat exchanger. 
of such a heat exchanger can be kept small. 
produced economically from sheet material by means of simple 


The number of different parts 
They can also be 


tools, offering a high output especially in view of the small wall 
thicknesses involved. 
The parts needed (see Fig. 1) to build up an element of suitable 


size are (a) the backing plate (with a brazing foil on both sides if 
such foils are used); (b) the inlet, outlet, and center corrugations 


Table 1 Matrix properties 


To 


Dimension (wall-thickness) 
Backing plate (+ foils), in. 0.0068 (37 G) 
0.0020 (47 G) 
0.0320 (21 G) 
rrugation ‘angle, deg. 60 
Flow properties 
Equivalent diam, in... 
Permeabilities (transflux ‘area/initial 
area) 
Corrugations, per cent 
Total, per cent 
Cleaning device 


‘ 
- : 
‘ 
"4 


BAFFLE FRAME 
BAFFLE PLATE 
INNER END PLATE 
BACKING PLATE 
QUTLET CORRUGATIONS 
CENTRE CORRUGATIONS 


~ - 


and 


(brazed between two consecutive parallel backing plates); (c) the 
spacer bars. 

Table 1 gives an idea of the wall thicknesses of the sheet ma- 
terial used for these parts as well as other important matrix 
properties. 

It is desirable to construct the heat exchanger from a number 
of similar completely self-contained elements of suitable size and 
shape. By varying their number, different requirements can be 
met with regard to mass flow as well as temperature and pressure 
changes, due to heat exchange. At the same time such a com- 
posite heat exchanger can take different shapes, depending on the 
design of the gas-turbine unit. 

Another advantage of such elements is the possibility of choos- 
ing from a large number of shapes. The rectangular, Fig. 3(a), 
and to a greater extent the hexagonal shapes, Fig. 3(b), are more 


End plate with facial seal 


plate 


Fig. 2 Circular-shaped recuperative element with test arrangement 
produced by Imperial Chemical Industries, Ltd. (Marston Excelsior, 


TUBULAR FEEDER 
FOR CLEANING AIR 


SLIT IN FEEDER TUBE 
FOR CLEANING AIR 


RECESS IN CENTRE CORRUGATIONS 
FOP CLEANING AIR 


INLET CORRUGATIONS 


OUTER ENO PLATE 


economical in the use of material than the circular one, Fig. 2. 
More of the material is engaged in heat transfer, and a simple 
header design results. 

The rectangular element is a typical ‘“‘high-average-load’’ de- 
sign with large inlet and outlet areas for the low-pressure (turbine- 
exhaust) gas and relatively smaller areas for the high-pressure 
(compressor-exhaust) air. The use of mirror symmetry in the 
arrangement of the spacer bars and corrugations for this air 
allows inlets and outlets to be provided on both sides of the ele- 
ment. This facilitates the header design. Six different parts 
are needed for such a rectangular matrix. 

The hexagonal element, on the other hand, can be easily 
adapted to “‘low-average-load’’ conditions if inlet and outlet 
openings of the two heat-exchanging gases are of the same size. 
The symmetry of design allows the number of parts to be reduced 
to four. 

The choice of the main dimensions of an element of this kind 
affects the performance not only of the air preheater, but also of 
the gas-turbine, and in turn the vehicle propelled by such a 
unit. 


Thermodynamical Optimum Considerations 


Very rarely is a careful thermodynamical optimization as re- 
warding as in the design of an air preheater for automotive gas 
turbines. Before giving a brief account of one way in which such 
optimization can be performed, means of combining heat transfer 
and flow resistance to facilitate such an operation will be con- 
sidered, 

Heat Transfer and Flow Resistance and Their Combination. 
The temperature efficiency = 


nr = Atusces/(tes, — tus.) 


reducing the heat input of the gas turbine, is related to the pres- 
sure efficiency 


Mp = (P2/Pi)uscecs) 
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RECTANGULAR SHAPE 


Fig. 3 Combined cross and parallel (contra-directional 


decreasing its power output. A considerable simplification in the 
terms for dimensioning the air-preheater matrix is often possible 
if the Nusselt number, Nu-number, and the surface-resistance 
factor, f-factor, are correlated by an extended Osborne Reynold’s 
law 

Nu.ie = 2Nu,,/f PrRe 


The extension thus introduced may be called a “utilization fac- 
tor’’ as it measures the extent to which flow resistance is con- 
verted into heat transfer. The higher the utilization factor, the 
better this conversion, which for laminar flow depends on the 
shape of the flow channels (see Table 2). 

There are different influences which will affect the utilization 
factor under practical conditions. Both the heat transfer and the 
flow resistance are increased by the effect of in-flow and out-flow 
conditions. These are affected by the turbulence at the entrance 
and exit of the matrix as well as the way in which the gas is let 
into and out of the flow channels of this matrix. 

Heat conduction will also influence both heat transfer and flow 
resistance, for different reasons. The effect of perpendicular (to 
the main flow direction) heat conduction through the walls, can be 
represented by 


wil Equivalent 
diameter 

Shape D, 


Parallel. 


Permeability 


flow elements 


K Thyri 
and that of the longitudinal heat conduction taking place in the 
walls parallel to the main direction of gas flow can also be ap- 

proximated, at least, from a similar relation 
Ku 

=1+ > 


Kesins) 


Finally, the effect of fin efficiency on heat transfer can be assessed, 
with certain approximations, by 
Nuwith/Nuwithout = (1 + nx.ro)/(1 + a) 


where the ratio o of secondary and primary surface depends on 
the shape of the fins, which also affects the fin efficiency. 

Taking all these influences into account, the effective utiliza- 
tion factor will be smaller than its ideal value in accordance with: 


This effective value of the utilization factor can be directly as- 


Table 2. The utilization factor for laminar flow conditions 


Utilization 
factor, 
per cent 

(Pr = 0.71) 


, Th 
1/(1 + Th/D.)* 


1/(1 + Th/D,)? 
See Fig. 4. 


Circular 
Square 


See Fig. 4. 


G = gap between two consecutive parallel plates. 
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sessed by measurement of temperature and pressure as well as 
mass flow. 

Optimization of Air Preheater (Matrix) Dimensions. The tem- 
perature and pressure efficiency of the air preheater not only 
influences heat input and power output of the gas turbine in dif- 
ferent ways, but also has an important bearing on the size and 
weight of the matrix of such a preheater. 

Heat transfer can be expressed (under certain assumptions 
with regard to water values and mean temperatures of the two 
heat-exchanging gases) in terms of temperature efficiency: 


us _&(NTU) 


The surface/area ratio also affects flow resistance. For this 
reason it can be combined with heat transfer when introducing 
the utilization factor. An approximate way of expressing the 
pressure efficiency (excluding the effect of relatively small dy- 
namic pressure changes as well as neglecting the influence of flow 
channel shape) is 


1 — np? = W(RT/gP,?)(W/A)? 
where the frictional coefficient is linked with the f-factor and the 
surface/area ratio 
¥ = f(S/A) 


The over-all pressure efficiency and the pressure efficiencies on the 
air and gas sides can be linked by 


1 — Imp? = 2(1 — np?) + — 
Seeing that the latter efficiencies in particular are usually close to 
unity the following approximation can be made 
1 — IInp? = — 
so that the air, gas-side pressure efficiencies can be expressed by 
the (given) over-all pressure efficiency 
1 — np? = (1 — — mp*)/(1 — np?)] 


The expression in the bracket can be represented in a nondimen- 
sional form by the ratio of the different properties characterizing 
the gas state and the dimensions of the matrix. 

By combining the relations thus obtained by heat transfer and 
flow resistance, the surface/mass flow ratio can be finally ex- 
pressed in terms of temperature and pressure efficiency as well 
as other important characteristics 
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gry 

(1 — ( 
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The question now arises of how to choose the different variables, 


dimensions, and characteristics in such a way that, for given tem- 
perature and pressure efficiencies, the surface/mass flow ratio be- 


comes a minimum. This leads to the smallest matrix weight, as 
the surface (assuming for the sake of simplicity an equal wall 
thickness of the plates forming the matrix) is linked with this 
weight in accordance with 


HS 


Th 
“1 °CS 

Such an optimization has to be performed in two steps and leads 
to the following two conditions 


= (Pus/Pes)? (Tcs/T us)“ 
= 


assuming that the viscosity of the heat-exchanging gases is linked 
with their absolute temperatures by a simple exponential law. 

The ratio of the minimum tota! surface and mass flow under 
such optimum conditions is therefore 


HS 
>> (S/W)min = Csmin (NTU)2/(1 — 
cs 


where the constant introduced is given by 


Effect of Headers on Matrix Optimization. Separated inlet and 
outlet openings of the element are needed for the two heat- 
exchanging gases so that ample facilities are provided for fitting 
the ducts which distribute the gases over these openings. 

In the case of a cross-flow matrix, the necessary difference in in- 
flow and out-flow direction is already provided for, so that addi- 
tional headers are not required. This results in a considerable 
simplification of the element. This advantage, however, is at 
least partly offset by the fact that the breadth of the matrix on 
one side is linked with its height on the other side because of 


These relations can be introduced in the optimum conditions 
mentioned before. The two equations thus obtained can be 
suitably linked so that further optimization can be undertaken, 
leading to the best value of the ratio of breadths depending on the 
number of passes chosen. It should be kept in mind that single- 
pass elements (if reasonably large temperature efficiencies are in- 
volved) are debited with a large factor & (see Fig. 5), resulting in 
an inefficient use of weight. Two passes mean a considerable 
improvement in this respect but the shape of the element gets 
more difficult to cope with. 
With a parallel-flow matrix, cross-flow inlet and outlet headers 
are necessary, increasing heat transfer and flow resistance. In 
the case of a parallel-flow matrix, the breadth and the height are 


the same on both sides 


Hes Hys (=Hy) 


If equality of height is introduced in the terms governing optimum 
conditions, best values for the ratio of areas and circumferences 
can be assessed (see Fig. 4). The relations thus obtained affect 
the choice of the opening angles of the corrugations. 

In the channels of the headers, heat transfer and flow resistance 
will occur. A single-pass cross-flow pattern will prevail, again re- 
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(or INLET) 


CORRUGATIONS. 


Fig. 4(6) Dimensional sketch of the matrix cross section 


sulting in an inefficient use of weight. In addition, the gas veloci- 
ties will be increased because of a reduction in available transflux 


area 


By as = By sin @ 


To counteract its effect on the additional pressure losses in the 
headers, wide corrugations, or even no corrugations (high utiliza- 
tion factor), may be chosen, depending on the stresses set up by 
the difference in pressure of the two heat-exchanging gases as well 
as by thermal expansion. 

Optimization of breadth as well as angle of inclination is now 
possible. To simplify matters it has been assumed that the two 
headers influence heat transfer and flow resistance like one single- 
pass cross-flow heat exchanger, with a mean gas state relating to 
the over-all inlet and outlet conditions. If it is further assumed 
that the same corrugations are used in both the cross-flow and 
parallel-flow portions of the matrix, the ratio of surfaces of these 
two parts can be expressed by the angle of inclination as well as 
the ratio of height and breadth of the parallel-flow portion 


Sp/Sy = (B/H)y sin a cos @ 


This surface ratio, which is the same for both the air and gas 
sides of the element, is directly proportional to the weights of the 
different matrix portions. al 4 


+2 -PASS 


Fig. 5 The value of = for one, two, and three-pass countercross- 
flows 


In view of the fact that both the kind of flow and the type of 


corrugations have been assumed to be te same for all parts of the 
matrix, the following relation is obtained between the over-all 
temperature efficiency and the temperature efficiency of the 
parallel-flow portion of the matrix 


(NTU )over-aun (1 + (1/Eg /8u))(NTU) 


In a similar way as in the case of the temperature efficiency it 
is possible to represent the pressure efficiency of the cross-flow 
portions in terms of that of the parallel-flow portion. Such ‘ 
representation permits optimization of the inclination angle. — 


cos* a 1 — 


giving a maximum pressure efficiency of the inlet and outlet 
portions expressed in terms of the total as well as the individual 
pressure efficiencies of the parallel-flow portions: 


8 
1 — H.max =A X (1 — 
Sy 


where —— 


Aw 14 teas)" + (; ; 
‘ 1 — pcs 1 — 
can be obtained from previous optimum considerations. For a 
very low load this factor will become close to 2 and the angle of 
inclination 45 deg, whereas for the very high loads the factor 
will approach 1 and the angle 0. 

As a result, the effect of combined heat transfer and flow re- 
sistance can be taken into account by introducing a new constant 
extended by the effect of the cross-flow portions in the relation 
governing the ratio of minimum surface and mass flow 
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ig. 6 Effective and ineffective weight of a (rectangular) element 
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To obtain the weight of the whole element, the frame weight, 
constituted mainly by the weights of spacer bars and the adjacent 
parts of the backing plates, is now added. This weight, inactive 
as far as heat transfer is concerned, depends on the heights of the 
different matrix portions but mainly on the minimum permissible 
breadth of the spacer bars, which is limited for production reasons. 

Again the same relation for the minimum surface /mass-flow 
ratio can be used if its constant is further extended in accordance 
Th Cs. ext.opt 


Cw.opt = 


where the frame weight is small when compared with the total 
weight as can be seen from Fig. 6. 

This parasitic-weight ratio is usually larger for combined cross 
and parallel flow than it is for a pure cross flow. Despite the 
poor conversion of flow resistance into heat transfer, shown by a 
factor £ considerably larger than 1, the constant in the correlation 
governing the surface/mass-flow ratio may, for moderate tem- 
perature efficiency, be smaller for a pure cross-flow elemert than 
for combined cross and parallel-flow elements. 

Optimization of Gas State (External Optimization). Due to 
internal optimization, pressure efficiency can now be expressed in 
terms of temperature efficiency as well as the (minimum) weight 
of the preheater matrix 


1 — IInp? = NTU)*/(W /W)? 


If the following ratios are introduced in the relation between 
efficiency on one hand and temperature and pressure ratios on the 
other hand under “‘no preheater” conditions 


PRESSLRE EFPICENCY 
- 
90% 


OP PRESSURE 


[%) 
= 


Turbine heat drop/turbine exhaust heat = 


Fig. 7 


fra 1 


Cro 
Compressor heat rise/turbine exhaust heat 
= (Te/Tr)a(te — = Coo 
(Max) waste heat/turbine exhaust heat 
= — = 
this efficiency can be expressed by 
n = (1+ NTU) (Cp — Co)o — F(NTU)/Cu.o 
+ NTU-Cro — F(NTU) 
where the function of the temperature efficiency introduced is 


Polytropie representation Adiabatic representation 


l 


depending on what representation is chosen for expressing the 
effect of thermal losses on the temperature ratios of the turbo- 
machines. The nonthermal losses can be taken care of separately 
as they do not affect the optimum working conditions of the gas 
turbine. The effect of parasitic-pressure losses in the combustion 
chambers and other ducts can be represented by a pressure ef- 
ficiency (excluding the effect of the preheater) in accordance with 


TT.0 = 


The conditions governing the maximum efficiency (or the 
minimum specific fuel consumption) of the gas turbine can now be 


assessed from 


> 


dn/dricy = 0 
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Fig. 8 Maximum efficiency depending on element number 


and this operation finally leads to the following relation 


(cus — Cro — Coo — ) 


dre Cc 
+ NTU (crs + F(NTU) 
dCr.o 


dC 4.0 dCc.o 


dre dre dre 


aC 


giving optimum values, C7,0,opt, Ce.0,opt, ANd Cy,0,opt- 

As a direct solution will prove difficult in most cases, although 
the effect of the pressure efficiency on the optimum pressure ratio 
can usually be neglected, as indicated in Fig. 7, it will be ad- 
visable to solve this relation indirectly. It is, for instance, pos- 
sible to obtain a value for the ratio of initial temperatures of 
the turbomachines for given values of their pressure ratio and the 
other characteristics, and the temperature efficiency of the air 
preheater, from which, after the optimum conditions of the gas 
state have been derived, the preheater weight can be assessed. 

After the best values of the three expressions have been found 
the next step in the optimization of the gas turbine with an air 
preheater ‘a to look for the best value of the temperature efficiency. 
In view of the relation between this efficiency and the pressure 
efficiency for a given weight, an increase in temperature efficiency 
will result in a decrease in pressure efficiency. This means that 
somewhere the best specific fuel comsumption of the gas turbine 
will be achieved. The operation dy,,:/d(NTU) = 0 leads finally 
to the following expression 


F2(NTU) — (Cu.o + Coo — 2Cr.0)ope F(NTU) 
[((Cu.o + — Cr.o)ope (NTU)? + (Cu.o 
(NTU) + (NTU) 
(Cr. 0 — Ce,o)opt =0 


Fig. 9 


4 


from which, for a given weight of the air preheater, an optimum 
value of the temperature efficiency, and hence the pressure ef- 
ficiency, can be found (see Fig. 8). Again a direct solution of the 
equation given will be difficult to achieve and an indirect solution 
as mentioned before, can be sought. For a given temperature 
efficiency of the preheater and a given pressure ratio of the turbo- 
machines (including the other properties of importance) a value 
of the ratio of initial temperatures of the turbomachines, for in- 
stance, can be obtained. By comparing this value with the one 
previously computed, the over-all optimum can be found. 

After all these optimum operations have been performed, the 
only outstanding choice is the weight of the air preheater itself. 

Vehicle speed is affected by the air preheater for two reasons: 
(a) The reduction in power output, and (6) the increase in 
weight. Vehicle weight is changed first of all due to the weight 
of the air preheater itself. As, however, its installation reduces 
the specific fuel consumption (see Fig. 9) it also decreases the 
amount of fuel which has to be carried in the vehicle for a given 
distance, and consequently the weight of the fuel tank (see Fig. 
10). To what extent the carrying structure of the vehicle is af- 
fected by these weight changes depends very much on the design 
of the vehicle itself as well as other factors closely connected with 
it. Hence the total change in weight when an air preheater is 
introduced can be expressed by 


We 
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A comparison of the power output of the gas turbine needed to 
overcome road and aerodynamic friction with and without an air 
preheater leads to the following relation 


(1 + ZAW/W,) 
(1 — AV/Vo) +- — AV/Vo)® 


as governed by the weight changes, as mentioned before. The 
constant introduced is represented by road and aerodynamic fric- 
tion in accordance with 


C = 


(1 + CVo%)(1 — A0/0) = 


The relative loss in output due to the preheater can be expressed 
by 

A0/Oo = — opt 
The miles per gallon represent the ratio of vehicle speed and fuel 
consumption of the gas turbine. This means that a change in 


speed has the same effect on mileage as a change in fuel consump- 
tion in accordance with 7 


(1 — AV/V.)(1 + AF,/Fo) = 1 


Hence the effect of a change in velocity due to a change in weight 


(as previously obtained) can be expressed in the form of a fic- 
tional change in fuel consumption. 

Fuel consumption is, however, actually affected because of the 
reduction in heat input of the gas turbine. This drop in consump- 
tion is 
AF = [NTU/(1 + NTU lope: (Cao + Cr.0)ope 

+ F(NTU)opt/C 00pt 
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Fig. 11 


‘The best vehicle performance is therefore obtained if the difference 


between actual and fictional fuel consumption 
DAF = Fu/Fo Fw/F» 


is ata minimum. The only variable left is the weight of the pre- 
heater and hence the operation 


leads to an optimum value of this weight and hence the highest 
miles per gallon (see Fig. 11). 


Other Considerations Affecting Optimization 


Now that the dimensiohal ratios linking the two sides of the 
matrix have been optimized, the question arises how far they can 
be realized economically and how the choice of dimensions on one 
side will be affected by the requirements of manufacture and 
maintenance. 

All the different parts of the element can be manufactured from 


_ plain sheet materials and these parts can be bonded by brazing. 


This can be accomplished either by heating the entire element, 
held together in a flexible jig to accommodate dimensional 
changes, in a protective atmosphere or, alternatively, by heating 
each backing plate electrically as soon as it has been placed on 
the spacer bars and the corrugations. The latter may be possible 
when the plate is small and made from a very thin sheet. No pro- 
tective atmosphere is necessary for certain brazing materials 
which are to be preferred if the latter method of bonding is 
chosen. 

Tool costs will be affected not only by the thickness of the sheet 
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Fig. 12 Cost per unit transfiux area 


material used but also by the number of parts needed. It should 
be remembered in this respect that certain parts like the spacer 
bars are double the number of other parts in an element of a hex- 
agonal shape. Automatic assembling of these parts can be affected 
by their number. 

One important obstacle to be overcome in applying such ele- 
ments is the cost of materials. As far as the all-important thick- 
ness of sheets is concerned, it should be kept in mind that an in- 
crease in gage means an increase in costs. Since such materials 
are sold by weight, an optimum thickness can be found where ma- 
terial costs are minimum (see Fig. 12). 

If mild steel is used, a relatively short lifetime often makes fre- 
quent replacements of the elements necessary. If longer service 
life is expected and replacement is to be avoided, expensive 
stainless steel. with a relatively high chromium content can be 
used. A comparison of the cost of a copper-brazed mild-steel ele- 
ment with a partly mild and partly stainless-steel element (parts 
covered by brazing material from mild steel, the remainder from 
stainless steel), and a cupro-nickel-brazed stainless-steel element 
leads to relative costs of about 1, 3.5, and 5.8. If the manufactur- 
ing costs are included, these relative costs become approximately 
1, 1.7, and 2.4. 

Attempts are being made to alloy mild steel with a considerable 
amount of aluminum, by use of the vacuum smelting process. 
If such steel could be produced in quantity and a suitable method 
of brazing could be found, it would appear suitable material for 
heat-exchanger elements, combining a reasonable lifetime with 
relatively low costs. Another way of using mild steel is by surface 
protection, for instance, by using a brazing material which not 
only bonded parts together but provided, at the samme time, the 
necessary surface protection against oxidation. 

As far as maintenance is concerned, it should be kept in mind 
that very small equivalent diameters have to be realized by de- 
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Fig. 13 Temperature distribution in rectangular element = 


creasing the gap between the backing plates and reducing the 
opening angle of the corrugations. The result is flow channels 
with very small and awkward-shaped cross sections. To keep 
them clear of contamination, periodical and automatic cleaning 
seems to be imperative. One way of performing this cleaning is 
illustrated in Fig. 14. Ducts are provided for in the spacer bars. 
These ducts are linked, by openings in these bars, with slits in the 
eenter portion of the corrugations on the low-pressure (exhaust- 
gas) side only. If the pressurized air is supplied periodically to 
these ducts it can enter the matrix corrugations and remove any 
dry contamination collected in very much the same way as in a 
regenerative heat exchanger. Hence one part of this contamina- 
tion removed from the outlet of the corrugations will be led 
directly to the exhaust whereas the other part tends to be moved 
back into the exhaust-gas inlet. Means such as flap valves can be 
provided to shut off the element during the short periodic cleaning 
intervals so as to remove this part of the contamination too. If 
the cleaning air is mixed with a suitable detergent, it may be 
possible to remove at least part of the wet contamination as well. 

Finally, Fig. 14 gives an idea of a recuperative element de- 
signed in accordance with what has been said in the previous 
sections. It is made up from two matrix blocks so as to facilitate 
brazing and at the same time reduce thermal expansion. In ad- 
dition, Fig. 15 gives some indications of the correlation between 
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temperature and pressure efficiency of such an element, in terms of 
mass flow for different matrix heights. 


Conclusions 

The design of a recuperative composite air preheater should be 
such that its element can be standardized and mass-produced by 
the appropriate manufacturers, in a similar way to the radiators 
of indirectly cooled piston engines. To achieve this goal it is 
necessary to reduce to a minimum the number of elements which 
differ mainly in the height of their matrix. It is, therefore, 
necessary to go carefully into the question of the most suitable di- 
mensions of such a matrix. 

It is possible to obtain best values of the essential matrix di- 


mensions by a series of optimization operations. The first of 


~ 


these operations leads to the smallest possible weight for a given 
temperature and pressure efficiency of the matrix. As these two 
efficiencies affect the specific fuel consumption of the gas turbine, 
two further optimization steps lead to: (a) The best pressure ratio 
of the turbomachines for given initial temperatures at their inlet; 
and (b) the best temperature and pressure efficiency of the air 
preheater. The weight of this heat exchanger affects the per- 
formance of the vehicle propelled by the gas turbine in different 
ways. Final optimization therefore leads to the best weight of the 
air preheater at a given average vehicle speed. 

Considerations with regard to manufacture and maintenance 
will affect the optimum data thus obtained. The choice of ma- 
erial and the method of maintaining clean channels are of particu- 
lar importance in this respect. 
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By KATSUHIKO OGATA,'! MINNEAPOLIS, 


This paper presents an analysis on subharmonic oscillations as 
responses of nonlinear feedback control systems. The non- 
linearities treated in this paper are those whose input-output 
characteristic curves show saturating or limiting characteristics 
and are skew symmetric with respect to their origins. The 
analysis shows that the outputs of such nonlinear systems will 
oscillate either with the input frequencies or with odd order 
subharmonics of the input frequencies. This paper also presents 
a design aid for eliminating the possibility of subharmonic 
oscillations. Electronic analog computer techniques were em- 
ployed to obtain the experimental results presented here. 


Noinenclature 


Tue following nomenclature is used in the paper: 


C = output .mplitude 
c(t) = output of feedback control system 
e(t) error signal 
error magnitude at which output of nonlinear element 
begins to saturate 
= fundamental response curve 
gain constant 
= constant 
positive odd integer 
output of nonlinear element a 
= saturation level of nonlinear element 
positive integer greater than 1 
input amplitude 
= input of feedback control system 
= complex variable 
time constant 
time 
instant when e(¢) becomes equal to zero - 
= input frequency A 
frequency of fundamental harmonic component of e(¢) 
lowest input frequency at which subharmonic oscillation 
may occur 
lower jump resonance frequency for 1/m-order sub- 
harmonic oscillation 
upper jump resonance frequency for 1/m-order sub- 
harmonic oscillation 
highest input frequency at which subharmonic oscilla- 


Subharmonic oscillations as responses of nonlinear systems are 
often discussed in the field of nonlinear mechanics. For example, 
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references (1-7)? deal with subharmonic oscillations of nonlinear 
vibratory systems. However, not much is known about. sub- 
harmonic oscillations as responses of nonlinear feedback contro! 
systems. 

When a nonlinear feedback control system includes saturating 
or limiting characteristic, the output of the system sometimes 
oscillates with the frequency which is 1/n times the input fre- 
quency, where n is a positive integer greater than 1. When the 
frequency of the output is 1/n times that of the input, the output 
oscillation may be called the 1/n-order subharmonic oscillation. 
When the output oscillates with the input frequency, the output 
oscillation may be called the fundamental oscillation. Designers 
in the field of feedback control systems may have interest in 
knowing conditions under which subharmonic oscillations may 
occur. The occurrence of the phenomenon of frequency division 
and subharmonic oscillations as responses of nonlinear feedback 
control systems have been discussed by a few authors. For ex- 
ample, an analysis of subharmonic oscillations of the output of a 
nonlinear feedback control system by means of the describing- 
function method has been published in a paper (8) by J. C. West 
and J. L. Douce. The phenomenon of frequency division as re- 
sponses of a nonlinearly damped servo has been shown by R. R. 
Caldwell and V. C. Rideout (9). 

Since subharmonic oscillations can give false information if one 
is not aware of them, it is generally desired to eliminate the 
possibility of the occurrence of subharmonic oscillations. Es- 
pecially in the case of recording servomechanisms, which are fre- 
quently subjected to periodic inputs, the possibility of the occur- 
rence of the subharmonic oscillations reduces the reliability of the 
systems. 

The purpose of this paper is to present an analysis on sub- 
harmonic oscillations as responses of nonlinear feedback control 
systems. Emphasis has been placed on systems having non- 
linearities whose input-output characteristic curves show saturat- 
ing or limiting characteristics and are skew symmetric with re- 
spect to their origins. However, a few systems having highiy skew 
asymmetric nonlinearities also were studied. 


Analysis on Subharmonic Responses 


Fig. 1 shows input-output characteristic curves of nonlinear 
elements commonly included in feedback control systems. The 
curves show saturating or limiting characteristics and are skew 
symmetric with respect to their origins. 

When a feedback control system includes a nonlinear element 
whose input-output characteristic curve can be represented by 
one of those shown in Fig. 1, the output of the system exhibits 
either the fundamental oscillation or odd-order subharmonic os- 
cillations. Examples of odd-order subharmonic oscillations are 
shown in Figs 2(A) through (D). In Fig. 2, r(¢) denotes the input 
and c(t) denotes the steady-state output under a sinusoidal opera- 
tion. It can be observed from Figs. 2(A) through (D) that the 
output amplitudes are larger than the input amplitudes, when 
subharmonic oscillations take place. Figs. 2(A—D) show the 
1/;-order, the '/;-order, the '/7-order, and the '/,-order subhar- 


2? Numbers in parentheses refer to the Bibliography at the end of 
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(A) (C) m: 


e: INPUT OF NONLINEARITY 
m: OUTPUT OF NONLINEARITY 


Fig. 1 Input-output characteristic curves of 


A—Saturation nonlinearity 
B—Variable-gain nonlinearity 
C—On-off nonlinearity 
D—Saturation with dead-zone nonlinearity 

E—Variable gain with dead-zone nonlinearity ates 

F—On-off with dead-zone nonlinearity 
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Since the signal m(t) is fed to the linear elements as shown in 
Fig. 3, c(t) has the same period as m(t). Therefore 


c(t) = 


Since 


the following equation can be obtained from Equations [1], [2], 
and [5] 


sin wt = sin (« =. [7] 
Wo 


Equation [7] must be satisfied in order that e(t) be periodic with 
the period 27/a». Then, from Equations [1], [4], [6], and [7] 


monic oscillations, respectively. These subharmonic oscillations 
were obtained as responses of nonlinear feedback control systems, 
simulated on an electronic analog computer. 

The following analysis shows that the output of a feedback con- 
trol system with a skew symmetric nonlinearity oscillates with the 
frequency that is equal to the input frequency or one of the odd- 
= order subharmonics of the input frequency. 

Consider the system shown in Fig. 3. Assume that the input 
r(t) is sinusoidal and the error signal e(¢) is periodic with a period 
2x /wo, where wo is the frequency of the fundamental harmonic 
component*of e(t). Then 


e(t) = + — ) 
Wo 


Assume that the:linear elements in Fig. 3 include a motor. At 
the steady state, m/(t) is periodic with the same period as e(t), and 
m(t) must satisfy the following equation 


where w > wo. 


dt =0 3 
7 If Equation [3] is not satisfied, the system does not reach the 


steady state. 

Equation [3] implies that the average value of m(t) is equal to 
zero. Since the input-output characteristic curve is skew sym- 
metric with respect to its origin, the average value of e(?), which 
is the input to the nonlinear element, must also be equal to zero 


Fig. 2 Examples of subharmonic oscillations 


r(t) e(t) | NONLINEAR |™(t); LINEAR c(t) 
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Fig. 3 Block diagram of nonlinear feedback control system 


Equation [8] implies that the average value of c(t) is equal to 
zero. Since the nonlinear characteristic curve is skew symmetric 
with respect to its origin and m(t) is periodic and has zero average 
value, the following equation must be satisfied 


(at 
0 m 


Equation [9] implies that m(¢) changes its sign every 4/w period. 
Then, both e(t) and c(t) must change their signs every 1/wo 
period. Next, assume that at ¢ = , e(t) becomes equal to zero. 
Then 


Wo Wo 


Since c(t;) and c(t, + m/w.) must have the opposite signs, sin wh; 
and sin (wt; + w/w) must have the opposite signs also 


sign [sin wt,] = —sign| sin | wt; + 
Wo 


When sin wt; approaches +0, sin(wt; + w/w) must approach —0. 
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In order to obtain a steady-state periodic output with the 
period 27/w), Equations [7] and [12] must be satisfied. When 
@ is equal to w/2, or w/4, or w/6, or .. ., Equation [12] cannot be 
satisfied. Therefore when nonlinear characteristic curves are 
skew symmetric with respect to their origins, no even-order sub- 
harmonic oscillations can occur. The values of wo which satisfy 
Equations [7] and [12] are 


W = 


Next, assume that c(¢) has the period of 2mm/w, where m is a 


positive odd integer. Assume again that e(f,) = 0 


e(4) = Resin wth — c(h) = 


In order that the period of e(t) be 2mm/w, e(t) has to be either 
positive or negative for the time interval 4 < ¢ < 4 + mm/w. 
This requires that 


mr mr 


mT mr 
w 


If Equation [16a] or [16] is satisfied, the period of e(¢) becomes 
equal to 2mm/w. And so does the period of m(¢). This, in turn, 
makes the period of c(t) be equal to 2mm/w, which is the value 
assumed to be the period of c(t). Then, it can be said that, when 
a feedback control system has a skew symmetric nonlinearity, 
odd-order subharmonic responses can take place, provided such 
a steady state that satisfies Equation [l6a] or [165] can be 
established. 

When the system output is oscillating with the input fre- 
quency, subharmonic oscillations cannot occur unless some kind 
of “sudden disturbance’’ is given to the system or to the input. 
This sudden disturbance means a disturbance such as sudden in- 
crease of the gain of the system or sudden increase of the input 
frequency, and so on. 

When a system is linear, c(t) is a function of e(t). But for a 
nonlinear system, c(t) is a function of m(t). For a given input, 
only one error signal e(t) satisfies the closed loop of the linear sys- 
tem at a steady-state sinusoidal operation. However, when the 
nonlinear element includes saturating characteristic, for a given 
input, there may be two or more m(t) [or e(¢) ] signals which satisfy 
the closed loop of the nonlinear system at a steady-state sinu- 
soidal operation. A stable m(t) signal whose frequency is 1/n 
times the input frequency causes the 1/n-order subharmonic os- 
cillation. 

A sudden disturbance may cause large transient response on the 
output of the system. In order that Equation [16a] or [165] be 
satisfied at the steady state for m > 1, subsequent to the transient 
period, c(t) — r(t) must be considerably larger than 0 for a 
half period and must be considerably less than 0 for the next half 
period. Then, the following question may be raised: How much 
must c(t) — r(t) be larger (or less) than zero? The answer to this 
question obtained by the electronic-analog-computer study has 
been as follows: In order that Equation [16a] or [16b] be satisfied 
after the transient response has disappeared, C/R must be larger 
than 1.3 ~ 1.4, where C and R are the output amplitude and the 
input amplitude, respectively. 


r(t), 


c(t) | 


(C) 


Fig. 4 Wave forms of r(t), c(t), e(t), and m(t) showing fundamental 
and subharmonic oscillations 


cit) 


A 


sm 


Fig. 5 Response of feedback control system with saturation non- 
linearity, showing generation of subharmonic oscillation subsequent 
to change in input frequency 


Fig. 6 Response of feedback control system with saturation non- 
linearity, showing generation of fundamental oscillation subsequent 
to change in input frequency 


Fig. 4(A) shows the wave forms of r(¢), c(@), e(t), and m(t), when 
1 in Equation [16a] or [166]. This shows the fundamental 
response. Fig. 4(B) corresponds to m = 3 in Equation [16a] or 
[16b]. This shows the '/;-order subharmonic response. Fig. 4(C) 
corresponds to m = 5 and shows the '/;-order subharmonic re- 
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sponse. Fig. 5 shows the generation of the '/;-order subharmonic 
oscillation, as’ a response of a feedback control system with 
saturation, subsequent to the sudden increase in the input fre- 
quency. In the figure, eo is the error magnitude at which the out- 
put of the nonlinear element begins to saturate, and M, is the 
saturation level of the output of the nonlinear element. Fig. 5 
corresponds to the case when Equation [16a] or [165] is satisfied 
for m = 3 at the steady state. Fig. 6 shows the fundamental 
response of the same system, subsequent to the sudden increase 
in the input frequency. 

A few systems having nonlinear elements, whose input-output 
characteristic curves are highly skew asymmetric with respect to 
their origins, were simulated on the electronic analog computer. 
For these systems, even-order subharmonic oscillations were ob- 
tained. No odd-order subharmonic oscillations were stable for 
these systems. 


Closed-Loop Attenuation-Frequency Curves 

The attenuation-frequency curve corresponding to the funda- 
mental oscillation may be defined as the fundamental response 
curve. When a feedback control system is linear, it has only one 
attenuation-frequency curve which is the fundamental response 
curve. However, when the system is nonlinear, the output of the 
system may oscillate with a subharmonic of the input frequency. 
In this case, many attenuation-frequency curves may be drawn 
for a given input amplitude. The attenuation-frequency curve 
corresponding to the 1/n-order subharmonic oscillation may be de- 
fined as the 1/n-order subharmonic-response curve. In Fig. 7, the 
fundamental response curve (denoted by F) and subharmonic- 
response curves (denoted by 1/n where n i. ees, 


a 


quency (the point C in Fig. 8). This phenomenon may be called 
the lower jump resonance for the 1/n-order subharmonic oscilla- 
tion. When the disturbance given at the point A is small, the 1/n- 
order subharmonic oscillation transfers to the 1/(m — 2)-order 
subharmonic oscillation. However, when the disturbance is 
large, the 1/n-order subharmonic oscillation transfers to the funda- 
mental oscillation. 

Figs. 9 and 10 are experimental results to show the lower jump 
resonance for subharmonic oscillations. Fig. 9 shows the transi- 
tion from the '/;-order subharmonic oscillation to the '/;-order 
subharmonic oscillation. Fig. 10 shows the transition from the 
'/sorder subharmonic oscillation to the fundamental oscillation. 

In the case where the input frequency is increased gradually 
when the output oscillates with the 1/n-order subharmonic of the 
input frequency, the output amplitude, as represented by the point 
P in Fig. 11, moves along the 1/n-order subharmonic-response 
curve until a certain point where the output amplitude becomes too 
small to satisfy Equation [16a] or [166]. Then, at this point the 
1/n-order subharmonic oscillation changes into the fundamental 
oscillation. This phenomenon may be called the upper jump 
resonance. When the upper jump resonance occurs the 1/n-order 
subharmonic oscillation does not change into other subharmonic 
oscillations, but changes only into the fundamental oscillation. 

Fig. 12 shows the change in the mode of the output oscillations 
from the fundamental oscillation to the '/;-order subharmonic 
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Fig.7 Diagram showing fundamental 
response curve (denoted by F) and 
subharmonic-response curves (de- 
noted by '/2, ... .'/7) 


denotes 


response curve. 


shown for a particular input amplitude. The fundamental re- 
sponse and the '/;-order subharmonic response corresponding to 
the input frequencies w and 3w are shown as the points A and B, 
respectively. These points have the same attenuation value, K; 
db. The fundamental response corresponding to the input fre- 
quency of 3w is shown as the point C in Fig. 7. 


Jump Resonance for Subharmonic Oscillations 

The jump resonance may be observed in the output of a non- 
linear feedback control system when the output exhibits sub- 
harmonic oscillations. 

In Fig. 8, when the frequency of the input sinusoid is decreased 
gradually while the output oscillates with the 1/n-order enb- 
harmonic of the input frequency, the output magnitude plotted 
on the attenuation-frequency diagram follows the 1/n-order sub- 
harmonic-response curve. Ata certain point (A in Fig. 8) on the 
response curve the jump resonance takes place. Then, the system 
output oscillates either with the 1/(n — 2)-order subharmonic of 
the input frequency (the point B in Fig. 8) or with the input fre- 
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Fig. 8 Diagram showing jump resonance 
at lower jump resonance frequency for 
1/n-order subharmonic oscillation. F 
denotes fundamental response curve and 
1/n-order subharmonic- 


Fig. 9 Recording showing transition from 
1/s-order to '/;-order subharmonic oscillation 


Fig. 10 Recording showing transition from '/;-order subharmonic 


oscillation to fundamental oscillation Draven 
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Relations between operating conditions and occurrence of subharmonic oscillations and jump resonance 
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Table 1 


Output originally oscillates with 1/n-order subharmonic of input 
frequency. 

Output oscillates with 1/n-order subharmonic of input frequency 
until upper jump resonance occurs. After it occurs, output 
oscillates with input frequency, Fig. 11. 

Output may oscillate with same or a different subharmonic of input 
|e men 9 when disturbance caused by sudden increase in input 

es ay wed is small. When disturbance is large, output oscillates 
input frequency. 

Output oscillates with 1/n-order subharmonic of input frequency 
until lower jump resonance occurs. After it occurs, output oscilla- 
tion changes into 1/(n — 2)-order subharmonic oscillation. Same 

process continues until fundamental oscillation takes place, Figs. 
13(A, B). In Fig. 13, heavy lines and w output 
oscillations change from subharmonic oscillations to fundamental 
oscillations. 

Output oscillates with 1/n-order subharmonic of input frequency if 
disturbance caused by sudden decrease in input frequency is small. 
If disturbance is large, output oscillates with input frequency, 
Figs. 13(C, D). Figs. 13(C, D) depict sudden changes from '/;- 
order subharmonic oscillation to fundamental oscillation, and 
from '/,-order subharmonic oscillation to fundamental oscillation, 
respectively. 


Output originally oscillates with input 
frequency. 
Output continues to oscillate with in- 


Gradually put frequency. 


Inpu 
ee Output may oscillate with one of the 
increased subharmonics of input frequency 
- Suddenly (see Fig. 12) or may continue to 
‘' oscillate with input frequency 
Output continues to oscillate with in- 
put frequency. 


Output continues to oscillate with in- 
put frequency. : 


Gradually 


frequency‘ 
decreased 
Suddenly 


Input 
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Fig. 11 Diagram showing jump resonance at upper jump resonance 
frequency for 1/n-order subharmonic oscillation. F denotes funda- 
mental response curve and 1/n denotes 1/n-order subharmonic-re- 
sponse curve. 
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Fig. 13 Diagrams showing jump resonance for subharmonic oscilla- 
tions. F denotes fundamental response curve and '/2, '/3,.. .1/» de- 
note '/:-order, '/3;-order, .. . .'/s-order subharmonic-response curves, 
respectively. (A) and (C) correspond to systems having skew sym- 
metric nonlinearities. (B) and (D) correspond to systems having 
highly skew asymmetric nonlinearities. 
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Fig. 14 Diagram showing lowest input frequency, ws, and highest 


Fig. 12 Generation of '!/;-order subharmonic oscillation subsequent 
to sudden increase in input frequency 


oscillation. This change was caused by a sudden increase in the 
input frequency. 

The relations between the operating conditions and the occur- 
rence of subharmonic oscillations as well as jump resonance are 
shown in Table 1 incorporated with Figs. 11, 12, and 13. 
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The lowest input frequency which may cause an odd-order 
subharmonic oscillation is ws; in Fig. 14, where ws; is the lower 
jump resonance frequency for the '/;-order subharmonic oscilla- 
tion. Since the output amplitude of a nonlinear element whose 
characteristic curve is shown in Fig. 1 is limited, the order of 
odd-order subharmonic oscillations is also limited; the amplitude 
of the 1/m (where m = 3, 5, 7,...) order subharmonic oscillation 
corresponding to the lower jump resonance frequency Wm is 
smaller when the value of m is larger. In Fig. 14, &n2is the upper 


input frequency, w.:2, at which subharmonic responses may take place 


jump resonance frequency for the 1/m-order subharmonic oscilla- 
tion. -When m is large the amplitude of the output for the 1/m- 
order subharmonic oscillation corresponding to the upper jump 
resonance frequency W,,. becomes large, because in order to os- 
cillate with the 1/m-order subharmonic of the input frequency, 
Equation [16a] or [165] must be satisfied for a large m. Graphi- 
cally, this means that, when the output c(¢) and the input r(¢) 
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are plotted as shown in Fig. 4(C), the output c(t) has to overshoot 
(m — 1)/2 successive positive or negative half waves of the 
input sinusoid r(¢). Fig. 4(C) corresponds to m = 5. In Fig. 14, 
Wa: corresponds to the highest input frequency for which a sub- 
harmonic oscillation may occur. Then, the frequency range for 
odd-order subharmonic oscillations is w, < w < war. Since both 
Wx and w,2 are functions of the input amplitude, the frequency 
range for odd-order subharmonic oscillations changes with the 
input amplitude. 


Electronic-Analog-Computer Study 

Fig. 15 shows one of the typical results obtained by the elec- 
tronic-analog-computer study. Fig. 15 shows the closed-loop 
attenuation-frequency and phase-frequency curves and sub- 
harmonic-response curves. These curves were obtained by the 
analytical method presented in (10). The circles in the diagram 
were plotted from the experimental data. The phase-frequency 
curves shown in Fig. 15 correspond to the fundamental oscilla- 
tions of the system output. The subharmonic oscillations of the 
orders /3, '/s, '/2, and '/y were observed as responses of the 
system shown in Fig. 15. 

From the analog-computer study, the following conclusions 
have been drawn concerning the possibility of the occurrence of 
subharmonic oscillations. When the maximum output-input 
amplitude ratio (for a sinusoidal input with a given amplitude) is 
less than 2 ~ 3 db, no subharmonic responses, such as shown in 
Fig. 2, will occur. However, when the amplitude ratio is larger 
than 3 db, the output of the system may exhibit subharmonic 
oscillations. When the amplitude ratio is large, the possibility of 
the occurrence of subharmonic oscillations is also large. In order 
to design a nonlinear feedback control system that will not exhibit 
subharmonic oscillations of the kind shown in Fig. 2, the following 
criterion may be suggested: When the characteristic curve of a 
nonlinear element is one of those shown in Fig. 1, the maximum 
output-input amplitude ratio (for a given input amplitude) must 
be limited to 2 ~ 3 db. 

For an already existing system which has the possibility of sub- 
harmonic responses due to the large gain, it is possible to stop 
subharmonic responses, if they occur, by the following method: 
Decrease the gain until the fundamental response occurs. Then 
gradually increase the gain until it reaches a desired value. 


PHASE ATTENUATION IN DB 
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Fig. 15 Closed-loop frequency-response curves of feedback control 
system with saturation nonlinearity. F denotes fundamental re- 
sponse curve and !/;, '/s, '/1, and '/» denote '/;-order, '/s-order, '/7- 
order, and '/»-order subharmonic-response curves, respectively. 


The conclusions obtained from the analysis are summarized as 
follows: 


Conclusions 


1 When the input-output characteristic curve of a nonlinear 
element is skew symmetric with respect to its origin, and at the 
same time possesses a saturating or limiting characteristic, only 
the fundamental oscillation or odd-order subharmonic oscillations 
occur as responses of the output of a nonlinear feedback control 
system. 

2 Subharmonic oscillations do not occur as responses of the 
output of a nonlinear feedback control system when the maxi- 
mum output-input amplitude ratio (for a given amplitude of a 
sinusoidal input) is 2 ~ 3 db or less. 

3 For a system having the possibility of subharmonic re- 
sponses, they may occur when some kind of sudden disturbance 
such as sudden increase in the input frequency, or sudden in- 
crease of the gain, or the like, is given. 

4 Jump resonance may take place when the system output 
exhibits subharmonic responses. 

5 When the output-input amplitude ratio is large, the possi- 
bility of the occurrence of subharmonic oscillations is also large. 


Whether or not subharmonic oscillations are desirable depends 
on the application of the particular system being considered. 
Ordinarily in operation of feedback control systems, however, 
subharmonic oscillations are not desirable. The design criterion 
to limit the maximum output-input amplitude ratio to 2 ~ 3 db 
(for a given input amplitude) may be used for designing feedback 
control systems which will not exhibit subharmonic responses. 
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Discussion 


John L. Douce.* The paper presents an elegant method for 
deducing the possibilities of subharmonic oscillations of an odd 
order in any nonlinear feedback system. Subharmonic resonance 
is frequenily observed in mechanical systems and any design 
technique for eliminating this effect is of value. 

An alternative approach has previously been applied for in- 
vestigating the occurrence of these forced oscillations. The de- 
scribing function technique may be extended to consider the re- 

3 Electrical Engineering Department, Queen's University of Bel- 
fast, Northern Ireland. 
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. 16 Occurrence of subharmonic oscillations 
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sponse of a nonlinearity to two sinusoidal signals applied simul- 
taneously. One signal is of the same frequency as the input and 
the other is that due to the forced oscillation of the system at a 
submultiple of the input frequency. Under these operating 
conditions the nonlinearity can introduce an extra phase-change 
and this additional phase shift can make an otherwise stable sys- 
tem oscillate continuously. 

This technique enables the amplitude of any subharmonic os- 
cillation to be determined and evaluates the range of input 
frequencies over which these oscillations can occur. In particu- 
lar, the Nyquist diagram of the linear portion of the system pro- 
vides sufficient information to deduce the possibility or otherwise 
of subharmonic oscillation. 

Fig. 16 shows the critical region for a system incorporating 
saturation. Subharmonic resonance is possible when the linear 
frequency response enters the critical region in the complex 
plane. Thus the linear system represented by curve (a) will not 
exhibit subharmonic resonance, whereas the second system, curve 
(b) can oscillate at a frequency of one-third the input frequency 
for Wo <a. It appears that this result differs from the conclu- 
sions of the paper, where subharmonic resonance is predicted 
only when the maximum closed-loop gain is large [curve (a)]. 

By suitable design of the linear system, high-order subharmonic 
oscillations may be produced. Simple systems can give stable 
oscillation of frequency }27th the input frequency. 
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Author’s Closure 


This discussion by Dr. Douce is very much appreciated. The 
author has studied the “28-degree criterion’’ introduced in the 
discussion and has found that this criterion gives quite accurate 
resuits. It better predicts the possibility of subharmonic res- 
ponses than the criterion presented in the paper. Therefore, it is 
suggested that ‘‘28-degree criterion’? be employed for predicting 
subharmonic responses of saturating feedback systems. 
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Dynamic Analysis of a Boiler 


By K. L. CHIEN,' E. I. ERGIN,! C. LING,' ann ALLYN LEE,? ANAHEIM, CALIF. mite teh 


Dynamic analysis of a boiler is accomplished by certain ap- 
proximations which reduce the nonlinear partial differential 
equations to linear ordinary time-differential forms, and make 
it possible to obtain the time-dependent functions of large num- 
bers of boiler variables. Linear equations thus obtained are 
solved by means of an electronic differential analyzer and open- 
loop response of drum pressure and water level for various input 
variables (feed-water rate, fuel-flow rate, and steam-flow rate) 
are shown as examples. A linearly controlled response of the 
same boiler is also given as an example of the flexibility of the 
method and the analog solution. It is shown that the potentiality 
of the method is not limited to this initial study, but can be ex- 
tended for greater accuracy with the availability of machine com- 
putation. Analog simulation of the boiler also makes it possible 
to investigate the effects of the boiler physical dimensions, heat, 
or mass-transport constants and to verify some of the basic as- 
sumptions on the dynamic behavior of the over-all system. 


Nomenclature 
Tue following nomenclature is used in the paper: 


= drum pressure 
superheater outlet pressure 
mud-drum pressure 
saturated vapor density corresponding to pg 
superheater outlet density 
saturated liquid density corresponding to pz, 
quality of mixture leaving riser 
density of liquid vapor mixture leaving riser 
feedwater temperature 
saturation temperature corresponding top, 
= superheater outlet temperature 
drum and downcomer liquid temperature 
superheater tube-wall temperature 
riser tube-wall temperature 
= average gas temperature at superheater banks 
average gas temperature at riser banks 
combustion gas temperature entering super- 
heater banks 
= enthalpy of saturated vapor corresponding to pg 
= enthalpy of saturated liquid corresponding to 
Pe 
= enthalpy of drum and downcomer liquid 
enthalpy of steam leaving superheater 
enthalpy of evaporation corresponding to pz 
heat-input rate from tube walls into the super- 
heated steam 
heat-input rate from hot gases into superheater 
tube walls 
heat-input rate from riser tube walls into boiling 
liquid 


1 Beckman/Systems Division. 

? Head Civilian, Boilers and Heat Exchangers Branch, Navy 
Bureau of Ships. 
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heat-input rate from hot gases into riser tube 
walls 
steam mass-flow rate at the superheater outlet 
(load) 
fuel mass-flow rate 
= feedwater mass-flow rate 
= downcomer mass-flow rate 
riser mass-flow rate 
mass-evaporation rate from drum liquid surface 
steam mass-flow rate from drum into super- 
heater 
mass of drum liquid 
mass of superheater tubes 
mass of riser tubes 
volume of vapor phase in drum 
total drum volume 
drum liquid level 
superheater and riser tube lengths, respectively 
superheater and riser tube cross-sectional areas, 
respectively 
heat capacitance for superheater and riser tubes, 
respectively 
average heat capacitance of combustion gases 
times air-fuel ratio 
average heat capacitance of superheated steam 
heat-transfer coefficients from combustion gas to 
superheater tubes, and from superheater tubes 
to steam, respectively 
= heat-transfer coefficients from combustion gas to 
riser tubes, and from riser tubes to boiling 
liquid, respectively 
k, evaporation rate constant of drum liquid 
Seo Ip friction coefficients for superheater and riser 
tubes, respectively 
kr, kp, ki, ke constants for state equations of saturated and 
superheated steam (see Equations [26] and 
[27] ) 
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Introduction 


The control problem of high-pressure boilers has become more 
and more critical, both from operational and economical points of 
view, with recent increases in boiler complex:iy. Since the power 
plant has to function as a unit, rather than as a collection of in- 
dividual pieces of equipment, it is essential that the system be- 
havior as a whole be reasonably well described and understood 
in order to establish the necessary control-synthesis criteria. 
This means that the process itself, as well as the controller, must 
come under closer scrutiny by the scientist or engineer whose 
prime objective is to accomplish the task of providing a system, 
process plus control, that will do a prescribed job in the ‘‘best’’ 
possible way. The best in one case may be determined by 
economics, in another by response characteristics, in a third by a 
combination of both. It may be possible to synthesize a very 
sophisticated controller, but its value is limited if the process be- 
havior is not improved appreciably by such sophistication. 

The first step to be taken in the control-system analysis is 
obvious from these considerations. It consists of a complete 
understanding of the process to be controlled. The understand- 
ing begins with a phenomenological description of the process by 
following the physical and chemical changes that occur along the 
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process path and ends when transfer functions, that is, time- 
dependent functional relations between input (controlling) and 
output (controlled) variables of the process, are obtained. This 
first step, which may be termed ‘“‘dynamic analysis,’’ leads to the 
mathematical description of the system so that an intelligent 
choice of the basic design configurations for the controller as well 
as for the boiler itself becomes possible. As a result of the 
availability of mathematical description of the boiler dynamic 
behavior to various disturbances, an analytical rather than a 
trial-and-error approach to the control problem may be utilized. 
For example, a noninteracting control system for boilers in which 
load can be changed without appreciable changes in drum pres- 
sure or water level may well be conceived and designed from a 
theoretical analysis. 

In this particular study, an attempt is made to analyze and 
mathematically describe a boiler so that design parameters for 
both the boiler and the controller can be obtained. The analysis 
is not exact by any means but the results obtained are in good 
qualitative agreement with the actual tests on boilers showing 
that the simplifying assumptions to facilitate the solution of the 
initial set of equations are justified. It is possible, for example, 
to predict shrink and swell with changes in load even when there 
is no bubble formation in the drum. It is also possible to ob- 
tain the pressure, temperature, and flow-rate transients in the 
riser and the downcomer when the steam rate, fuel rate, or feed- 
water rate cuanges. 

The major difficulty which has limited previous works on 
boilers to component analysis is the fact that the whole system is 
very complex and contains numerous variables which are ex- 
tremely unwieldy to manipulate. The solution of the set of equa- 
tions is as difficult to obtain as the synthesis of the actual mathe 
matical description. Large number of variables, nonlinearities, 
and uncertainties in certain physical phenomena all contribute to 
the complexity of the problem. One is then faced with the 
necessity of making some simplifying assumptions in order to 
facilitate a solution to the problem. Oversimplification results in 
solutions which doe not describe the character of dynamic be- 
havior properly, but too little or no simplification might involve 
unreasonable time and expense in obtaining a solution. Necessary 
simplifying assumptions may be classified under two types de- 
pending on the nature of simplification: (a) Certain physical 
phenomena are too complex to admit of an exact mathematical 
description, and some semiempirical or approximate formulation 
is required. Heat-transfer phenomena in nucleate boiling, 
evaporation or condensation rates in the drum, and turbulent 
heat transfer from hot combustion gases to tube walls may be 
cited as exampies of this type of phenomena. (b) The second type 
of simplifying assumption is the result of the need to obtain a 
solution withia a reasonable time for the set of equations derived 
from analysis. Flow equations are, in general, nonlinear and in 
partial differential form of the Navier-Stokes type, and the exact 
solutions are limited to simplified cases. The simplifications may 
be made in the nature of flow (nonviscous or incompressible) or in 
the equations themselves by eliminating nonlinearities, partial 
differentiation through appropriate techniques such as difference 
equation methods (or numerical-analysis methods). In the 
present study these simplifications are combined in such a way 
that a set of linear ordinary differential equations describes the 
dynamic behavior of the boiler. Even after these simplifica- 
tions, the set of equations obtained in the following analysis is 
formidable for hand solution and it is necessary to use machine 
computation. 

The initial conditions for the set of linear ordinary differential 
equations assume an added significance because of the differ- 
ence equation techniques employed. The analysis describes the 


behavior of the boiler about a steady-state operating condition, 
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and the coefficients of the variables would have to be adjusted 
for different steady-state conditions. 


Assumptions 


The simplified boiler diagram is shown in Fig. 1. It can be seen 
from this figure that the system is analyzed in four sections: (a) 
Superheater, (b) downcomer-riser loop, (c) drum, (d) gas path. 
An additional fifth section is devoted to the dynamic behavior of 
the air path by starting from the input to the blower and ending at 
the top of the stack. It should be pointed out that this path has 
a determining effect on the over-all system dynamics since it in- 
volves relatively long time constants. However, the analysis of 
the air path will not be included in this paper. 

The following list of assumptions apply to the physical simpli- 
fications in each of the first four sections. 


Superheater 

(a) Inertial terms in the flow equation are neglected, that is, 
superheater tubes are considered to be a series of capacitances 
connected by resistive elements. For this initial analysis, it is 
assumed to be a single capacitance with restriction on the drum 
side and another restriction on the load side. A two section 
superheater (two capacitances and three restrictions) has also 
been treated and resulting equations solved, but it will not be 
shown here. 


(6) Desuperheaters are neglected. 
(c) Load disturbance is a change in the steam-flow rate. 


Downcomer Riser Loop 

(a) No boiling takes place in downcomers. 

(b) Only natural circulation exists. 

(c) Vapor and liquid velocities in the riser are identical. 

(d) Heat-transfer rate to boiling liquid from tube wall is : 
proportional to the cube of the temperature difference between 
the wall and the liquid. 

(e) Liquid temperature is always the same as the saturation — 
temperature corresponding to drum pressure, that is, instantane- 
ous evaporation takes place in the riser when drum pressure 
changes. 

(f) Quality is constant throughout the riser (lumped parame- 
ter). 

(g) Downcomer liquid temperature is the same as the drum 
liquid temperature. 


Drum 
(a) There is no temperature gradient in the vapor phase in the 
drum and the temperature is always the saturation temperature 
corresponding to drum pressure. - 
(b) Liquid phase has no temperature gradient except trough 
a very thin layer at liquid surface because of the turbulence in 


the drum. 


(c) Evaporation or condensation rate in the drum is propor- 
tional to the difference of liquid and saturation temperatures. 

(d) Liquid-level changes due to bubble formation in the drum _ 
are neglected. 

(e) Feedwater temperature is assumed to be constant. 


Gas Path 

(a) The air-fuel ratio is assumed to be constant. 

(b) Temperature of the combustion gases entering the super- 
heater is proportional to the fuel rate. 

(c) Waterwalls are lumped together with the generating tube 
banks. 

(d) In each tube bank (superheater, riser, and so forth) the 
heat-transfer rate is determined by the tube-wall temperature and | 
the average gas temperature which is a function of the tempera- — 
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Fig. 1 


ture of the incoming gases and the amount of heat lost at that 
particular bank. 

(e) inertia of the hot gases is neglected, that is, velocity 
changes take place instantaneously. 

(f) Delays due to the heat capacitance of the hot gases are 
aeglected, that is, temperature changes take place instantaneously 
in combustion gases. 

(g) Turbulent heat transfer is assumed throughout. 


Some General Assumptions 

(a) For this particular study the effect of the economizer on 
the over-all system dynamics is neglected; however, its inclusion 
introduces no additional difficulty and should not change the 
general character of the solution. As a result, the feedwater tem- 
perature is assumed to be constant. 

(b) State equations for vapor phase are determined from steam 
tables and approximate the actual pressure, temperature, and 
density relation within a given range of value of these variables, 
that is, linear relations between the afore-mentioned variables are 
obtained from steam tables both for saturated and superheated 
states. 

(c) Turbulent heat-transfer rates from hot gases to tube banks 
or from the superheater tube to the steam are obtained from 
empirical relations, and the heat-transfer coefficients are deter- 
mined from the steady-state operating conditions. 


Analysis 
Basic equations used in the analysis are of four types: 


1 Flow Equations: These are the well-known Navier-Stokes- 
type equations for one-dimensional nonturbulent flow. Viscous 
friction is neglected so that the velocity profile across the flow is 
constant. However, a frictional-loss term proportional to square 
of velocity is included in the momentum equation. Continuity, 
momentum, and energy equations are applied with certain 
simplifying assumptions as mentioned later. 

2 Heat-Transfer Equations: Empirical equations are used to 
determine the rate of heat transfer from hot gases to tube banks 
(turbulent, flow), from tube walls to superheated steam and to 
boiling liquid. The tube-wall temperatures are determined by 
the heat capacitance of the walls. 

3 State Equations: These again are approximated from steam 
tables for saturated and superheated steam about the steady- 
state operating conditions. The relations are assumed to be 
linear for a given range of values of the variables. 

4 Equations of Rigid-Body Motion: This only occurs in the 
air path where the relation between steam input to the blower 


erat «GF 


Simplified boiler diagram 


turbine and the air-flow rate at the blower output is to be derived. 
It includes the rotational inertia of the turbine-blower combina- 
tion. 


It was mentioned before that the first two types of equations 
involve partial differentiation as well as nonlinearities, and that 
these equations are reduced to the ordinary linear-equation form 
by applying small perturbation and difference equation tech- 
niques. Suppose an equation of the form 


Ox 


is to be reduced to linear ordinary differential equation form. 


In Equation [1] : indicates time derivative and 2 is the 


ol 
derivative with respect to the space variable /. It is assumed 
that for small space intervals L, the variables z, y, z, .. . may be 
written as linear functions of the variable / such that : 


Or 


a L'a 
where 22, Ye, 22, .... and 2, ¥:, 2, . . . denote the value of the 
variables x, y, z,...at the end and at the beginning, respectively, 
of the space interval L, Even though 2:, ... . 22, Ys, 
are no longer functions of 1, they are still functions of 
are now assumed to be the val 


of the variables at the beginning of the space interval L; hence 
dz, 


Equation [1] can be written as 


The Equation [2] is then perturbed about its steady-state oper- 
ating condition in order to eliminate the nonlinearities. 
Hence it can be written as 


time. 


(da), (dy) a 
a? be replaced by 


. for small perturbation. 
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It is seen from Equation [3] that time derivative terms mY 
dy, d 41 
dt’ dt’ 
higher-order terms in perturbed variables are neglected. The 
of of of ) 

oa, da,’ 
of the perturbed variables are evaluated at the initial steady-state 
operating condition about which the dynamic behavior of the 
boiler is to be analyzed. As a result of these simplifications, 
Equation [3] becomes a linear, first-order, ordinary differential 
equation with constant coefficients in perturbed variables Az,, 
Azs, Ay:, Aye, ... 

These equations may, later on, be normalized by writing each 
perturbed variable as a per cent of its initial steady-state value. 

To facilitate the solution of the large number of linear ordinary 
differential equations, Laplace transforms are employed and the 
resultant set of simultaneous equations is solved by means of a 
digital or analog computer. 

Derivation of Equations for Single Section Superheater and 
Riser. This method of approach will now be applied to the five 
boiler parts mentioned previously. In the initial analysis, the 
space interval L is taken to represent the total length of the 
superheater and the riser tube banks which result in the smallest 
possible number of equations for the boiler by using the afore- 
mentioned method. A two-section analysis for the superheater 
and riser will be undertaken later so that the increase in the com- 
plexity of equations and the improvements in the accuracy of re- 
sults can be compared. 

Superheater. Fig. 2 shows the superheater bank which is con- 
sidered as a single capacitance with a restriction at the entrance 
and another one at the exit. Variables p,, 7,, and p, correspond 
to the density, temperature, and pressure in the superheater as 
lumped parameters, and thus in an actual case represent the 
superheater output density, temperature, and pressure. The 
length of the superheater tubes is taken as L, and the total cross- 
sectional flow area of the bank A,. 


. are treated as independent variables, and second or 


. that form the coefficients 


partial differentials ( 


Fig. 2 Simplified single section superheater 


Continuity equation 


= L,A, 


or in perturbed form 
Aw, — Aw, = L,A,SAp, 


where au is replaced by its equivalent Laplacian operator S. 


Momentum Equation: 
The inertial terms in the superheater are neglected as compared 
to frictional terms, and the validity of this assumption can be 


i shown both analytically and experimentally. Hence 
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Since the pressure drop across the superheater (pg — p,) is 
known from steady-state conditions, the friction coefficient for 


Equation [5] can be thus calculated (w, is the steam mass-flow _ 


rate and pz is the saturated steam density corresponding to drum — 
pressure). Writing Equation [5] again as a perturbation equa-— 
tion about its steady-state conditions 
wB? 
Avs = 
Bz? 


— Ap, = 2, 


bars, —-, above the v 
Energy Equation 


Q, + wghg — wh, = (A,L,p,h,) 


or AQ, = (A,.LBS + w,)C,,AT, + (h, — hg)Awg.. 


d 
in order to get Equation [6a], the terms A,L, : 
at 


its equivalent from Equation [4]. It is also assumed that Ah, 
= Oand Ah, = C,,47,, both of which are valid for small variations — 
about steady-state values. 


gas flowing within a pipe is 
Q, k,( Ws rx 


where 7,,, is the superheater wall temperature, k, is again deter-— 
mined from steady-state conditions since Q,, wg, and 7’, are known 
and T’,, can be calculated. Hence 


0.8k 
40, = 
(wp 


If the heat-input rate to the superheater walls from hot com-— 
bustion gases is Q,, then 


(Tee — T,)Awg + — AT,) 


[va] 


aT 
dt 


where M, is the total mass of the superheater tubes and C, is 
its heat capacitance. Hence 


AQ, 


yor ‘Fig. 3 Simplified downcomer-riser loop 


Downcomer-Riser Loop. Fig.3 shows the simplified diagram of — 
the downcomer-riser loop with the variables indicated along the 
path. It was mentioned before that downcomer was assumed to 
have simple fluid-flow character with no heat input or tempera- 
ture delays between the top and the bottom. However, entrance 
and exit head losses are taken into account, and particularly the 
downcomer is assumed to terminate at a mud-drum such that all 
available kinetic energy at the exit of the downcomer is dissipated 
in turbulence in the mud drum. Hence the momentum equation 
becomes 


7 
7 * rate into a turbulent 
i 
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= f, 
Py 


on the right-hand side of the equality sign the first term is the 
friction term, the second one is gravitational head, the third one 
entrance losses, and the fourth is the inertial term. Since flow is 
incompressible (p,, is constant both in time and space), the per- 
turbation equation becomes 


Ap. Ap, t bo )Aw,, 
where 


Qu, 
and b, = D, + 


f, is the friction coefficient for the flow. For the riser part of the 
loop the flow equations of continuity, momentum, and energy 
are again applied. Thus 


Aw, — Aw = 


but 


Ps 


L,A,SAp 


where pg is the density of the vapor corresponding to drum 
saturation pressure and z is the quality of the mixture. Hence 
from Equation [11] 
& 1 1 
Ap = p*Ap ) [lla] 
Bs? Pe Pe 
- substituting the value of Ap from Equation [1la] into Equation 
[10a] 
Aw, — Aw = 


LA, SA Ps 


In a similar manner to the superheater, the momentum and energy 
equations are found to be, respectively 


w? 


25 
w? w,? 


+f, 


~ BA? 


D 


AQs = (A,L,BS + + (A,L,BS + — 2) Ave 


— AT, + (h — hyg)Awy..... . [13] 


In general aAp, term in Equation [12a] is very small compared 
to the others and can be neglected. It should be noted that ac- 
celeration and inertial terms are included in the momentum equa- 
tion for the riser. 

In Equation [13] Ah, , is the enthalpy of the saturated liquid 
corresponding to drum pressure pg and can be written as being 
proportional to the drum pressure for small changes in this 
variable. hy, is the enthalpy of evaporation at steady-state con- 
ditions. The enthalpy of mixture A is written in terms of the 
quality z. 

In both energy equations [6a] and [13] the rate of change of 
kinetic energy is neglected as compared to the heat energy which 
is a valid assumption for the boiler. 

Heat Input Into the Riser Tubes: 

Heat-transfer rate from the riser tube walls into the boiling 
liquid is assumed to be proportional to the cube of temperature 
difference between tube-wall temperature and the saturation tem- 
perature (4).? Thus 


p = — 


where k, 
or 


is again determined from steady-state conditions 


If the heat-input rate from hot combustion gases into riser tubes 
is Q,,, the riser wall temperature 7',,, is determined by 


— Qs = 


or AQ, — = 


where M, is the mass of the riser-tube bank and Cs, is its heat 
capacitance. 

Drum. Fig. 4 is the diagram of the drum showing various 
input and output variables. Two types of equations, mass- 
balance and heat-balance, determine the behavior of the drum 
since it is basically a capacitance. In this analysis the effect of 
the mass-transport phenomena between the two phases are taken 
into consideration, but the water-level variation due to bubble 
formation is neglected. In other words, it is assumed that evapo- 
ration and condensation take place at the surface of the liquid 
phase. In this preliminary study, it was felt that there was no 
need in complicating the problem unnecessarily until the basic 
assumptions were verified. It is, however, possible to include 
effects of bubble formation on swell and shrink. 

Liquid Heat Balance 


(1 — + w,7T; w,T, w, hy = 


< (MT... 


or in perturbation form era) 
(1 — 2)TpAw + (1 — #)WAT, — 
+ w,AT; + T,Aw; — AT, 


— T,Aw, — hgAw, = MSAT, + T.SAM [16a] 


where w, is the rate of evaporation from the drum liquid and M 
is the mass of the liquid phase. 


* Numbers in parentheses refer to Bibliography at end of paper. 
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Liquid Mass Balance 


or Aw, + (1 — — wAx — Aw, — Aw, = SAM... [17a] 


Steam Mass Balance 


d 
w, + tw — ws = 
dt 


Aw, + sAw + wAr — = V + . [18a] 


where V is the volume of steam phase. If the level of the water 
in the drum is designated by y, and the liquid surface area A, for 
small changes in the level 


AV, 
AM =. 


and 


The evaporation rate w, is assumed to be proportional to the 
difference in temperature between the liquid and vapor phases. 
Thus 

Aw, = k( AT, — ATs3).. [21] 

From the solution of the steady-state Equations [16], [17], and 

[18] with time derivatives set to equal zero, k, is found to be 


hence by measuring the steady-state temperature difference be- 
tween liquid and vapor phases (7', — T7',,), the proportionality 
constant k, can be determined. It should be mentioned here that 
the value of (7, — 7',) is usually not known until after the con- 
struction and test of a boiler. For preliminary analysis, however, 
one is forced to assume either the evaporation constant k, or the 
temperature difference (73 — T,). It can be shown from 
Equation [22] that, for0 < k, < ©, the temperature difference is 
#(T, — — 0; hence for most practical boiler ap- 
plication the range of (7'3 — T,,) will be of the order of 10 deg F. 
In the present study, several solutions were obtained correspond- 
ing to different values of k, between zero and infinity to investi- 
gate its effect on the final results. This effect is discussed later on. 
Three drum equations are obtained by substituting Equations 
[10], [20], and [21] in Equations [16a], [17a], and [18a]. Thus 
the drum equations take the form 


[MS + wy +k(hg — = (1 — - 
+ [(1 — + k(hg — — (T, — 
+ # AT; —(T, — T,)wAz..... [23] 
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— AT. + Aw, = —— Aw,......[24] 


p, ASAy = Aw; + (1 — #)Aw — wAr — Au, 


“gh 


where 1 — 


State Equations: 
For the saturated state the following relations are assumed 


AT; = kyAP, and = kpAP 


such that both saturation temperature and density can be written 
in terms of the saturation pressure. The constants ky and kg are 
determined from the steam tables for the range of steady-state 
values considered in the study. 

For the superheated steam the state equation is written in the 
form 


Ap, = ki AT, + k:Ap, [27] 
again the constants k, and kz are determined from steady-state 
operating conditions and the steam tables. It should be noted 
that Equation [27] will be of the form 


Ap = RBAT + RTAp 


for a perfect gas and this form is employed for the air path. 

Gas Path. It was mentioned under the assumptions that the 
combustion-gas temperature was to be taken proportional to the 
fuel rate such that AT’, = kpAwy where 7’, is the combustion-gas 
temperature entering superheater tube bank and we is the fuel- 
flow rate. Then the average gas temperature at the superheater 
bank will be 

1) oa 

where Q,, is the heat input into the superheater tube walls and 
C, is related to the heat capacitance of the combustion gases — 
through the equation 


In this equation w,/wy represents the air-fuel ratio, and C, is — 
the heat capacitance of the combustion gases and is assumed to be > 
constant. Then 
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a sy Table 1 Some physical dimensions of the sample boiler, and the 


Aw, [28a] 
oF 
Heat-transfer rate from turbulent gases flowing normal to a 


staggered tube bank is given by the empirical equation of the 
form 


where k,, is determined from the steady-state value of the varia- 


bles and includes the effects of turbulence, surface area, and so 
forth. Hence 


(wp)™4 
(AT,, — AT,,)......{29a] 


Temperature of the gases leaving the superheater banks and 
entering the riser banks will then be 


= 1 Q.8 


. [31] 


Writing Equation [31] in the perturbed form 7.4 ad 


1 1 
AT, —— ( AQ,, + 3G.) 
‘ 2 


The heat-transfer rate to the riser bank will be given by an 
equation similar to [29a]. Thus 


(wp)?-* 


AQ,5 = (Toe — + 


Analysis of the gas path need not be extended through the 
economizer section, since, for the purpose of this study, the feed- 
water temperature is assumed to be constant. It has already 
been mentioned that the inertial terms in the hot combustion gas 
path are neglected such that flow rate changes occur instantane- 
ously. 


Results and Conclusions 


Table 1 gives some of the parameters of the sample boiler used 
in this study. Steady-state quality z and circulation rate w along 
with friction coefficients, heat-transfer constants, and the gas- 
path temperatures are calculated by using the equations given in 
the analysis section in their unperturbed forms. 

The set of twenty-one equations [4a], [5a], [6a], [7a], [8a], 
[9a], [10], [12], [13], [14a], [15a], [22], [23], [24], [25], [26], 
[27], [28a], [29a], [31a], [32] listed can readily be reduced to 
seventeen since some of them involve only two or three varia- 
bles without any time derivatives (e.g., state equation, and so 
forth, can be eliminated by substitution). The resulting seven- 
teen linear, ordinary, first-order differential equations are solved 
by using an electronic differential analyzer and some of the re- 
sults are shown in Figs. 5, 6, 7, and8. The solutions obtained will 
give the behavior of the boiler about the 44-per-cent-of-full-load 
operating point. 

The use of the computer serves three distinct purposes: 


values of its variables at steady-state 44 per cent full load 


Drum pressure Pa = 1218 psig 
Superheater outlet temperature 7, = 950 deg F 
Superheater outlet pressure = 1200 psig 
Steam-flow rate = 32.6 lb/sec or 118,000 
lb/hr 
Fuel-flow rate = 2.38 lb/sec or 8560 
lb/hr 
Feedwater rate : 32.6 lb/see or 118,000 
lb/hr 
Feedwater temperature T; 340 deg F 
Combustion gas temperature 
entering superheater bank = 1950 deg F 
Quality of mixture leaving riser 4.3 per cent 
Circulation rate 990 lb/sec 


Some physical dimensions 


Drum diameter = 42 ft 

Drum length = i7ft 
Downcomer flow area 2.74 ft? 
Riser flow area ~ 7.19 ft? 
Superheater flow area 0.425 ft? 


Nore: Steady-state values of quality z and the circulation rate w 
are calculated by solving the unperturbed equations of riser-down- 
_ comer loop after letting the time derivatives be zero. 


1 Open-loop transient response of critical boiler variables 
(drum pressure, water level, superheater outlet temperature, and 
so forth) with respect to steam-flow rate, fxel-flow rate, and feed- 
water-flow rate are obtained. With the availability of open-loop 
transfer functions, it is possible to consider and/or design 
new control systems (e.g., noninteracting controls, predictor-type 
controls. ) 

Fig. 5 shows the response of drum pressure pg when there is 
step change in feedwater rate (a), fuel rate (b), or steam flow 
rate (c). The response curves indicate that the p’s/w’;, 
and p’;/w’, transfer functions can be approximated by single 
time constants with reasonable accuracy. The variables for these 
curves are normalized such that (’) indicates per cent change from 
the steady-state value of that particular variable. Fig. 6 shows 
the transient response of water level y for a step-change in feed- 
water rate (a), fuel rate (6), and steam-flow rate (c). It is interest- 
ing to note that for a sudden change in the steam-flow rate, the 
water level initially goes up, and then starts decreasing at a more 
or less uniform rate. This is similar to the swell observed in the 
boilers when there is a sudden increase in load. It was mentioned 
before that the analysis did not include the effect of the bubble 
formation within the drum liquid, and the swell observed here is 
only the result of the sudden evaporation in the riser because of 
the drum-pressure drop. Hence the set of equations developed 
will predict swell and shrink, at least qualitatively. 

In a similar manner, any of the boiler variables used in the 
derivation can be found as a function of time and afore-men- 
tioned input variables. The effect of load or fuel changes, for 
example, on the circulation rate, quality, wall temperatures, and 
so forth, can be studied and some qualitative understanding of 
the system dynamics can be obtained. 

2 Analog simulation of the boiler lends itself readily to the 
study of the effect of different types of control systems on the 
dynamic behavior of the system, and the critical control parame- 
ters can be determined without any difficulty. 

Fig. 7 shows the closed-loop control of a boiler with a linear two- 
mode (proportional and reset) controller such as is commonly 
used in modern power plants. Fuel-flow rate is determined only 
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Fig. 5 Open loop transient response of pressure with step changes in feedwater rate 
‘rate wr, and steam rate w,. (Analog solution.) 
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Fig. 6 Open loop transient response of water level with step change in feedwater rate wi,"fuel veal we 


rate wr, and steam rate w,. (Analog solution.) 7 
_ by the drum pressure changes, and the feedwater rate dependson _ tained even though the amplitude of swell is somewhat reduced 

the water level changes as well as the difference of steam and due to the controller. 7 
feedwater flow rates (three-element controller). The control It should be mentioned here that the delays inherent in an 
parameters are adjusted on the analog computer untilareasonable actual controlled element (e.g., time between the arrival of the 

4 response is obtained. The parts (a), (b), (c), and (d) of Fig. 7 give control signal and the actual change of controlled variables due — 

the transient response of drum pressure, water level, feedwater to inertia, and so forth) are neglected, and fuel and feedwater — 

rate, and fuel-flow rate respectively when there is a step changein _rates follow the control signal instantaneously. As a result, the — 

the steam-flow rate. Initial swell of the water level is still main- control of an actual boiler will not be as good as the control indi- f's 
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Fig. 7 Transient response of pressure (a), water level (b), feedwater rate (c),and fuelrate(d)to 


aatep change in steam flow rate when the loop is closed by a linear controller. 
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(Analog solution.) 
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ee 
cated in Fig. 7. However, due to flexibility of an analog com- 
puter, time delays in the control loop can be included in the 
analysis. 

The linear controller, used in the example shown in Fig. 7, can 
be replaced by different types of control systems, and improve- 
ments in the system dynamic behavior investigated by means of 
analog simulation. This is particularly useful in determining the 
sensitivity of the system to certain control set points and the 


effects of any mismatch between control parameters on the over- 
all system response. 


k, °F 


Fig. 8 Effect of the evaporation rate constant k, on the drum pressure settling time and drum vt - ro 


pressure steady-state gain for a step change in steam flow rate (open loop). 


Analog solution.) 


3 Another advantage of analog simulation is that the validity 
of many of the basic assumptions can be checked, or at least their 
influence on the system behavior investigated. It can be shown 
that the boiler dynamics are not appreciably affected by changes 
in heat-transfer coefficients from hot gases to tube walls. Simi- 
larly, Fig. 8 shows that the drum pressure settling time and 
steady-state gain are relatively insensitive to the choice of evapo- 
ration-rate constant k,; asa result, a high degree of accuracy in 
determining k, is not necessary to obtain results for most engineer- 
ing requirements. 
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In a similar manner, the effect of various boiler physical dimen- 
sions on the system dynamics can be found by changing the 
setting up of the proper potentiometers in the computer and 
observing their effects on the boiler variables. Thus it is 
possible to investigate qualitatively the influence of drum size, 
heat-transfer surface area of riser and superheater, the lengths of 
tubes, the mass of the tubes, and so forth, on the transient response 
of the system, and determine some design rules for better dy- 
namic behavior. 


Discussion 


The present analysis is only the initial step toward a better 
understanding of a large steam generating plant both from dynamic 
and from contro! points of view. Even though the results obtained 


_ may not describe a boiler with high accuracy, nevertheless, they 


show the feasibility of obtaining limited but useful mathematical 
solution of a complicated dynamic system. 

The avenues to be followed to improve the accuracy are more or 
less self-explanatory from the basic assumptions. It is possible, 
for example, to take more than one section in the flow paths 
(superheater, downcomer-riser loop, gas path, and the like), or to 
devise an iterative procedure in which steady state values in the 
set of seventeen equations are corrected at small time intervals 
At such that initial assumptions of small variations are not 
violated at any time. The second of these improvements may 
only be necessary when it is desirable to investigate very large 
load swings of the order of 50 per cent or more of the full-load 
conditions when the change occurs rapidly. The first improve- 
ment is relatively easy to obtain mathematically, but the number 
of equations to be solved increases almost at the same ratio as the 
number of sections in superheater and riser. During the present 
study, a two-section analysis for riser and superheater paths was 
obtained and the resulting set of equations solved by a digital 
computer. The results are very similar in character to single- 
section analysis described in this paper, but due to the relative 
high cost of digital-computer time all of the variables were not 


obtained as functions of time, nor was the control part included. 


Zuber, Department of University of California, Los 
Angeles, Calif. 
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Discussion 

B. Littman.‘ Boiler simulation studies have been conducted — 
at the Leeds & Northrup analog computer installation in Phila-— 
delphia, and it is of interest to compare our results with the results 
described in the paper. ; 

Our simulation follows the method developed by Dr. Profos of | 
the Sulzer Co.’ and is based on dynamic field tests. Public utility 
boilers, with operating conditions similar to the Navy boiler of 
the paper, have been simulated, and some of this work has been | 
published.*® 

Considering Fig. 5(b) of the paper, which is the response of 7 
pressure to a step change in fuel rate, the curves of both simula- 
tions agree as to their general shape. The time constant of the 
utility boiler was approximately 2'/; times that of the Navy > 
boiler, which seems reasonable in view of the type of operation 
for which each boiler was designed. Assuming Fig. 5(c) repre-— 
sents a step in steam valve position, both simulations again take ~ 
the same form, the Navy boiler again having a shorter time con-— 
stant. 

There are a few questions I would like to raise. First, in Fig. 
5(c) was the step change made in steam valve position, or was _ 
valve position adjusted to give a step change in steam flow? In 


our simulation, the response to a valve step would have the same __ 


form as Fig. 5(c), but the response to a steam flow step would give 
a continually increasing deviation. The effect of temperature 
on steam flow has been neglected in our simulation. What is the 
authors’ opinion as to the manner in which this assumption 
would change the shape of the transient response? Another point 
is in regard to the control of pressure. Has the simulation been 


used to compare the relative merits of the control signals from 


drum pressure versus superheater outlet pressure? 

The paper presented constitutes a valuable addition to the 
literature of this field especially in view of the basic approach 
which was applied. It is hoped that the complete report, 
on which this paper was based, will be made available. The 
temperature response data would be of particular interest to us 
since, in utility boilers, specific means are usually provided to 
control superheat temperature. 


A. A. Markson.’ As the authors state, the present paper is a 
first step in the understanding of the dynamics of steam generat- 
ing plants. 

This is a modest statement. To the writer’s knowledge, the 
present paper is probably the first considered quantitative ap- 
proach to the complex dynamics of steam generating units and 
the possibilities of computer analysis in this field. 


4 Development Engineer, Leeds & Northrup Company, Phila- 
delphia, Pa. Assoc. Mem. ASME. 

’ Dr. P. Profos, ‘Dynamics of Pressure and Combustion Control 
in Steam Generators,” Sulzer Technical Revue. Reprinted in Combus- 
tion, March, 1957. 

* AIEE Paper No. CP 58-168, “Evaluation of Combustion Control- — 
Load Control Tie-In Equipment at Niles Station of Ohio Edison be 
Co.” 

7 Hagan Chemicals & Controls, Inc., Pittsburgh, Pa. Mem. ASME. | 
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The preliminary computed results of an assumed boiler setup 
are given in Figs. 5 to 8. Experience indicates that the closed 
loop responses are in line with the few laboratory tests which have 
been made on small oil-fired high-performance boilers. As the 
authors point out, neglect of propagation delays in the analysis 
can affect the results. Actually, in practice, the delays in the 
control apparatus need not be too serious, but the delays and 
nonlinearities in the auxiliary equipment can be (and usually are) 
important causes of limited system performance. Thus the per- 
formance of fuel firing, pumping, and draft apparatus must en- 
counter equally sophisticated treatment before present em- 
piricism can be radically improved. This is a difficult matter 
and it is hoped that the authors’ paper will act as a middleman 
between the manufacturers of such apparatus and the servo 
system approach. 

Several comments seem in order. Fig. 5(a), the open-loop re- 
sponse of the water level with water flow, should be re-examined 
by the authors to show the initial effects of the “shot’’ of cold 
water on the level. Fig. 7 gives the closed loop response. From 
a brief examination of Fig. 7 and Fig. 5(c), it seems apparent 
that the effect of the feed back control has been to decrease the 
system open-loop time constants by applying commensurate 
amounts of control power. The limit would seem to be set by the 
linear control analysis, consideration of saturation effects in the 
“power supplies,’ and the limited ability of the unit itself to 
withstand arbitrarily large changes in firing rates, etc. 

On the furnace side, the authors’ assumptions might take into 
account modern trends in boiler design. In many high-pressure 
units convection plays a very small part in the total heat absorp- 
tion of the unit, say ten to twenty per cent. Thus except for the 
convective sections like economizers and air heaters, the problem 
in the furnace is like one of radiant heating, the tube wall tem- 
peratures not affecting the heat-transfer rates appreciably under 
normal conditions. 


Reference (8) develops an interesting parameter for the effect 
of changes in operating pressure on the boiler steady state circula- 


tion function. This may be more convenient than the authors’ 
approach. 

A summary of the actual transfer functions employed would aid 
further use of the paper. The use of the computer overcomes the 
necessity for explicit transfer function analysis. Thus linear 
equations with variable coefficients present no great difficulty. 
No doubt space limitations required omission of the interaction 
problem but it is felt that a block diagram would be in order. 


.suthors’ Closure 


Authors wish to thank both Mr. Littman and Mr. Markson 
for their interesting and informative discussions. The questions 
raised are answered in the order they appear. 

1) Fig. 5(c) represents a step change in the steam rate and 
not in the steam valve position. The statement made by Mr. 
Littman to the effect that the pressure would continuously 
decrease for a step change in steam rate, but not for a step change 
in the valve position, is incorrect both on mathematical and on 
physical grounds. The net result in either case is an unbalance 
between the input (fuel rate) and the output (steam flow rate) 
energy levels even though the magnitude of this unbalance or 
its time history may be different for the two means of introducing 
the upsets. After the introduction of the upset, the boiler will 
reach a new steady-state in pressure when the output and input 
energy levels are equivalent once more. For a step change in 


valve position, the initial sudden increase in output energy due 
to increased steam rate is gradually decreased by the combination 
of reduced steam temperature, pressure, and partially reduced 
steam flow rate (i.e., when the valve is opened suddenly, the steam 
rate initially increases very rapidly, and then decreases back to 
some intermediate value between its original steady-state rate 
and its initial peak). For a step change in the steam rate, the 
sudden jump in the steam flow rate is maintained constant so 
that the output energy level can only be brought back to its 
initial level by a reduction in steam temperature and pressure. 
As a result, the pressure and temperature will drop much more 
rapidly than they did for a step change in valve position, but still 
reach a steady-state value. Since the boiler itself, as a dynamic 
system, remains unchanged, its behavior after the conclusion of 
the upset transients will have to be the same. This can be proved 
mathematically and was actually demonstrated during the tests 
carried out in Philadelphia on a Naval boiler after the presentation 
of the paper. Since the open-loop pressure time constants for 
most boilers are of the order of several hundred seconds, any short- 
time open-loop testing (2 minutes or less) appears as a true in- 
tegration within the accuracy of the measurement; i.e., if the 
test time is limited to the portion of the curve very close to the 
origin (10-15 seconds in Fig. 5(c) for example), the drum pressure 
versus time curve looks like a straight line for all practical 
purposes. 

The effect of changing the valve position instead of the steam 
rate is basically limiting the net amount of change in the 
steam rate such that the pressure drop occurs more slowly and a 
longer test time can be allowed to obtain a larger portion of the re- 
sponse curve indicating the single time constant behavior. It 
should be mentioned once more that the curves given in the paper 
are not based on any boiler tests, but are obtained through analyti- 
cal means only by solving the large number of boiler equa- 
tions developed in the paper. 

2) The response curves given do include all the physical 
effects such as heat-transfer rates, circulation rate, change of 
state, steam temperature, tube wall temperatures, etc., since they 
represent the solution of a set of thirty linear ordinary differential 
equations. It is not just a boiler simulation, but the solution 
of the dynamic equations. Along with pressure and water level, 
the dynamic behavior of any one of the thirty boiler variables 
can be recorded for study purposes. 

3) The basic knowledge obtained in the dynamic analysis 
is used for the design and construction of a new type of boiler 
controller. The discussion of this controller is undertaken in 
another paper.* However, no effort was made to improve the 
regulation of pressure and water level by the trial and error type 
modification of the present control schemes. 

4) Mr. Markson’s comments on the effects of radiation in 
boiler heat transfer are well taken. Previous tests for the boiler 
under consideration indicated that the generation of steam 
through convective heat transfer was appreciably greater than 
that obtained through radiant heat transfer (at about 15 per 
cent load this ratio was 2 to 1, and at 100 per cent load it became 
about 4 to 1). However, it is still important enough to warrant 
further analysis including the effects of radiation. This is to be 
undertaken in the near future. 


* K. L. Chien, E. I. Ergin, C. Ling, A. Lee, “Control Systems 
Analysis and a Non-Interacting Type Controller for boilers,” Con- 
trol Engineering Magazine, vol. 5, October, 1958. 
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This paper is concerned with the design of linear control sys- 
tems so as to minimize some quadratic performance index. The 
method of design is applicable to both sampling and continuous | 
control systems. Using the concepts of ‘‘state’’ and ‘‘transition | 
_ matrix,’’ the design problem can be solved, via the technique of 

dynamic programming, by means of simple iterative computa- 
tions. In this way, the classical Wiener method of design is ex- 
tended in several different directions: (a) Using generalized 
performance indexes, (b) optimizing for classes of input signals 
rather than single inputs, (c) assuring stability of the optimally 
designed system. 


Introduction 


TuIs paper presents an application ef recent developments in 
_ the theory of sampling (or sampled-data) systems (1-4)? to the 
_ design of linear sampling control systems which are optimal ac- 

cording to some generalized quadratic performance index. The 
_ design procedure consists of simple iterative computations and 
7 can be performed at high speed using a digital computer. 
Sampling systems differ from continuous systems in that the 
signal representing the control effort is piecewise constant and can 
change only at discrete points in time rather than continuously. 
Such systems arise in practice in a natural way when the meas- 
urements necessary for control are obtained in an interinittent 
fashion or when a digital computer is used to perform computa- 
tions necessary for control. Sometimes the sampling operation 
may be entirely fictitious and introduced only to simplify the 
analysis or design of a control system which actually contains 
only continuous elements. 

At present, the standard approach to the design of sampling 
systems is based on the z-transform (a modification of the Laplace 
transform) (5). One of the drawbacks of this method is that it 
does not provide a direct way of investigating system behavior 
at instants of time other than the sampling points. A new 
method of sampling system analysis, based on the concepts of 
state and transition matrix (1-4, 6) is not subject to this difficulty 
and has a number of other important advantages as will be seen 
later. The object of this paper is to apply the new method of 
analysis to the design of sampling systems in the Wiener sense 
(7-8). The results obtained also apply to the design of systems 
in which there is no sampling operation. 

As is well known, Wiener first suggested that control systems 


7 1 International Business Machines Corp., Research Center. 
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should be designed in such a way as to minimize the performance 
index 


where rb) is some prescribed input (or desired output) signal to 
the system and c(t) is the output of the system in response to r(¢). 
The new method of analysis utilized in this paper makes it 
possible to generalize Wiener’s idea in a number of important 
ways which so far have not been considered in the literature: 


1 Any generalized quadratic function of the error can be con- 
sidered, not just e?(¢). 

2 Instead of a single input signal, a whole class of input signals 
can be admitted. 

3 Errors occurring at different times can be given unequal 
weights. : 
4 Unlike in the Wiener case, the present design procedure — 
always leads to a control system which is stable. a 


It should be added, however, that only the deterministic (noise-_ > 
free) case of Wiener optimization will be considered here. Sto- _ 
chastic optimization problems as well as other extensions of the 
basic ideas of this paper will appear elsewhere (6). 

The numerical design calculations are carried out by means of 7 
the recently developed tecanique of dynamic programming due 
to R. E. Bellman (9-10). An important advantage of the use of 
dynamic programming over the conventional method of spectral 
factorization in solving the Wiener problem is that dynamic pro- 
gramming is ideally suited for digital computations. Solutions 
can be obtained rapidly by iterating very simple algebraic ex- 
pressions. This is an important consideration in the design of 
self-optimizing systems (11-12) since, as the dynamie character- 
istics of the plant to be controlled change, the parameters char- _ 
acterizing the control action must be recomputed to maintain 
optimal performance. 


Problem Formulation 


The control system under consideration is shown in Fig. 1. — 
Roughly speaking, the problem is to find a sampled control poe 
m*(t) such that at all times the output c(t) of the plant to be con- 
trolled will be very close (in some sense to be precisely specified 
later) to the system input r(t). The measure of deviation be- 
tween input and output is denoted by J. In order to be able to 
state the problem in its full generality, however, it is necessary 
first to discuss in detail various assumptions concerning the sys- 
tem and to introduce the necessary mathematical terminology. 
This is done in the present section; the precise statement of the 
problem and the nature of the solution is postponed until the next 
section. 

Control Signal m*(t). It is assumed that control is exerted on — 
the plant by means of a piecewise constant signal whose level 
can change only at re “sampling pointe.” Thus 
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Fig. 1 System diagram 
m*(t) = m(kT) + OF... (2 


where 7’ is a positive constant called the sampling period; t = 
kT is the kth sampling point. According to Equation [2], the 
control signal is specified by the numbers m(0), m(T’),..., m(kT), 

Thus determination of an optimal control signal reduces to 
finding a sequence of numbers. 

In the literature, it is customary to symbolize the sampling 
operation by means of a special element, the sample-and-hold 
element. This may be thought of as converting a continuous 
signal m(t) into a sampled signal m*(¢) as given by Equation [2]. 
Any input signal to the sample-and-hold element whose values at 
the sampling points are equal to m(kT) will give rise to the same 
m*(t). 

It should be emphasized that requiring the control signal to 
have the form of Equation [2] is mainly a matter of conceptual 
and computational convenience. If the discontinuities in the 
control signal are objectionable for some reason, m*(t) may be 
passed through a transfer function 1/s" prior to being applied to 
the input of the plant. This trick is known in the sampled-data 
literature (5) as “‘nth-order hold.’’ In this way the actual signal 
applied to the actuating elements of the plant (valve, servomotor, 
aileron, or the like) can be made as smooth as desired. Physi- 
cally, both the sample-and-hold element and the transfer 
function 1/s" can be thought of as being incorporated in a control 
computer; computationally, 1/s* is to be lumped with the transfer 
function of the plant. 

Plant Description. The plant is the element to be controlled. 
It is assumed to be described by an nth-order ordinary linear 
differential equation with constant coefficients which may repre- 
sent, in an idealized fashion, the behavior of such physical objects 
as a motor, ship, airplane, missile, chemical process, and so on. 

The description of the dynamic behavior of the plant is greatly 
facilitated by introducing the concept of the state. By definition, 
the state is a set of numbers from which the entire future be- 
havior of the plant may be determined, provided the future in- 
puts to the plant are known. 

As is well known, in the case of ordinary differential equations 
such a set of numbers is given by n independent initial conditions; 
for instance, the output, c(¢), of the plant and its first n — 1 deriva- 
tives. This definition of the state is frequently quite incon- 
venient. It is better to use the following: 

Definition of State of Plant (13). Suppose the plant is simulated 
by means of an analog computer. This requires exactly n 
integrators. The outputs, 7,..., 2,, of the n integrators, meas- 
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ured at any instant of time, are the state of the plant at that in- 
stant. 

The foregoing definition is quite flexible since there are many 
ways in which the differential equations of the plant may be 
simulated by an analog computer. 

The state may be regarded as a vector (n X 1 matrix), and writ- 


z,,(t) 


The state variables z;(t), . .. , z,,(t) can always be chosen in such a 
way that the output of the plant is one of them. Thus 


It can be shown readily (1-2) that the state z(k7’ + 1) of the 
plant 7 seconds after the kth sampling point is related to the state 
z(kT) at the kth sampling point and to the magnitude m(k7’) of 
the control signal by the matrix equation 


+ 7) = BE) (r)x(kT) + m(kT)h@ (7) O<rT<T... [4] 


where z, h@ aren X 1 matrices, ®® is an n X n matrix, called 
the transition matriz, m(kT) and T are constants defined by 
Equation [2]. The elements of the matrix ®@ are given by 


(7) = [9;;(s)] 


where g;;(s) is the transfer function from the input of the jth 
integrator to the output of the 7th integrator in the analog-com- 
puter setup related to the definition of the state. It follows also 
that (1-2) 


= f, 
where f is a vector denoting the state which results immediately 
after the application of a unit impulse to the input of the plant 
initially in state z = 0. 

Input Description. In general, it is not possible to design a 
control system for optimal performance in response to any system 
input signal r(¢). In order to avoid this difficulty, it is agreed 
that the control system is to be optimized only with respect to a 
restricted class {?(¢)} of input signals. A member #(¢) of this 
class of signals is defined by 

t>0 

=0 t< 

where y;(¢) is the first component of the vector 
y(t) = Py) 

® is the transition matrix of an mth-order ordinary linear differ- 
ential equation with constant coefficients, and y(0) is an arbitrary 
constant vector. According to Equations [8] and [7], ®” deter- 
mines the class of input signals for which the system is to be opti- 
mized and y(0) determines a particular member of that class. 

This method of input description is motivated by the plant 
description presented before. In particular, by analogy with the 
state of the plant, the vector y(¢) defined by Equation [8] is called 
the state of the input. 

Assume now a system has been designed so as to perform 
optimally with respect to some class {f(¢)} of signals. Evidently, 
the same system will perform nearly optimally in response to 
any other input signal which can be approximated suitably by an 
?(t) over some interval of time. How convenient or accurate 
the approximation is, depends naturally on the choice of the 


— 
a 
m(t) 
4 


class {?(t)}; ie., on ®, The practical questions involved in 
the approximation are discussed in detail later. 

Performance Index. At any particular instant of time, the 
error between input and output of the control system is given by 
e(t) = r(t) — c(t). The “badness’’ of the error usually does not 
depend on the sign so that a more plausible measure of the error 
is the real number Ir(t) - c(t)| or [r(t) — c(t)}*. The second 
type of error measure is used almost exclusively in the literature 
because of mathematical convenience (14). The concept of meas- 
ure of error may be extended to differences in derivatives; i.e., 
(dr/dt — dc/dt)?, since even if the error e(t) is zero at some time, 
nonzero de/dt will lead to nonzero error later. 

With this in mind, a generalized measure of the error at any time 
tis defined as the quadratic form 


2’(t)Qz(t) > 0 


where Q is an (n + m) X (n + m) matrix, 2(t) is a vector 
[(n +m) X 1 matrix] defined by 


and the prime denotes the transposed matrix. 
For example, if [r(¢) — c(t)]* is used as the measure of error, 
_ then the matrix Q is given by 


du = = 1 
= = —1 
all other elements = 0 } 


To complete the change of notation in terms of the new ‘“‘com- 
bined”’ state vector z(t), let 


h&)(r) 0 
h(r) = P(r) = [ [12] 


The two state transition Equations [4] and [8] are now combined 
into one 


2(kT + 7) = B(r)z(kT) + h(r)m(kT) 0<7r<T.. [13] 


In addition to considering errors as a measure of system per- 
formance, it is alse desirable to pay some attention to the energy 
required for control action. Since m*(¢) usually has the dimen- 
sions of force or torque, the control energy is proportional to the 
integral of [m*(t)]*. If the errors are minimized regardless of the 
energy required, then a design may result which calls for overly 
large values of m(k7'). This, in turn, is undesirable since all 
physical plants are subject to saturation; in other words, large- 
amplitude control signals are ineffective outside the range deter- 
mined by saturation. These ideas motivate the following defi- 
nition: 

Definition of Performance Index. The performance index of a 
control system over the interval 0 < t < NT is given by 


Jy(z(0); m(0),...,m((N — 1)T)] 


‘ = [z’()Qz(t) + ym*?(t) 
where Q is defined by Equations [11], 7 is a positive constant 
which indicates a compromise between minimizing errors and 
minimizing the control energy, w(t) is a nonnegative function of 
time (weighting function). 

Note that, the smaller Jy is, the more satisfactory is the per- 
formance of the control system. Usually, interest centers on 


Jo = tim Jy 


The foregoing definition of the performance seaman is aie ad 
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onl. By considering particular types of Q or w(t), a number of 
special cases are obtained which are of practical significance. 
(A-1) If the errors at all sampling points are weighted equally, 
and the errors between sampling points are given zero weight, 
then 
N 
Jy = D> 2(kT)Q2(kT) + — 17)... 
k=1 


[15] 


In this definition, the first-observed error z’(0)Qz(0) may be 
omitted since it cannot be affected by any choice of the control 
signal. The chief virtue of this performance index is its sim- 
plicity. 

(A-2) If in case (A-1) Q is given by Equation [11], then mini- 
mizing J. leads to a system design. which can also be obtained 
directly by a method due to Bergen and Ragazzini (5). 

(B-1) If the errors at all values of time are to be = 
equally then 


NT 
Jy = f [z’(t)Qz(t) + ym**(t)]dt 
0 


T 
f + r)Qz(kT + r)dr + yT2*m*(kT) | .. [16] 
0 


(B-2) If in case (B-1) Q is given by Equation [11], then J, 
can be minimized according to methods due to Franklin (15) 
and Chang (16). 

Since in practice the response of the plant to the applied control 
signal is never instantaneous, for some period of time following 
the application of an input signal to the control system, errors 
must be accepted as inevitable. As time goes on it is reasonable 
to demand that the errors become smaller and smaller. For these 
reasons, it may be desirable to let w() increase with time. If 
the weight of the error at the kth sampling point is A*, then the 
foregoing performance indexes become 

k=1 

N-1 


(A) Jy = 


(B) Jy = 
k=0 


+ r)Qz(kT + r)dr + | 


Evidently, when A = 1 the foregoing performance indexes in- 
clude Equations [15] and [16] as special cases. 
There is another noteworthy special performance index 


(C) Jy 2'(NT)Q2z(NT) 


In other words, the error is only of interest at the Nth sampling 
point. Such problems are sometimes called terminal control 
problems (17-18). By suitable choice of the control signal, it may 
be possible to make Jy = 0 for some finite V and any initial state 
2(0). Now suppose Q is such that whenever Jy[z(NT)] = 0 
then Jy[®(r)z(NT)] = O for allt > 0. Then for all time after 
t = NT the error will be identically zero, provided that m(¢) = 
Oforallt > NT. Asystem of this type is sometimes said to have 
deadbeat response. Design of such systems by less general but 
somewhat simpler methods is discussed elsewhere (2). 


Statement of Problem; Nature of Solution 

It is now possible to state precisely the problem considered in 
this paper. 

Problem. Given a linear plant governed by Equation [4] and 
a class of input signals [7-8], find a 
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sampled control signal m*(t) for ¢ > 0, i.e., find a sequence of 
numbers m(0), m(7’), . . . , such that for any initial state z(0) of 
the plant and input, in the limit N — « some performance index 
Jy defined by Equation [14] is minimized. 

It is necessary to let V — © since the nature of the optimal 
control signal must be known for all positive values of time. For 
simplicity, only performance indexes of types (A), (B), and (C) 
defined in the foregoing will be considered. 

The problem just stated may be regarded as an N-step decision 
process, in other words, selecting a set of N-functions m(0),..., 
m[(N — 1)7’'] of the state of the plant and input in such a fashion 
that some Jy is minimized. By elementary methods this would 
require differentiating Jy with respect to each of the m(k7) and 
then solving the resulting set of N linear algebraic equations. 
This is impractical because of the necessity of letting N ~ ©. 
However, using the principle of optimality from the theory of 
dynamic programming (see reference 9 and the Appendix), the N- 
step decision process can be converted into N one-step decision 
The latter can be solved readily, one at a time, by 

elementary methods. This results in a set of formulas for nu- 
merical iteration which are given in the Appendix. No attempt 
is made in the Appendix to present the analytical minutiae of the 
derivation of these formulas. Mathematical aspects of the appli- 
cation of dynamic programming theory to such problems are dis- 
cussed in detail elsewhere (6). It can be shown (6) that the 
iteration process always converges. The end result is: 

Solution. In the optimal system, m(k7’) is a linear function of 
z(kT), y(kT). This function does not depend explicitly on k. 
Moreover, the control system so designed is always stable. 

As is well known, the fact that the control function is linear is 
due to the quadratic nature of the performance index. The fact 
that the control function does not depend explicitly on k is due 
to letting N —~ o. If it is desired to optimize Jy for some finile 
N, then the optimal m(k7) is a different linear function of z(kT) 
for any k. Finally, the fact that the design procedure always 
results in a stable control system is due to the state method of 
description of the system dynamics and to the use of dynamic 
programming in actually obtaining the solution. This is an im- 
portant advantage of the present method over the classical 
Wiener method since the latter, as is well known, may some- 

times lead to a system which is not stable. 

The resulting design is shown schematically in Fig. 2. The 
state variables of the plant and input are weighted by constant 
coefficients, summed, and sampled. It is not necessary, of 
course, to have the signal m(t) shown in Fig. 2 available at all 
times; all that is needed is to have the input to the sample-and- 
hold element equal to m(k7’) at the sampling points. 

It should be noted that the design is of the multiloop-feedback 


processes. 
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type; it requires measurement of the state variables of the plant 
and of the input. Some (occasionally all) of the state variables 
of the plant can be obtained by direct physical measurement; 
those state variables which cannot be measured may be simulated 
by computer means (see reference 2). On the other hand, as 
far as the state variables of the input are concerned, these are 
strictly fictitious quantities—they have been introduced in order 
to permit optimizing system performance for a particular class 
of signals. However, as is shown in the next section, the input 
states can be interpreted as experimentally measured (approxi- 
mate) characteristics of the actual input signals to the system. 

Now let 7’ — 0. As 7 becomes sufficiently small (compared 
to the time constants of the plant), the sampled signal m*(t) and 
m(t) become very nearly the same so that the sample-and-hold 
element can be omitted from Fig. 2. Thus the over-all control 
system becomes continuous rather than sampling. But if y = 0, 
the optimal control function becomes unbounded in the limit 
T = 0. For this reason, one must have y > O in designing a 
continuous control system by the present method (6). 

It is clear that the methods of the paper are equally applicable 
to the design of sampling and continuous systems. The choice 
between the two types of systems is primarily dependent on 
practical considerations. 


Determination of Input States 


As mentioned, the actual system input signal r(¢) is usually not 
a member of the class of signals for which the performance of the 
system is optimized. However, by approximating r(¢) over one 
sampling period by means of a member of the class {?(¢)} nearly 
optimal performance may be approached, depending on the 
goodness of the approximation. Mathematically, this means 
that the input states y(k7') are to be determined by means of, say 


T 
Min f r(kT + 7) 
w(kT)...,um(kT) Jo 


m 2 
| dr 


gat 


Notice from Equations [7] and [8] that the second-term inside 
the integral above is the general expression for a member of the 
class {?(t)}. 

In order to find the vector y(k7’) which minimizes Expression 
[20], in general only measured values of r(¢) prior to t = kT’ are 
available. Moreover, these data are usually contaminated by 
noise. It is seen therefore that the actual determination of the 
input states is a problem in statistical prediction over one sampling 
period. 

To appreciate the nature of the approximation problem, con- 
sider the following examples: 

(a) Suppose every member of the class {?(é)} satisfies the dif- 
ferentialequation 


dt™ 
Then one can write 


and finding y(k7’) is seen to be equivalent to approximating the 
actual system input r(/) by means of a power series over one 
sampling period. 

(b) If it is desired to optimize the frequency response of the 
system at one frequency w. then the class of input signals would 
have to satisfy the differential equation 


(20) 
= 
| 
ry —+%y 
<STATE OF PLANT 
s 
| SAMPLE CONTR 
~~ SIGNAL 24 
, — + w(t) = 0 
Fig. 2 Structure of optimal control system dt* 


s “Ls J 


4 


Therefore 


(rT) = —sin wr 


ou™ (7) = cos wr, 


eo that finding y(k7’) is equivalent to measuring the amplitude 
and phase of a sine wave of frequency w whose amplitude and 
phase may be changing with time. 

The provlem of optimal determination of the y(¢) from sampled 
values of r(t) has been investigated in detail by Lees (19), Frank- 
lin (20), and others. The method for the design of such filters 
given by Lees and Franklin includes the constraint that the out- 
put of the filter should coincide exactly with r(¢) if (i) r(¢) belongs 
to the class {7(¢)}, and (ii) there is no error in the measurement of 
samples of r(¢). The results of Lees and Franklin do not exhibit 
y(t) explicitly, although the components of y(t) are directly 
measurable signals in the filter structures proposed by them. 

In a recent theoretical and experimental study, Drenick and 
Shahbender (21) have utilized such statistical prediction of the 
derivative of r(t). They optimized a servomechanism against 
noise effects by nvaking the resonant frequency and the damping 
of the servomechanism (nonlinear) functions of the estimated 
dr(t)d/t. The difference between the method of (21) and the 
present paper consists mainly in that Drenick and Shahbender 
did not utilize feedback from the states of the plant to achieve 
the optimal system. 

By means of the artifice of representing the input signal through 


the sequence of vectors y(k7), the problem of optimal ——. 


of the statistical properties of the input can be divorced effectively 
from the problem of designing a control system so as to optimize 
some performance index. Whether the separate optimization of 
statistical prediction and control-system performance yields a 
system which is optimal in the over-all sense is as yet an unsettled 
question. However, Booton (17-18) has shown in a special 
case of the terminal contrel problem that the over-all optimum 
is implied by the separate optima. A more comprehensive dis- 
cussion of this question will be found elsewhere (6). 


To illustrate the preceding development, this section presents 


Table 1 Results of dynamic programming calculations 
Optimal 
feedback —Performance indexes —, 

ay —4.4785 —3.6810 —3.1400 —3.0622 — 2.7380 —0.9496 
a. —4.2700 —3.7929 —3.9149 —3.4491 —3.1238 — 1.2675 
a3 —2.3114 —2.2072 —2.3072 —2.1365 —2.0439 —1.5091 
a% 4.4785 3.6810 3.1400 3.0622 2.7380 0.9496 
a fs 5.3400 4.8836 5.0049 4.5394 4.2138 2.3575 
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the results of calculations determining the optimal system 
parameters using different types of performance indexes. 

The transfer function of the plant is 1/s(s? + 0.6s + 1.09). 
The sampling period is always 7 = 1/4. The states of the plant 
are defined according to Fig. 3. The class of inputs for which the 
system is to be optimized is defined by Equation [21], with m = 2. 
This is the class of all step and ramp inputs. The transition 


matrix of the system is given by er Sens 
tol s s(s? + 0.6s + 1.09)  s(s? + 0.6s + 1.09) 
s+ 06 1 
7 0 0 0 


s?+ 0.68 + 1.09 + 0.6s + 1.09 


—1.09 8 0 0 
s? + 0.68 + 1.09 


s? + 0.68 + 1.09 


(The inverse Laplace transformation is to be applied separately 
to each element of the foregoing matrix.) Also from Fig. 3 it is 
seen that the constant vector f in Equation [6] is given by 


0 


f= |0 
1 


The following types of performance indexes are used A = 
4 


N 
= — (type A-2) 
k=1 


wy 
oJ y = same as ,Jy, but with weighting factor \ = 4 
N 
dr(kT) de(kT) |? 
kT) — c(kT)}* + 0.5 | —— — 
oly = ter) + 05 _ 
«ny = same as ;Jy, but with weighting factor \ = 4 
sJ~ = deadbeat response (type C) 
dr(kT de(kT) |? 
dt dt 


The results of the dynamic programming calculations are shown 
in Table 1. The transient response of systems designed according 
to indexes \J ., »J., and ;J,, in response to a unit step input are 
shown in Fig. 4. The unit step response of systems designed 
according to indexes;/,,,«J,., and «J, is shown in Fig. 5. The 
following brief remarks are in order concerning these results: 

iJ In this case, the optimal system ordinarily has the property 
that the error in response to a step becomes identically zero after 
one sampling period. However, as pointed out by Bergen and 
Ragazzini (5) such a response is not realizable if the z-transform 
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Fig. 5 Unit step response 


of the plant has a zero outside the unit circle, because then the 
design calls for canceling this zero with a pole, which leads to 
instability. In the example, the z-transform of the plant has a 
zero at about 4.06. Bergen and Ragazzini (5) give an alternate 
procedure for such cases which avoids instability. When iter- 
ations based on dynamic programming are used for the optimi- 
zation calculations, the instability just mentioned accentuates 
the roundoff errors of the iterations. This changes the nature of 
the feedback coefficients; after a while, the iteration settles into a 
“mode”’ which ultimately leads to a system which is stable. As 
can be seen clearly from Fig. 4, the step response of the resulting 
system is quite satisfactory though the error does not vanish 
completely after one sampling period. From these remarks, it is 
intuitively evident that the dynamic programming iterations al- 
ways lead to a stable system. It can be shown, furthermore, that 
the resulting optimal system is always unique (6). 

J, Weighting the squared errors at sampling points notice- 
ably reduces the overshoot of the resulting system. 

»J., In this case, when approximately zero error is reached, 
the derivative of the error also must become small. This 
accounts for the rather oscillatory response in Fig. 5. 

J Weighting performance index ;J, results in a very well 
behaved system. 

oJ. Owing to the fact that the acceleration is included in the 
performance index, the response of the system is very sluggish. 

Ramp responses (not shown) for the foregoing systems show 
substantially the same types of behavior. The steady-state 


error in response to the ramp is always zero. 


A method has been presented for the optimal design of sampling 
systems according to a rather large variety of quadratic per- 
formance indexes. The same method is applicable also to the 
design of continuous systems, through the artifice of including 
the required control energy in the performance index. 

As shown in the preceding section, different performance in- 
dexes may lead to systems with widely different types of be- 
havior. The question of what kind of performance index leads 
to the most desirable system is largely subjective and cannot be 
answered without reference to a specific application. However, 
when rapid transient response and good tracking of not very 
noisy input signals is desired, probably the deadbeat system, 
or a system designed according to some heavily weighted per- 
formance index, say, «J, is the most satisfactory. 
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APPENDIX 


The following is a brief outline of the application of the tech- 
nique of dynamic programming to the solution of the problem 


posed in this paper. 
First, define 
Iy[z(0)] = Min Jy([z(0); m(O),...], 
m(0),...,m((N-—1)T) 
m((N —1)T)...... [22 


From the definitions of performance indexes (A), (B), or (C) it 
follows that 


J [2(0); m(O),..., 
= NJ yl[z(T); m(T), .. 


The fundamental idea of the technique of dynamic programming 
is contained in the principle of optimality (9-10). In the present 
context, this may be stated as follows: 


m(NT)] 
., m(NT)] + Ji[z(0); m(O)]...... [23] 


Principle of Optimality 

An optimal sequence of N control signals m(0), m(T),..., 
m((N — 1)T) has the property that whatever the initial state 
2(0) and the initial choice of m(O0) are, the remaining sequence 
m(T), ..., m((N — 1)T) must constitute an optimal sequence 
with regard to the state z(7’) resulting from the first choice m(0). 

Utilizing Equations [22] and [23], the principle of optimality 
may be stated mathematically as 


Iy+i[2(0)] = Min {AZ y[z(7)] + Jifz); m(O)]}} . [24] 
m(0) 
Note that the first term on the right-hand side of Equation [24] 
depends on m(0) through [13]. 
Starting with 


I,[z(0)] = Min J; [z(0); m(O)]............ [25] 
m(0) 


Equation [24] provides an iterative formula for the evaluation 
of the optimal control signal for any N > 1. Let us denote the 
choice of m(0) for which the right-hand side of [24] is a minimum 
by Miy[z(0)]. This is the optimal control signal for the first step 
of the N-step process. The optimal control signal ji, [z(7)] for 
the second step of the N-step process is, by the principle of opti- 
mality, the same as the optimal control signal 7y-;[z(0)] for the 
first step of the (N — 1)-step process. Thus we have in general 


My [z(kT)] = in-~[z(0) ] O<k<N-—1.... [26] 
Explicit formulas may be derived for my(0) as follows: First, 


it can be proved readily by induction that Iy[z(0)] is a positive 
semidefinite quadratic form in z(0), i.e. 


Iy[z(0)] = 2'(0)M(N)z2(0) >0........... [27] 


Using this fact, Equations [24], [13], and the definitions of the 
performance indexes it follows, differentiating J with respect to 
m(0) and setting the derivative equal to zero, that 


THE 
_ (T)M(N ))@(T)2(0) + + 20) 
~ (T)M(N)A(T) + yT? + p 


=a 0 


my [2(0)] = 


which shows that the optimal control signal is a linear function 
of the state for every N. The elements of the matrix M(N + 1) 
are given by 
n 
k,t=1 
qia;(N) + Pi; oe [29] 


The matrix P, vector g, and scalar p entering in the foregoing 
formulas as well as the matrix M(0) are determined by the par- 


ticular performance index chosen. Thus 
(A) M(O) =0 
q = B'(T)Qh(T) 
p = h'(T)QR(T) 
(B) = 


0 


| exp (7 log A } 


With these formulas, the determination of the optimal control 
function, i.e., that of the vector, a(N), reduces to straightforward 
numerical computation. It can be shown (6) that in the limit 


N — o, a(N) approaches a unique fixed vector a. Then 
lim my[z(0)] = lim fiy+[z(0)] = a’z(0) 
(k = finite)...... [30] 


so that we see, by comparison with Equation [26], that in the 
limit the optimal control function does not depend explicitly on k. 
When the system is to be designed for deadbeat response 


(C) M@)=Q 


P =0 
q=0 
p=0 


In this case, Jy will be identically zero when n = N. It can be 
shown (from the results of reference 2) that the optima! control 
signal is then given by the function 


, 
> 
ep (7 log h'(r)Qh(r)dr § 
0 


This paper deals with the application of the modified z-transform 
to synthesis of sampled-data control systems. The applicability 
of the modified z-transform as an analysis tool has been demon- 
strated in recent publications. Currently, this transform method 
is being developed to reduce the process of synthesis of both 
sampled-data and continuous systems to systematic, straight- 
forward numerical processes. In several recent papers [1, 2, 
3)‘ the z-transform has been applied to synthesis of sampled- 
data systems in both time and frequency domain methods. 
From these papers and their discussions, the need for the re- 
finement in synthesis to include the continuous response charac- 
teristics is apparent. The synthesis procedure presented is a 
time domain technique which permits the designer to achieve 
control of the continuous behavior of the system. The desired 
characteristics are specified in terms of standard synthesis 
criteria, and from such specifications the required compensation 
transfer functions are determined. 


Boru discrete components and linear networks are considered 
as compensation elements. Of particular concern is the design 
flexibility and control of system behavior afforded by discrete 
compensation. Illustrations are given which typify both the 
synthesis procedure and the results obtainable with discrete com- 
pensation. Finite settling time and deadbeat type responses ex- 
emplify the rigid performance characteristics that can be attained 
with discrete compensation. Although an illustration of syn- 
thesis with minimum error criteria is not presented, it will be 
evident from an included comment and the general synthesis pro- 
cedure that certain of these criteria can be applied, of course, 
with the added computational burden. 

Network compensation of sampled-data systems is approached 
from a new point of view which takes advantage of the compara- 
tively straightforward method of synthesis with discrete com- 
pensation. This procedure involves a technique of approximating 
the transfer characteristics of the discrete component and asso- 
ciated hold circuit with a linear lumped constant network. An ex- 
ample illustrates the procedure and an analog computer study 
shows the nature of the effects realized by this approximation 
technique. 
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Domain Synthesis of Sampled- | 
Control Systems 


By E. I. JURY? ano F. W. SEMELKA#* 


Introduction 


Synthesis of sampled-data control systems has been the subject 
of extensive investigation in the past few years. Several papers 
have dealt with the synthesis problem by essentially considering 
the extension of continuous system synthesis techniques to 
sampled-data systems. Recently a few papers have proposed 
synthesis techniques which are somewhat unique to sampled-data 
systems. 

Time domain synthesis procedures have been developed pre- 
viously, since the operation of discrete components and sampled- 
data systems is most conveniently interpreted in the time do- 
main. These methods are based on the z-transform and present 
various schemes of specifying the system characteristics in terms 
of sampled response quantities. Over-all pulsed transfer func- 
tions are generally specified and discrete compensation compo- 
nents are thus determined. Simple system transfer functions are 
not difficult to establish, but these represent a limited class of per- 
formance specifications. Furthermore, these synthesis methods 
do not insure that actual system outputs, which are continuous, 
are well behaved or optimized; thus these time domain methods 
of synthesis are somewhat limited. 

With the development of the modified z-transform [1, 4, 5] 
which readily yields the response for all instants of time, synthesis 
procedures in the time domain are being further examined and 
extended. 

The first approach [6] based on the modified z-transform has 
been successfully applied to obtain deadbeat type responses of 
sampled-data systems. These responses are obtained from ma- 
nipulations of the contour integral for the continuous output. 

With the development of a method of obtaining the actual re- 
sponse without evaluation of the contour integral, a new means 
of approaching the time-domain synthesis problem became ap- 
parent. This paper is based on this analysis technique. Synthe- 
sizing continuous response characteristics of sampled-data sys- 
tems is now possible. Much of the trial and error is eliminated 
and the synthesis problem is reduced to one of rather routine 
numerical processes. 

Thus the objectives of this paper are essentially twofold: 


1 To present a method of time domain synthesis of sampled- 
data systems which permits one to determine by a systematic 
process the transfer function of discrete compensation compo- 
nents which satisfy continuous performance specifications for the 
system. 

2 To present a procedure for obtaining the transfer function 
of a linear lumped constant compensation network which satisfies 
time domain performance specifications for the system. 


Mathematical Background 


The mathematical technique developed for the critical study of 
a sampled-data system is known as the modified z-transform 
method. This method is essentially an extension of the z-trans- 
form method and readily yields the response at all instants of 
time. Complete discussions have been presented in recent papers 


i 


' 


C(s),Clzm) 

"aban Fig. 1 Typical sampled-data feedback system 


and hence only a brief review of the modified z-transform is 
indicated. 

Consider the sampled-data control system shown in Fig. 1. 
The modified z-transform of the output is given by the relation: 
m) = 


G*(z, m) 


1 + G*(z) 
where G*(z, m) is the modified z-transform G(s) which can be 
easily obtained from tables on the modified z-transform. 

The z-transform of the output can be easily obtained from 
C*(z, m) by multiplying equation (1) by z and letting m approach 
zero. Thus it is noticed that the z-transform is but a special 
case of the more general representation of the output in the form 
of equation (1). 

The actual output in time is given by the expression — 


e(n, m)T = (1/2mj) C*(z, m)z"—!dz (2) 


where Tis a path of integration in the z-plane that encloses all the 
singularities of the integrand in equation (1). Since m is con- 
sidered constant in the integration, the same tables obtained for 
the inverse z-transform can be applied to the modified z-trans- 
form. The time ¢ is related to n and m by the relation ¢ = (n — 1 
+ m)T, where n assumes integer values and m varies between zero 
and one. To obtain the response at the sampling instants, let m 
approach one in this expression. 

It is noticed from equation (1) that, to obtain the output, the 
roots of 1 + @*(z) are required. This requirement in itself pre- 
cludes a systematic study of the effect of compensation parame- 
ters on feedback-system characteristics by direct evaluation of 
the contour integral. Also, conventional (continuous system 
methods) time domain synthesis methods cannot be handled 
easily in view of the fact that the zeros of C*(z, m) are not fixed 
in the z-plane since their locations depend on where the output 
in time is required. 

Series Expansion Technique. An alternate method for obtain- 
ing the actual output, known as the series expansion method, has 
been developed [7]. It is simply a development of the Laurent 
Series expansion of the modified z-transform of the output about 

If we denote the expansion by the series 


2C*(z,m) = fom) + fi(m)z—* + fo(m)z~? 
+...+f,(m)z™ (3) 


the coefficients fo, fi, ... are the desired piecewise values of the 
output. The coefficients of this series can be found as follows 


fo(m) = lim 2C*(z,m), OS m<1 (4) 


2C* 
lim 2? O<m<1 (5) 
@ Oz 


fi(m) = —1/1! 


fim) = > lim z 


[= mI}, 0<m <1 (6) 
oz 


ra) 
f,(m) lim 2? x 


1 


TRANSACTIONS OF THE 


z? x2, m)]|, 0<m<1 (7) 
oz 


When the modified z-transform of the output is expressed as the 
ratio of two polynomials in z, as is usually the case, then the 
evaluation just given of the coefficients is equivalent to expansion 
by synthetic division. 

Either of these processes of determining the serieg expansion 
coefficients is cumbersome. It is thus worth while to establish a 
more convenient set of relations for these coefficients. In terms of 
the notation 


po(m) + pi(m)z—! + po(m)z-2 +... + p,(m)z™ 
+ qe + + +... + 


2C*(z, m) = 


(8) 


for the modified z-transform of system output, the coefficients are 
given by, 


fo(m) 
fi(m) 
fom) 


Po( m) 
pi(m) — qifo(m) 
pm) — gfi(m) — gefolm) 


Palm) — — qefa-o(m) +... 
— Qrifi(m) — qnfolm) (12) 


This recurrence relationship is of value in obtaining the response 
for each sampling interval in terms of the previous one. However, 
round-off errors in numerical calculations with this relation can 
quickly impair accuracy. As a consequence, it is desirable to 
have each coefficient in the series expansion in terms of the func- 
tion coefficients, p,, q,. Thus the equations become, 


film) = pi(m) — (14) 


(15) 


= pm) — — polm)ige — 


Matrix Representation of the Modified z-Transform. The out- 
put function can be conveniently written in terms of g, and p,, 
using matrix relations. If f,(m)] and p,(m)] and [Q,] are de- 


fined by the following matrices 
we 
fo(m) 


fi(m) 


po(m) 


f,(m) (16) 


f,(m) 


‘1 
~Q: 
~Q: 


A 
(Q,] = 
—Qn-1 
then, f,(m)] = [Q,] p,(m)j. The relation of Q, (up ton = 10) to 
the denominator coefficients q, is given in the Appendix. Along 
with the recursion formula, these should normally suffice for 
evaluating transient portions of the response. However, rules 
and formulas are given in reference [7] for generating additional 
elements for [Q,]. 
The series-expansion technique combined with the matrix 
representation systematically reduces analysis to numerical 


—Q, 


di 
¢ 
|_| 
4 
| 
4 
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processes which can be conveniently handled by a desk calculator. 
These are the features of the modified z-transform method which 
have permitted the development of the following synthesis pro- 
cedures. 

Useful Theorems. The following theorems are 
synthesis procedures which follow: 


required in the 


(a) Initial Value Theorem. The initial value of the response 
can be obtained from the relation 


lim c(n, m)T = 


lim 2C*(z, m 
t=(n+m)T—>0 


(b) Final Value Theorem. The steady-state response of the 
system can be obtained from the relation 


z-1 
sC%z, if the limit exists. (20) 
z 


O<m<l 


lim c(n, m)T = lim [ 
t=(n+m)T—+o 


(c) Differentiation Theorem. The maxima and minima of a 
response can be found with the relation 


z| e(n, mr | 
dm 


or in the time domain with matrix relations 


dm c,(m | dm p,(m) 


Discrete Compensation 


C*(z,m) 
= — C*(z,n 
dm 


Specification of discrete compensation elements in synthesis of 
sampled-data systems has been the topic of investigation of 
several authors in the past. The methods can be classed generally 
as both frequency and time domain techniques which are con- 
cerned with specifying the system performance only at the 
sampling instants. In view of this situation, one of the authors 
in an earlier paper [6] had extended the time domain synthesis to 
the total response. This earlier work is mainly concerned with 
deadbeat responses. In this paper, the new techniques have been 
applied to the design for arbitrary response characteristics, thus 
removing the limitations of deadbeat type of responses and also 
the specification of the responses only at the sampling instants. 

Synthesis Criteria. Just as in synthesis of continuous feedback 
systems, no universal criteria of design can be applied to sampled- 
data control systems. As a consequence, the basis for the selec- 
tion of time domain criteria is fundamentally the mathematical 
interpretation in analysis. At least qualitatively these criteria 
appear appropriate since a linear system is completely character- 
ized by the total response to an aperiodic input. Quantitatively 
this is more difficult to establish because of the well-known prob- 
lems with time domain specifications. 

Specifications such as overshoot, peak time, settling time, and 
steady-state requirements for the aperiodic inputs can lead to a 
design solution if they are compatible mutually and with the un- 
alterable part of the system. These are perhaps the most sig- 
nificant measures of performance characteristics but nevertheless 
leave a considerable margin of inexactness in synthesis. In this 
regard, the error criteria are more specific but are also difficult to 
assess physically. This dilemma of synthesis criteria can be 
acute, especially when the selection of compensation parameters 
is completely dependent upon the exactness of specifications. 
This has been found to be the basic problem in our procedure and 
in reality is also a problem of previous procedures. 

Fortunately, ‘in application, the ex xacting requirements lose 
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significance and as a result the common criteria for design be- 
come satisfactory. For this reason we feel that the procedure pre- 
sented should have utility if applied with judgment. 

A purer synthesis procedure could be established with com- 
bined error and transient criteria, but machine methods of solu- 
tion would be required. Even so, a certain amount of judgment 
on the part of the designer would still be required. 

Technique of Synthesis With Discrete Compensation. To de- 
scribe the proposed procedure for synthesis, an error-sampled 
system, Fig. 2 (in which a zero-order hold is included with the 
plant), is considered. The extension of the method to other 
sampled-data configurations will then be evident. 


Gad) 
‘tik. 


(z,m) 


c(na,m)T 


rit) « eit 


PLANT 


G(s) C*(z,m) 


Fig. 2 Elementary error-sampled system 
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Fig. 3 Error-sampled system of Fig. 2 with discrete compensation 
component 


Fig. 3 shows an error-sampled system with discrete compensa- 
tor D.*(z). The discrete forcing function £’*(z) is determined by 
D,*(z) and the sampled error E*(z), that is, 


E'*(z) = E*(z) D.*(z) (23) 


This discrete forcing function appears at the plant proper as a 
boxear or staircase function since a zero-order hold precedes the 
actual plant. The values of this forcing function as seen from 
equation (23) can change only at sampling instants and are con- 
trollable by choice of D,*(z). The complexity and form allowed 
for D,*(z) determine the number of terms of the forcing-function 
sequence which can be independently specified from an input- 
error sequence. Also, the discrete compensator can be a feedback 
device within itself and thus can have an output for no input in 
steady-state. The control of the plant forcing function afforded 
by these unique properties of the discrete compensator suggests 
the following approach to the synthesis problem. 

Using the modified z-transform, the output of the system in 
Fig. 3 is 
(24) 


= E'*(z)G*(z, m) 


E*(z)D,%(2) = = 


wl) fied 
arte 


D,*(2z) 


where 


1+ 1 + D, .*(2)G%(z) 


E*(z) = R*(z) — C*(z) (26) 


In the time domain, using the matrix representation shown pre- 
viously, thecontinuous output can be shown [8] to be 


= [gn(m)] [den] + } (27) 
where 
[g,(m)] = continuous transmission matrix for the plant and 
zero-order hold 
{g,(0)] = discrete transmission matrix for the plant and the 
included hold 


ay 
lias 
| 
— 
— 
r(t)_+ ef 
| 
= = 
| 4 


{d.,] = transmission matrix for the discrete compensator 
r,) = column matrix representation for the sampled input 
{7} = identity matrix 


The output in terms of the discrete forcing function E’*(z) in 
the time domain is 


= [g,(m)]e,’] (28) 


Equation (28) suggests that one find a forcing function (that 
is, a sequence of numbers é’, é:’ ..., é,’,...) such that a de- 
sirable output c,(m)] results. Equation (25) indicates that if 
such a sequence can be generated from a closed form function, 
then D.*(z) can also be found in a closed form (that is, the dis- 
crete compensator will require a finite number of storage and/or 
delay units). 

The complex relation of the compensator transmission matrix 
to e,,’| when r,], {g,(m)], and [g,(0)] are known, as is seen by com- 
paring equations (27) and (28), gives a rather dubious outlook to 
finding a suitable [d,,] to control e,’] such that a desirable output 
c,(m)] results. Fortunately, this difficulty can easily be avoided 
by considering as an equivalent working model the open loop 
configuration of Fig. 4. The plant and included hold of the feed- 
back system are thus driven from an open loop compensator 
D,*(z) which has a known input, that is, the actual input of in- 
terest. From this configuration, it is simple to find the closed 
loop equivalent system when the satisfactory open loop system is 
found. 


==] 


Open loop discrete compensation for plant G(s) 


Fig. 4 
The modified z-transform for the open loop configuration of Fig. 

4 is 
(29) 
(30) 


C*(z,m) = E’*(z)G*(z, m) = R*(z)D,*(z)G*(z, m) 
or E'*(z) = R*(z)D,;*(z) 
In the time domain the following equations can be written, 
[gn(m)] 
én] = 


(31) 
(32) 


c,(m)] = 
where 


Thus the relation of e,,’] to the discrete compensator transmission 
matrix {d,,] becomes very simple. 

A little reflection on the required form of e,’} for the type of 
inputs 1/s" indicates that it need be composed of a transient 
and steady-state term with the duration of the transient part not 
longer than the desired settling time (normally even shorter 
transient portions suffice). From this, one can deduce that an 
appropriate choice for the form of D,*(z) is 


D,*(z) = D*(z)F,,*(z) 


= (2) 


(33) 


where F,,*(z) is the part of the open loop compensator which 
yields the required gain and steady-state forcing function, that is, 
F,,*(z) is chosen on the basis of steady-state error tolerances. 
D*(z), a finite polynomial in z~!, (D*(z) = 1 + diz7! + diz? + 

. + d,z~*) controls the duration as well as the shape (values) of 
the transient part of the forcing function. The selection of the 
number of terms must be judged from the performance specifica- 
tions (mainly the settling time) and the type of plant. In gen- 
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eral repeated choices will have to be made until itis possible for 
the open loop compensator to gain sufficient control of the plant 
performance (that is, if the sampling rate and nature of the 
plant permit adequate control). 

F,,*(z) can be found from application of the final value theorem 
to the open loop transform domain output equation when the in- 
putisastep. The constant part of F,,*(z) is thus determined from 
the steady-state performance specification. For the higher order 
inputs F,,*(z) will be the same as for a step input. 

It is thus seen that the system forcing function e,’] is specified 
in terms of a finite number of compensator unknowns. Steady- 
state behavior for the design input is independent of these un- 
knowns and thus their choice will be dependent on the desired 
transient performance. The system transient output in the time 
domain is given by equation (28). With this equation the com- 
pensator unknowns are related to the continuous output. The 
time domain specifications (peak time, overshoot, settling time, 
and so forth) can be used to select these unknowns of the dis- 
crete compensator. ‘ 

The difficult part of the synthesis problem is thus referred to the 
selection of a continuous output within the constraints of the plant 
and freedom of the compensator. Once the output is chosen, the 
open loop compensation is known. Thus the equivalent closed 
loop system is easily obtained since the equivalent system results 
when an identical plant forcing function exists. Therefore the 
closed loop compensator is given by noting equations (25) and 
(30) 

(34) 


3:) 


)G*(z) 


It is quite | apparent that this method allows one to take the 
plant completely into consideration. The output that can be 
achieved is certainly dependent on the characteristics of the plant 
but can be so adjusted as to optimize the continuous response. 
Determining the compensation in this way forces the plant into a 
more natural behavior rather than coercing it to fit a set of values 
as when a discrete transfer function is specified. 

A Synthesis Example With Discrete Compensation. To illustrate 
the synthesis procedure, a simple example will be considered and 
referred to as Example 1. This example will also serve to ex- 
emplify the flexibility of design specifications or control of system 
characteristics afforded by discrete compensation. 

The realization of three types of responses will be of concern: 
(a) A general type of response satisfying arbitrary time-domain 
specifications for a step input, (6) a minimum rise time deadbeat 
type response for step input, (c) 2 finite settling time response 
with other compatible specifications also for a step input. 

The problem of simultaneous specifications for higher-order 
aperiodic inputs is not considered here. However, this type of 
synthesis problem can be handled by iterative design in terms of 
lower-order inputs. An iterative synthesis procedure appears 
necessary because of the likelihood of incompatible specifications 
when given a fixed plant. 

Saturation constraints will not be considered either in the 
realization of the afore-mentioned types of responses. Actually 
saturation constraints should be taken into account in the re- 
sponse specifications since they limit the possible range of specifi- 
cations; however, it appears to be difficult, if not impossible, to 
assume an appropriate initial choice of specifiations. Thus again 
the iterative approach to synthesis appears necessary to enable 
the designer to take into account such constraints. 

The uncompensated system for this example is shown in Fig. 5. 
The plant transfer characteristic, which includes a zero-order 
hold, is specified in the same figure. Fig. 6 shows a plot of the un- 
compensated system step response obtained from 
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1 Final value... c(a,m)T= 10,0<m<1 (45) 
46 4182 c(n,m)T 
( s[is+n? c*(2z,n) 2 Peak time... t, 


d , 
= 1,375 see, — fam) |= 0, fr"(m)| <0 (46) 
dm m=0.75 m=0.75 
; _ Fig. 5 Uncompensated system of Example 1 3 Overshoot ...M, = 20 per cent, f(0.75) = 1.2 (47) 


COMPENSATED SYSTEM 4 Settling time ... Minimum for three open loop compensa- 
STEP RESPONSE 


tor variables. 


It should be pointed out that in the synthesis process these 
specifications were found compatible with the unalterable portion 
of the system, whereas such specifications could be easily incom- 

ES. patible for a different plant transfer function. 
~ STEP RESPONSE | The flexibility in the settling time specification is not neces- 
| | | COMPENSATOR sary. It could have been more restrictive by the choice of an 
as ggreren : | arbitrary number specifying a percentage of final value for a cer- 
_ SYSTEM STEP : RESPONSE OF tain time inequality. But the choice of three open loop compensa- 
— “16. $8 | tor variables might not be sufficient, that is, the duration of the 
transient portion of the discrete plant forcing function in gen- 
eral would have to be determined by successive trials. Thus for 
25 mathematical ease, the number of open loop compensator varia- 
bles is limited to three and the following solution indicates that 
Fig.6 Step responses for Example 1 the settling characteristics are quite satisfactory for an example. 
; The open loop compensator is thus given by 


5S 
TIME- SEC 


G*(z, m) + F 
C* = R* 35 + dz+d 
(z m) = (z) G*(z) ; ( ) D,*(z) = 23 d,z* 2 3 o*(2) (48) 


z =f } The output for the open loop system is given by 
R*(z) (36) te 
z-1 C*(z, m) = R*(z)D,*(z)G*(z, (49) 
G*(z, m) = 1 et + + pa 
1+ + + 


The time domain output is obtained from a 


= [den] (50) 


39 It is also necessary to be able to find the maxima and minima of 
( 1.” + w°) (38) the response for determining the minimum settling time. Thus 
from equations (21) and (50), the derivative of the output is 


(37) 


Po = m — 0.1722 + 0.4240e~™/? cos 
4 c,(m | = E g,(m ] [d,,.}7 (51) 


Pi = 1.0244 — 0.1420m — 0.8480e~”/? cos 


—0.2574e~-™/? 69° — — 39 


4 
fe 4 dm 
— w°) 40 d 
4 liad A tabulation of the values of [g,(m)] and E om) | for several 
m 
values of m proved very helpful. With these tables (proper ar- 


Pp: = 0.4314 — 0.3679m — 0.2574e-™/? cos (cor = m) (41) 


rangement of tables facilitates the matrix manipulation) and the 


d 
q = 0.1422 ) aid of a desk calculator, the zeros of an m ] and the corre- 


@ = 0.4899 : (42) sponding values of f,(m)] can easily be found by interpolation. 

This eliminates the necessity of plotting the entire response func- 


= 0.3679 tion during solution. 
G*(z) = lim (43) From the final value theorem, equation (20), nee 
1 wu’ 


re: 
F,,.*(z) = 5 
(1 + d, + + d;) Zz 


Equation (35) is put in the form of equation (21) from which the 
time domain output is readily found by evaluating, 


cx(m)] = [Q,]p,.(m)] (44) 


as previously discussed. 
The severe transient behavior is to be ccenssted with a discrete 


compensator in tandem with the plant. The specifications to be m) = 

realized are: l+d+4a+4d; 


Thus the output involving the open loop compensator unknowns 
can be found from equation (50) wherefrom the equations neces- 
sitated by the specifications two and three are: 


(g2 + dig: + dogo) (54) 


4) 
14 
os 
0.2 
whe 
and 
| 


3200 


a 1 


dm 


Since these equations contain three unknowns, an auxiliary 
equation is necess ry to get a simultaneous set; otherwise, one 
of the variables would have to be chosen arbitrarily in the attempt 
of minimizing settling time. As it is easier to get within reasona- 
ble values by choosing points on the response, the function 


| 1 


+d, + d; (55) 


+ digo) (56) 


Subsequent choices in f;(0) 


was picked for the third equation. 
thus a 


were plotted versus a selected settling time measure; 
minimum could be located. 

With numerical values for plant constants and the specifica- 
tions, equations (54), (55), and (56) yield the simultaneous set, 


0.1785d, — 0.9064d, — 1.2d; = 0.2702 (57) 
+ 0.9906d, = 0.5638 (58) 
0. 5872 — 
5 
+d, + d; (59) 


in which f,(0) was varied from 0.20 to 0.35. The minimum set- 
tling time occurred at approximately f,(0) = 0.3. The solution of 
the simultaneous set of equations at that point gives 


dy = 0.9748 
, = 91 ) 
d; = —0.2578 


+ 0.97482? + 0.259 0.25912 — 2758) 
0.5107 


D,*(z) = 
(61) 


A plot of the step response with this compensation is shown in 
Fig. 6. The settling time achieved was better than 3 per cent of 
final value in three times the rise time. Comparison with the 
oscillogram of Fig. 22 indicates considerable improvement. 

The equivalent closed loop compensation is found with equa- 
tion (34). Thus 


= 
D,*(z) + 0.557725 — 0.5880z* — 0.897824 


the closed loop compensator seems unwieldy; however, the ap- 
proximation described in the following very effectively removes 


the unnecessary complexity. 
Consider expanding the error E*(z), in the series vlad 
E*(z) = 1 + 0.7000z~! + 0.0014z~? — 0.18672~* 


— 0.002642-4 + 0.04342-5 — 0.0277z-§ +... (63) 
This series rapidly converges toward zero. By virtue of the 
choice in the compensator form, the forcing function E’*(z) is a 
finite series in z~!. Thus the closed loop compensator can be 
formed as the ratio of E’*(z) and the significant terms of the 
error series. From the numerical values in equation (63), one 
would assume that the terms corresponding to ¢ > 47° could be 
neglected; consequently the approximate compensator would be, 


0.51072? + 0.49782? + 0.13232 — 0.1408 
23 + 0.70002? + 0.00142 — 0.1867 


(64) 


= 


0.51072° + 0. 425228 — 0.188724 — 0.59142 — 0. 22792? + 0.020232 * 0.0518 (62) 
— 0.25812? + 0.13812? + 0.0478 
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Fig. 7 System of Example 1, compensated by approximate compen- 
sator of equation (64 


The closed loop system with this approximate compensator is 
shown in Fig. 7; its step function response is shown for com- 
parison in Fig. 6. The small deviation of responses certainly 
warrants the reduction of compensater complexity. 

Deadbeat Response. To compensate the same system for dead- 
beat response (minimum rise time response), the required form 
of the output-modified z-transform is 


+ p= 


Pot + 
(65) 


k=0 


as is readily seen from a matrix expansion. 
open loop compensation is 


Thus the required 


(66) 
k=0 

The equivalent feedback compensator D, 

Accordingly, 


*(z) is obtained using 
equation (34). 


D.*(z) = 


The output response is shown in Fig. 8. 
Finite Settling Time Responses. The modified z-transform of 
the output of an error sampled system designed for a finite settling 


0.44922? + 0.38542 + 0.1653 


2 + 0.73622 + 0.1524 (67) 


time response is given by 

z- 


mie 


where the input is a step. For an example, the index 7 will be 
limited to two and the plant will be the same as for previous ex- 


amples. To obtain A; and A: the following assumptions are 
made: 
1 The peak response is 1.10. a 


2 The peak overshoot occurs during the third sampling inter- 


val when m = 0.75. Thus the following equations are solved: 


fl0.75) = Pol + Ai + Az) + Ai) + = 1.10 (69) 
(1 + Ai + Az) Pp 
+ A; + A:] =0 (70) 


> m =0.75 


Solving these equations yields 
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FINITE SETT 


DEADBEAT RESPONSE 


c(t) 


OUTPUT 


0.5 1.0 20 


TIME - seconds 


A; = 0.0432, 
A, = —0.1224. 
The required series compensator is given by 


(1 + + + + + Az 


z)= 
+ 


From D,*(z) one obtains for the closed loop compensation: 


D* 0.44922! + 0.40482* + 0.12702? — 0.4000 — 0.2020 
+ 0.70022? — 0.06002? — 0.08352 — 0.0187 


(73) 


The output response is shown in Fig. 8. 

Ramp Response Synthesis. The previous examples have con- 
centrated on design in terms of step response without regard for 
higher order input performance. Normally, the synthesis prob- 
lem involves simultaneous performance specifications fer the 
standard input functions. Within the constraints of a fixed plant 
and a linear system, simultaneous specifications can easily be 
conflicting; therefore compromise design is the inevitable re- 
course, As a result, it seems apparent that iterative design in 
terms of one of the standard inputs is necessary. For instaace, if 
ramp response specifications are lenient, then iterative design 
in terms of the step response specifications appears favorable; 
whereas, if ramp specifications are rigid, the iterative design 
might be more satisfactorily handled in terms of the ramp speci- 
fications. The ramp response design follows the same procedure 
indicated for the step except that ramp specifications are ob- 
served. 

Minimum Error Criteria. Design in terms of the significant 
performance measures (peak time, overshoot, and settling time) 
for the standard aperiodic input functions involves a degree of 
arbitrariness and inexactness. With the freedom allowed by 
discrete compensation, these criteria alone will often be insufficient 
to insure a unique selection of the compensation parameters. Thus 
other auxiliary criteria are apparently necessary. The error 
criteria seem particularly promising, especially minimization of 


f e*(t)dt or te*(t)dt. However, the added computational 


burden of such criteria is a deterring factor. Thus in general, 
machine methods of solution appear to be a necessity. 

The minimum error criteria can be imposed with or without 
additional constraints. Minimization without constraints, for 
example in terms of a step input, is likely to give completely un- 


satisfactory transient characteristics and thereby inappropriate 
steady-state characteristics for higher-order inputs. Also, there 
is the added likelihood of exceeding the plant saturation limits for 
possible inputs. Thus combined criteria seem both favorable and 
necessary. 

Use of the error criteria also necessitates rapid convergence of 
the error function toward zero since integration is for all positive 
time. Thus the compensation must at least insure a continuous 
zero final value of error or be accounted for by other means. De- 
sign techniques based on minimization of total squared error are 
forthcoming in another paper [9]. 


Network Compensation of Sampled-Data Control Systems 


The technique of network compensation proposed herein at- 
tempts to circumvent, by time domain methods of approxima- 
tion, the multitude of difficulties encountered by network syn- 
thesis procedures in the frequency domain [10, 11 12]. The 
basis of the technique is the recognition that, for a particular in- 
pt, certain characteristics of the plant forcing function (transient 

ture or low frequency content) must be preserved regardless of 

type of compensation, whether discrete or continuous, in 
ucder to get similar performance. The detailed structure of the 
plant foreing function (corresponding to the high frequency con- 
tent is of little significance because of the low pass characteristics 
of the normal plant. 

The data processing properties of a discrete compensator fol- 
lowed by a hold circuit are completely specified by the response to 
a unit impulse. With a zero-order hold, these properties result in 
a transfer characteristic which, from“a mathematical point of 
view, converts impulses arriving at sampling instants into a box- 
car function having a definite amplitude relation to the area of 
the incoming impulses. In order that a network may possess a 
transfer characteristic at all similar for impulse inputs at sampling 
instants, it follows that the network impulse response must at least 
crudely approximate the discrete compensator and hold combina- 
tion impulse response. It is also evident that the discrete com- 
pensator and zero-order hold combination impulse response must 
have some semblance of over-all continuity or smoothness (ex- 
cluding the sharp discontinuities) to allow any sort of reasonable 
approximation with a lumped constant network of tolerable com- 
plexity. 
do not exist (for example, with rigid specifications of deadbeat re- 
sponse, whenever a-plant has abnormally poor characteristics, 


Whenever these conditions of continuity of smoothness 


when the sampling rate is very slow, and so forth), one would tend 
to doubt the feasibility of network compensation. In any case, a 
few design attempts will readily disclose, either by analytical or 
by analog computational means, both the feasibility and quality 
of the approximation. 

At least intuitively it is somewhat apparent that, in some cases, 
approximating the impulse response characteristics of the dis- 
crete compensator and associated hold with a network might re- 
sult in a good approximation for the forcing function obtained with 
discrete compensation. To be able to study the effects of net- 
work approximations with ease, it is necessary to find a straight- 
forward means of approximating these impulse response charac- 
teristics. Certain time domain approximation techniques of net- 
work theory lend themselves advantageously to this problem, as 
will be shown by the following. 

Mathematics of Approximations. The design of lumped con- 
stant networks that produce a specified output when excited by a 
prescribed input is time domain synthesis. Ba Hli [13] has de- 
veloped a method for handling this type of synthesis problem. 

In the normal process with this method, part of the designer's 
task is to find a time sequence representation for the impulse re- 
sponse of the network which is to have the desired transfer charac- 
teristic. This time sequence representation is formed by a process 


NOVEMBER, 1958 
12 
ME LNG RESPONSE—> 
= 
10 
| 
! 
| 
— 
f Example 1 
tad 
2 
( 
4 
| 


) 


= 


4 

4 


of synthetic division of periodically sampled values of the output 
function by the corresponding sampled values of the input func- 
tion. The result of this synthetic division is actually a sequence 
of areas which in time sequence generates a stair-step function ap- 
proximating the smooth impulse response characteristic of the re- 
quired network. In this compensation problem, this part of the 
task is already done, since an exact stair-step function of time rep- 
resenting the impulse response of the discrete compensator and 
hold is already known (found from the coefficients of the series 


expansion of the discrete compensator transfer function). Thus 
it is only necessary to find the function 
P(s) Po + prs + pos? +... +p, 8” 
N(s) = (74) 


+ 


Qs) 


which has an impulse response approximating that of the discrete 
compensator and zero-order hold. From Ba Hli’s paper, the ap- 
proximation is seen to be a time-moments matching technique 
stemming from the definition of Laplace transform. The factor 
e~*¢ within the integrand of the transformation is replaced by a 
power series; thus, 


F(s) = = f()dt — if( 


+ +... = by + dis + bos? +... (75) 
WV 


where b) is the area of the impulse response and b,, n > 1, are 
recognized as the time moments. 

The coefficients of a series expansion of equation (74) must 
match m + n + 2 of the b, terms in order that the impulse re- 
sponse of V(s) have approximately the same shape as the function 
from which the b, terms were derived. Therefore m + n + 2 of 
the following equations must be satisfied (since one of the con- 
stants can be normalized actually m + n + 1 equations need be 
solved). 


Pi = bigo + bor 
Pn = + + On-21Q2 +... + 
0 = + + + bid, + Dodn+1 


These equations place in evidence the fact that, in general, bet- 
ter approximations are acquired with greater network complexity. 

In an error-sampled type system where the output of the net- 
work compensator is required to begin with a large discontinuity, 
the relative order in equation (74) is given by m = n + 1 since 
the output is considered mathematically to be a sequence of im- 
pulses when a hold does not precede the network. 

Due to the staircase nature of the impulse response of the dis- 
crete compensator and zero-order hold, the moments are easily 
evaluated without any approximation other than neglecting small 
values of the impulse response corresponding to large values of 
time (when the error goes to zero). The decision as to what part 
of the impulse response is significant in evaluating its moments re- 
quires some judgment as does a choice of m which governs the 
complexity allowed for the network compensator. 
terminating the moments computation at abeut 10 per cent of the 


initial values of the impulse response should yied a satisfactory =.) 


approximation. 

Before proceeding with an example of this method it is worth 
while to mention the need for an analog computer with this syn- 
thesis procedure. Even though the problem of inversion is im- 
mensely simplified with the series expansion method, analysis 


(76) 
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Fig. 9 Unit impulse responses for compensation components of 
Example 2 


with higher-order feed-forward functions is still a tedious task. A 
system analog is comparatively easy to set up and the results of 
these network approximaticns can thus be readily found as 
shown in the following example. 

Illustrative Example 2. Toillustrate the method of network com- 
pensation of a sampled-data system, an approximate network sub- 
stitute will be found for the discrete compensator and zero-order 
hold of Example 1 of the previous section. The actual effects of 
the approximating networks on performance are disclosed by 
theoretical and analog computation methods. 

The first step in finding the approximating networks is an area 
and moments evaluation. As a starting point, the impulse re- 
sponse of the discrete compensator and hold cireuit is arbitrarily 
terminated n = 4, Fig. 9, which results in the following constants 
0.3077 — 0.0089 


bo = be => 


(77) 


—0.0770 bs = 0.0191 


bh = 


necessary to obtain a second-order network approximation. Thus 
to obtain the second-order network (where g is normalized to 
unity), the following set of equations must be satisfied: 

= 0.3077 
—0.0770 + 0.3077 


= 


(78) 


—0.0089 — 0.0770, + 0.307742 


0 = 0.0191 — 0.00899, — 0.0770¢. 

Solution of these equations yields ae 6 

0.34875 +1 
N(e) = 0.3077 
0.1788s? + 0.5990s + 1 7 

8 + 2.8677 
= 0.6001 (79) 


(s + 1.6751)? + (1.6695)? 


The impulse response of this network is shown for comparison 
with the discrete one in Fig. 9. The compensated system for this 
initial trial approximation is shown in Fig. 10 and the computed 
output for a step input is shown in Fig. 11. Also, the discrete 
compensation response is duplicated in Fig. 11 for comparison. 
To permit a check on the theoretical results and to provide further 
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Fig. 10 System of Example 2 with second-order network compensa- 
tion (responses shown in Figs. 16 through 22) 
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Fig. 11 Step response for system of Example 2 with second-order 
compensator 


information on the system characteristics, the system analog was 
set up on a Donner analog computer and special function genera- 
tor (which provides sampling), shown in Fig. 14. Fig. 15 gives 
the analog schematic for the system of Fig. 10 having second- 
order network compensation. The results of the analog study are 
given in Figs. 16 through 22. As is seen in these figures, the 
principa! deviation in this approximation is the settling charac- 
teristics which appear to be mainly due to the approximation of 
terminating the impulse response of the discrete compensator and 
hold at n = 4 in the moments and area calculations. The need 
for using a larger portion of this impulse response in the ap- 
proximation is indicative of the necessity for greater network com- 
plexity. Thus the subsequent approximation will proceed in that 
directicn. 

To find a better network approximation for the discrete com- 
pensator and hold circuit, a new set of constants (area and 
moments) are calculated for the impulse response arbitrarily ter- 
minated at n = 7, Fig 12. These are 


bo = 0.3384 b; 
= —0.1510 b; = 0.02371 
b, = 0.08780 b, = 


— bs = —0.07233 


by = 0.05878 


— 0.04065 


—0.01186 
bs = 0.005178 
by = —0.002001 


These constants determine the following set of equations (q is 
normalized to unity) which permit approximations inclusive of a 
fifth-order network 


Py = 0.3384 
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Fig. 12 Unit impulse responses for compensation components of 
Example 2 
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Fig. 13 System of Example 2 with fourth-order network compensa- 
tion (responses shown in Figs. 24 through 30) 


—0.1510 + 0.33844, 
0.08780 — 0.1510q, + 0.3384q2 
—0.07233 + 0.08780q, — 0.1510g2 + 0.3384q5 


0.05878 — 0.07233q; + 0.0878g: — 0.15109, 
+ 0.3384g, + 0.05878q, — 0.07233q: + 0.08780g; 
0.151094 + 0.3384q5 = 0.04065¢6 
—0.04065q, + 0.05873q, — 0.07233¢s 
+ 0.08780q, — 0.1510g, = —0.02371 
0.023719, — 0.04065q: + 0.05878¢s 
— 0.07233q, + 0.087809, = 0.01186 
— 0.011869, + 0.023719, — 0.04065q, 
+ 0.05878q, —0.07233g; = —0.005178 
0.005178q: — 0.011869. + 0.0237 
— 0.04065q, + 0.058789; = 0.002001 
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RESISTORS IN MEG- OHMS pee ance characteristics. The analog schematic of the system with 
CAPACITORS IN MIGRO-FARADS | 1.023 | ‘ fourth-order network compensation was set up as shown in Fig. 
23. The sequence of oscillograms, Figs. 24 through 30, discloses 

the actual effect of this network compensator on performance. 
The network approximations could have been carried further 
with possible improvement in the accuracy of the approximations. 
However, little benefit would result in the way of an illustration. 
It appears that a little judgment with this routine process can 
quickly give the designer a good idea of what can be done with 
network compensation, as well as a satisfactory solution when 

possible without undue effort. 


——— ky: 0 K 
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Summary and Conclusions 


ee a es a = A method of applying the modified z-transform to synthesis of 
Fig. 15 Analog schematic for compensated system of Fig. 10 sampled-data systems has been discussed and illustrated. The 
procedures developed enable the designer to use both discrete 
Solving the equations for a third-order network approximation, and continuous elements for system compensation. Control of 
2.17418 + 2.4459 continuous performance characteristics in mixed (digital-analog) 

N(s) = 0.7500” rere systems is the primary feature of the method. 
(s + 1.6507)I(s + 1.2 2054)* + (1.3556)*] The time domain technique presented offers a different phi- 


For a fourth-order network approximation one obtains 
(s + 5.9669)[(s + 1.1268)? + (1.0275)*] 
[(s + 2.0881)? + (0.4065)?] [(s + 1.5792)? + (1 


N(s) = 0.5279 


Fig. 12 shows the impulse response of the third and fourth-orde . . 16 (Scales, 5 
networks for comparison with the impulse response of the dis 1.0, T = 0.5 
crete compensator and hold circuit. The fourth-order networ Step 

sults in a much better fit and thus the system, Fig. 13, is se | —————— 
results in a much better fit and thus the system, Fig. 13, is set u . ed system in Fig. 
on the analog computer to observe the effect on system perform 


Fig.20 (Scales,5sq = 1.0,T=0.5sec=2 Fig.21 (Scales,5sq = 1.0,T =O0.5sec = Fig. 22 (Scales, 5sq = 1.0, T = 0.5 sec = 
sq) Step response of system in Fig. 10 with 2 sq) Step response of system in Fig. 10 with 2 sq) Step response of system in Fig. 5, loop- 
+ 10-per-cent loop gain a 10-per-cent loop gain gain adjusted for 20-per-cent overshoot 


RESISTORS COMPENSATION NETWORK + PLANT losophy of approach to the control system synthesis problem. No 
ataienks | ee longer is the designer faced with the trial and error procedures of 
IN MICRO-FARADS — splicing up inner-loop configurations to get desirable transfer 
ir-t characteristics, nor is he required to produce a transfer function 
which is realizable within the restraints of the plant and also in- 
sures the desired continuous behavior. In contrast, the method 
reduces feedback system synthesis to a problem of open loop de- 
i ma bo sign. Thus the difficulty of design is shifted toward setting up a 
‘nen : | mathematical criterion for the selection of an output, for a given 
T=05 SEG | characteristic input, compatible with the unalterable part of the 
0798 | system while simultaneously satisfying the ultimate requirements 
a eT srome—h ne soe for the control system. In this vein, the requirements on synthesis 
criteria in the procedure have disclosed that these criteria are a 

major problem area and thus deserve considerable investigation. 
Fig. 23 Analog schematic for system of Fig. 13 — Typical problem areas which were not delved into, such as 
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Fig. 24 (Scales, 5 sq = 1.0,T = 0.5 sec = 
2 sq) Step response of system in Fig. 13 


Fig. 25 


loop gain 


cated in Fig. 13 


saturation limits, plants with pure delay, simultaneous per- 
formance specifications for the aperiodic inputs, and other system 
configurations including the use of multirate compensation ele- 
However, some of 
these cannot be handled without considerable judgment on the 
part of the designer. Actually this can be said about the pro- 
cedure in general, as has been discussed in both the discrete and 
network compensation topics. Within the same scope, other ex- 
pected problem areas such as unstable plants, systems with 
multiple inputs, plant nonlinearities, effect of noise on design, 


ments, appear amenable with the procedure. 


design with asynchronous sampling within the same system, 
optimization of sampling rate, and so forth, deserve further in- 
vestigation. 
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APPENDIX 


Relations for the series expansion terms (Q,,) in terms of poly- 
nomial coefficients ¢,,: 
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Continuous Measurement ot Characteristics 


of Systems With Random Inputs: A Step 
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‘Toward Self-Optimizing Control 


By T. P. GOODMAN! anv R. H. HILLSLEY,? CAMBRIDGE, MASS. 


To achieve self-optimizing control, a signal which reflects 
changes in system dynamics must be available to actuate con- 
troller adjustments. In this paper a new technique is presented 
whereby changes in system parameters are detected from 
changes in the moments of the system impulse response. At 
the same time, changes in input statistical properties are detected 
by changes in the moments of the input autocorrelation function. 
Recent investigations by Paynter and others have shown the im- 
portance of impulse-response moments as a means for characteriz- 
ing the dynamics of a system. By the technique described in 
this paper, these moments are determined continuously and 
directly from the random variations in the system input and 
output, without passing through the intermediate steps of obtain- 
ing the input-output correlation functions and the system’s 
impulse or frequency response. The precision of measurement of 
the moments can be estimated statistically, so that the design 
specifications for the equipment required for any desired precision 
of measurement can be established. The new technique has 
been applied experimentally to a simple linear system with 
promising results. 


Introduction 


Tue determination of the dynamic response of a system subject 
to random inputs from an analysis of these random inputs and 
the corresponding ‘random outputs, without introducing any 
additional artificial disturbances, is facilitated by the relationship 
which exists between the autocorrelation of the system input 
and the cross correlation between the input and output (1-6).* 

For a linear, time-invariant system with a single input i(é), a 
single output o(¢), and an impulse response h(¢), the input, output, 
and impulse response are related by the convolution integral‘ 


o(t) = h(p) i(t — p)du 


where uv is a dummy variable of integration. 

If it is further assumed that the input is statistically stationary 
(that is, its statistical properties do not change with time), then 
the autocorrelation of the input may be denoted by 


= Hie + = — r)i@.......... [2] 
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tute of Technology. 
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‘For a physically realizable system, A(t) = 0 for t < 0 and the 
lower limit of integration may be replaced by 0. 
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where 7 represents a time shift and the bar denotes an average 
taken over all available data, and the cross correlation between 
input and output may be written similarly as 


%;.(7T) = i(t) + T) = it — 


By multiplying both sides of Equation [1] by 7(¢ — 7) and averag- 
ing over all available data, the following equation is obtained 


This equation is of the same form as Equation [1], showing that 
the autocorrelation and cross correlation are related dynamically 
in the same way as are the system input and output. 

In practice, the actual determination of the impulse response of 
a system with random inputs is greatly facilitated by using Equa- 
tion [4] rather than Equation [1]. If the averaging period denoted 
by the bar in Equations [2] and [3] is sufficiently long, and if the 
spacing of the points used in taking the average is sufficiently 
close, then ¢,;(7) becomes a pulse-like function when 7(¢) has no 
periodic components, and ‘‘noise’’ components of o(t) which are 
uncorrelated with the i(t) are eliminated from @,;,(r). If i(t) is 
“white noise’’—a random disturbance containing all frequencies 
with equal amplitudes, up to a frequency well beyond the charac- 
teristic frequencies of the system itself—@,,(7) is an impulse and 
¢;,(7) itself is identical with the system impulse response (1-3). 
In the more usual case in which lower frequencies predominate in 
i(t), (7) is a pulse of finite width, and the impulse response can 
be discovered by a process of deconvolution using a delay-line 
synthesizer (DLS) which approximates the convolution integral 
of Equation [1] by a finite summation of delayed inputs (4-6). 
With ¢,,(7), as obtained from a function simulator, applied as the 
input to the DLS, the coefficients of the DLS may be adjusted to 
give an output which matches @,,(7), and the DLS is then a dy- 
namic model of the system from which the system’s impulse re- 
sponse, step response, or frequency response can be obtained 
simply by subjecting the DLS to the appropriate test inputs. 

Alternatively, Equation [4] can be Fourier-transformed into an 
equation in the “frequency domain” from which the system fre- 
quency response can be found directly. The uncertain effects of 
noise circulated around a closed loop, however, often make it more 
desirable to proceed via a delay-line synthesis of the impulse re- 
sponse, as described in the foregoing. 

Extensions of this method to multi-input and nonlinear systems 
have been suggested in a previous paper (7). 

While the method just outlined has been described for time- 
invariant systems with statistically stationary inputs, it can be 
applied also to systems which are slowly time-varying having 
inputs whose statistical properties are also slowly time-varying. 
The characterization of the system obtained by the method pro- 
vides the essential information needed for obtaining optimum 
controller adjustment for the system. If all these operations were 
performed repetitively and automatically, a self-optimizing con- 
troller would result. 

For optimum control, however, it is often unnecessary to know 
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the system’s complete impulse response or frequency response, 
since optimum control can be based on a small number of critical 
parameters of a system, such as the mean delay time and rise time 
of a passive process (8, 9). Such critical parameters can be esti- 
mated from impulse response or frequency response, but in ob- 
taining them in this way, a great deal of information is thrown 
away. It seems much more logical, therefore, to find a way of 
measuring the critical parameters which are of interest, directly 
from the random inputs and outputs. This is the purpose of the 
present investigation. 

In the course of this investigation, it has developed that there 
are two significant advantages, other than directness of approach, 
which result from direct measurement of system parameters from 
random inputs and outputs: (a) These parameters can be deter- 
mined continuously for slowly time-varying systems to provide a 
continuous signal to the controller. (b) The statistical precision of 
measurement of individual parameters can be determined from a 
knowledge of the range of expected variation in the characteris- 
tics of the system and the statistical characteristics of the input, 
to provide design data for the equipment required to give a de- 
sired precision of measurement. On the other hand, if critical 
parameters were obtained via the system's correlation functions 
and impulse response, the statistical precision of the correlation 
functions could be determined readily, but the effect of in- 
accuracies in the correlation functions on the precision of the im- 
pulse response, and the effect of the inaccuracies in the impulse 
response on the precision of the critical parameters, would be quite 
difficult to assess. 

The statistical properties of the input are also a critical system 
parameter in that they affect the optimum controller setting (10). 
The method outlined in this paper can deal with variations in the 
statistical characteristics of the input as readily as with varia- 
tions in the characteristics of the system itself. 


Moments of the Impulse Response 

The critical parameters of a system which serve as a starting 
point for this investigation are the moments of the impulse re- 
sponse of a linear, time-invariant system. Paynter (8, 11, 12) 
has shown that the moments of the impulse response of such a 
system give useful characterizations for a wide variety of control 
problems. 

The nth moment, H,,, of the impulse response (8) is defined by 


« t"h(t)dt.. 


It will be seen that this definition corresponds to the usual defini- 
tion of the moments of an area given in elementary calculus text- 
books. The zeroth moment, Ho, is merely the area under the im- 
pulse-response curve, which is equal to the static gain of 
the system. H, is the first moment of this area about the ordinate 
axis and H; is the second moment or moment of inertia of this 
area about the ordinate axis. The mean delay of the system, T,,, 
is defined as the distance along the time axis from the ordinate 
axis to the centroidal axis of the area, given by 


[6] 


15] 


The dispersion time of the system, 7’,, is defined as the radius of 
gyration of the area about its centroidal axis, given by 


The two parameters 7’,, and 7’,, illustrated in Fig. 1, have been 
found to give much useful information about the dynamics of a 
system, but if a more refined description of the system is necessary, 
the higher moments also can be utilized. 

From Equation [5]it is evident that the moments of the impulse 
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t 
Fig. 1 7,, and 7, for a typical impulse response h(t) 
response are defined in the same way as the moments of a probabil- 
ity density function in the theory of probability. 7’,, is analogous 
to the mean of a probability distribution, and 7’, is analogous to 
the standard deviation. The higher moments of the impulse 
response are also analogous to similarly defined higher moments 
of a probability distribution. 

The moments of the impulse response also may be computed 
by a series expansion of the system transfer function, H(s), which 
is defined as the Laplace transform of the impulse response 


H(s) = f e~*h(t)dt 


Series expansion of the exponential in Equation [8] yields = 


H(s) = -F+...] hitjdt... [9)} 
21 3! 
and term-by-term integration using Equation [5] gives 


H,s* 


2! 3! 


H(s) = Hy) — Mis + 

Since the dynamics of a linear system are completely charac- 
terized either by the impulse response or by its Laplace trans- 
form, the transfer function, the system is also completely charac- 
terized by the moments themselves. This follows from the fact 
that, if all the moments are known, the transfer function can be 
found from Equation [10], provided that the series expansion of 
Equation [10] converges. Indeed, the low-frequency portion of 
the frequency response of a sytem can be approximated from 
Equation [10] by replacing s by jw (8). 


Fig. 2 Cascade of two systems 


Moments of a Cascade. If h(t) is the over-all impulse response of 
a cascade of two systems whose separate impulse responses are 
f(t) and g(t), respectively, Fig. 2, then h(t) is given by the convolu- 
tion integral 


h(t) = f(m)g(t — w)du....... .{11] 
and H(s) is given simply by 


where F(s) and G(s) are the Laplace transforms of f(t) and g(t), 
respectively. Using Equation [10], Equation [12] can be ex- 


panded into 
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‘Because Equation [13] is valid for all values of s for which these 


series converge, the coefficients of each power of s can be equated 
to yield expressions for the moments of A(t) in terms of the 
moments of f(t) and g(t) 


Hy = FG, [14] 
H, = + FiG.. [15] 
Hz = + 2F\G, + [16] 


It follows that 


{17} 
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pendent parameters of the system, the values of a set of n 
independent parameters of the system in general can be deter- 
mined by measuring n moments. As an example, the determina- 
tion of the delay time and the rise time of a unity-gain pure- 
delay-plus-single-lag system may be considered, Fig. 3. 

For a pure delay of unity gain and delay time 7'p 


[18] 


where the subscripts f, g, h refer to f(t), g(Q), and h(t), respec- 
tively (8). 

Similar relationships can be derived for the higher moments of 
the impulse response of the cascade. 

Relation Between Impulse-Response Moments and Correlation- 
Function Moments. It has been pointed out by Paynter that the 
similarity in form between Equations [4] and [11] makes it 
possible to compute the moments of a system impulse response 
h(t) directly from the moments of the correlation functions $,;(7) 
and @¢,, (7). 

The nth moment, A,, of the autocorrelation function is de- 
fined by 


(7 )dt 


and the nth moment, (,,, of the cross-correlation function is de- 


fined by 


C, = f .. [20) 
In order for these integrals to converge, @,;(T) and @;,(7) must 
both approach zero sufficiently rapidly as 7 approaches + @. 
This requires that i(f) and o(t) have no d-c or periodic com- 
ponents. In the remainder of this paper, it will be assumed that 
this requirement has been fulfilled. In practice, any d-c compo- 
nent present in 7(¢) or o(¢) can be removed by a suitable capacitor 
or an a-c coupled amplifier. 


By analogy with Equations [14] to [16] 


lio C, = + 
C; = 2A,f, + 


When the input is statistically stationary, the autocorrelation is 
a symmetrical function of 7, and therefore its odd moments are all 


zero. Equations [22] and [23] are then simplified to 


Cz = + 


These simplified expressions also can be used when the statistical 
properties of the input are varying at a rate which is slow in 
comparison to the fluctuations of the instantaneous value of the’ 
input. 

Relation Between Moments and Other System Parameters. Since 
the moments of a system’s impulse response form a set of inde- 


Fig. 3 Response of pure-delay-plus-single-lag system. 
sponse; (b) impulse response. 


(a) 
(a) Step re- 


where 6 is the delta-function (13), and from Equation [5] it can be 
shown that Fy = 1, F; = Tp, F2 = 7'p*, and in general, F,, = 7',". 
For a single lag of unity gain and time constant 7’, 
w TL 
gf) = —— 


= 

i 
=0, t<0 
and from Equation [5], = 1, G, = = 27,?, and in 
general, G, = n!7',”. 

For the two systems in cascade, the delay time is 7'p and the 
rise time is 7',. Using Equations [14], [15], and [16], Hyp = 1, 
H, = T,+ Tp, and H, = Tp? + 27 pT, + 27,7. Thus the two 
parameters 7’, and 7’; could be determined from H,; and A». 
Alternatively, 7'p and 7’, could be determined from 7’,,, and 7',,, 
since it can be shown either from Equations [6] and [7] or from 
Equations [17] and [18] that 7, = Tp + T, and T, = 7,. 

Paynter’s work (8, 11, 12) has shown, however, that especially 
for monotone processes, the moments themselves are often the 
most significant parameters to measure. In the example just 
cited, the control can be specified just as well in terms of 7',, and 
T, as in terms of the original parameters 7p and T,. The 
measurement in terms of 7,, and 7, has the advantage of being 
a more universal characterization of the system, since it can be 
used for systems which are much more complex than a pure-delay- 
plus-simple-lag. 

In similar fashion, the values of a set of n independent parame- 
ters of a statistically stationary (or nearly stationary) input auto- 
correlation function in general can be determined by measuring n 
even moments (since the odd moments are all zero) of the auto- 
correlation function. 


Continuous Analog Computation of Moments 


The moments of the correlation functions, as defined previ- 
ously, can be computed continuously and directly on an analog 
computer by a technique which will now be described (14, 15). 
From these computed moments, the moments of the impulse re- 
sponse itself can be obtained by use of Equations [21] through 
[25]. 

Cross-Correlation Moments. To derive an equation for analog 
computation of the moments of the cross-correlation function, C,, 
Equation [3] is substituted into Equation [20] 
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The bar denotes an ensemble average (16) which can be con- 


sidered equivalent to an infinite-time average without a change in 
the statistical properties of the variable. For practical computa- 
tion, this infinite-time average must be replaced by a finite-time 
average of duration 7’ and the infinite limits of 7-integration must 
be replaced by finite limits —6 and a. The 
computed in this way at any given instant of time ¢ will be de- 
noted by “,,*(¢) (the asterisk is used to denote an indicated value 


rather than a true value) 
it — ro(tae | dr. . [29] 


Pca wl 
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Rearranging the order of integration he’ 
= 
nj 


(1/T) o(t) LL, T rar at 


From Equation [30], the procedure for computing C, 
seen to consist in the following: 


indicated moment 


[30] 


() = 


* may be 


1 Passing 7(¢) through a filter whose impulse response (cf 
Equation [1] ) is 

h(t) = @, 

= 0 


—b<t< 


t< —b,t 
2 Multiplying the result by o(¢). 
3 Averaging over a time interval 


This filter is not physically realizable when b > 0, since it 
would be required to respond to future values of its input. Two 
alternatives for making the filter physically realizable are: 


1 Introduce a pure time delay of amount 6 in o(t); then the 
required filter impulse response would be 
h(t) = (t — 6)", O<tsa+b 
= 0, t<0, t>at+b 


which is physically realizable. 

2 Split the 7-integration into an integration from —b to 0 
and an integration from 0 to a, and use the alternative expression 
for cross correlation, Equation [3], in the integration from —b 
to 0. 

Alternative 2 proves more feasible with analog-computing 
equipment, since the pure time delay required by alternative 1 is 
difficult to achieve with sufficient accuracy. Using alternative 2 
Equation [30] becomes 

2 @ 


[31] 
Now the first term inside the brackets can be computed by pass- 
ing o(t) through a filter with impulse response 


and multiplying the filter output by 7(¢). 
Similarly, the second term can be computed by passing 7(¢) 
through a filter with impulse response 


h(t) = 
=0, t<0, t>a 


and multiplying the filter output by o(t). Then the two terms 
are added and averaged over time interval 7 to yield C,* 
Both of the filters used are physically realizable and can be 
synthesized with reasonable accuracy on a delay-line synthesizer 
(4). 
C,*, as computed in this way, is itself a random variable be- 
cause no finite averaging interval 7 can remove all the fluctuations 
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h(t) = (-t)", 
=> 0, 
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in 7(¢) and o(f). The two chief sources of error in C,,* are as fol- 
lows: 

1 A “truncation error’ in the mean value of C,* due to the 
finiteness of the interval (—6 to +-a) of the r-integration. 

2 The random fluctuations of C,,* 
the finite duration, 7, of the time averaging. 


These errors are discussed in the next section. 


about its mean value due to 


Autocorrelation Moments. To compute the moments of the 
input autocorrelation function, 
tions [28] through [31] may be obtained merely by replacing o(/) 
by 7(t). From Equation [31], with a = 6 


A,*() = (2/T) LoS, — | at 
eee 


n = 0, 2, 4, 


equations analogous to Equa- 


= 0, n= 1,3,5,.. 


Precision of the Indicated Moment 

The goal of this section is to determine how good an indication 
of the true cross-correlation moment can be expected as a function 
of the averaging time 7 and the integration limits a and + in 
Equations [29] to [31]. This moment-indicating expression is a 
function of the random variables z(t) and o(t). Therefore the in- 
dicated moment itself is a random variable which fluctuates with 
the input and output variables. A usefuy! measure of the quality 
of indication is given by the mean value of the indicated moment 
and by its variance, that is, its mean-sduare deviation from its 
mean value. The square root of the variance, the standard devia- 
tion, a, thus gives the deviation from the true moment within 
which the majority of numerical values for the indicated moment 
will lie, when calculated from the infinite group of possible input- 
output samples, 7 seconds long. Thus a small variance means 
that the indicated value at a given time is likely to lie close to the 
mean value. In the continuous determination of a system mo- 
ment, the variance is the “noise power’’ superimposed upon the 
mean value of the indicated moment. When the indicated moment 
is used to actuate a control-system adjustment, 
flutter, consuming an amount of power proportional to the 
variance, and can cause the system to exceed acceleration, torque, 
or current limits. A small variance means less noise and is highly 
desirable. 

Mean Value of Indicated Moment. When an indicated moment, 
Equation [30], [31], or [32], is averaged, for an infinite length of 
time, the result is the same as if the finite-time averaging were 
replaced by an infinite-time average. Thus, from Equation [30], 
the mean value of the indicated cross-correlation moment. is 


DoW ar... 


The error due to finite-time averaging does not appear in C,*, 
but the error due to the finite limits of 7-integration still remains, 
since in replacing the infinite limits of Equation [28] by the finite 
limits of Equation [29], some of the true moment is irretrievably 
lost. However, when the correlation function decays exponen- 
tially as 7 > + © (as is true in many practical cases), there are 
always values of the limits for which the error in the mean value 
is less than any given amount, because the exponential decay of 
the correlation function offsets the effect of 7" for any n. 

To illustrate this effect, a single-lag unity-gain system, Equa- 
tion [27], with a white-noise input 7(¢) will be considered. For 
white noise the input autocorrelation function is an impulse (3, 
4); hence all the autocorrelation moments except Ao are zero. 
When units are chosen so that Ap = 1, the cross-correlation func- 
tion is identical with the system impulse response; thus, C, = H, 
for all n. Since g(t) = 0 for t < 0, Equation [27], the lower limit 
of r-integration (—b) may be taken equal to zero; hence ~~ 
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noise causes 
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Fig.4 Expected distribution of indicated first moment for a single- 
lag system 
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The solid line of Fig. 4 shows the mean value of indicated first 
cross-correlation moment for this system as a function of the in- 
tegration limit a. For the indicated first moment to have a mean 
value of 80 per cent of the true first moment, which for this case is 
equal to the system time constant 7',, a must be three times 7’ ,. 

For the nth moment, the integrand in Equation [34] has its 
maximum value at 7 = n7',, and as the moment order increases, 
the contribution to the integral due to lower values of t becomes 
less. Thus for the higher moments, better computer components 
and higher values of a are needed for a good approximation to the 
true moment. 

Variance of Indicated Moment. The expression for the variance 
of the indicated first cross-correlation moment, calculated from 
Equation [30], is derived in the Appendix. The result is 


1 7 a T a 
o*(C,*) = a f rar a f 
0 —b 0 —b 


es l T a T a 
f af var ac f 

0 —b 0 —b 


For the single-lag system just discussed 
{1 — (@ + 


5 — (2a? + 4a + 4)e~* 


(6 — (a? + 3a? + 6a + 

where = a/T,. 

Equation [36] can be spot-checked with two degenerate cases. 
If ais zero, the variance is zero. If T is infinite, all of the noise is 
filtered out and the variance is zero. 

Fig. 4 shows the behavior of Equation [36]. Paradoxically, 
when 7 is held fixed, an increase in the integration limit a makes 
matters worse by increasing the variance. In the range where a is 


several times 7',, the first term is most significant and the variance 
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is proportional to a*. A small a and large 7’ are desirable to keep 
the variance down. However, as a is reduced, less of the true 
moment is ‘seen’? and the error in the mean value of the in- 
dicated moment is increased. 

In each application of the moment-detection scheme, thought 
must be given to the choice of integration limits and averaging 
time or the indicated moment will be valueless because of noise, 
mean-value error, or sluggishness. 

The desirable parameter values depend on the application. 
When the indicated value is to be read on a meter, small variance 
is desirable. When the indicated moment is used to adjust a con- 
troller, the response of the adjustment can have considerable lag 
which can be used to filter noise. i 


Experimental Results 


The moment-detection scheme described in the foregoing was 
tried experimentally on a simple linear system, using the equip- 
ment shown in the block diagram of Fig. 5 and the photograph of 
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Fig. 5 Block diagram of test equipment 
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The Random-Signal Generator. The random-signal generator 
and the electrical lag simulate the signal and unknown process to 
which the rest of the computing elements are applied (17). 

The basic signal source or noise generator is a neon bulb (N.E.- 
2-'/2, watt) in series with a 90-volt battery and a 0.5-megohm 
resistor. The output is coupled with a 1-yf capacitor to the next 
stage of amplification. Normally, the output is steady at a root- 
mean-square value of 0.7 millivolt. A Ballantine Decade battery- 
powered amplifier is used to increase the rms level to 68 millivolts. 
Then the signal is amplified by three a-c coupled stages powered 
by a Philbrick HK manifold. The final output of the signal 
generator is 16 volts rms. At this level succeeding components 
can handle most of the noise peaks without saturation. Because 
of the high over-all amplification, battery power for the source 
and the first stage of amplification is necessary, and the units re- 
quire complete metal shielding. The random input signal has 
approximately constant power density from 100 to 10,000 radians 
per sec, and may therefore be treated as white noise in this ex- 
periment. 

The variable system is a simple lag made up of a variable re- 
sistance and capacitance, or several unit lags in series. To instru- 
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Fig. 7 Oscillogram of input and output of experimental system. 
Upper trace, input; lower trace, output. 


ment the simple lag, a standard analog-computing component, 
the Philbrick K3-L unit lag, is used. The general appearance of 
the oscilloscope traces of input and output, when the system is a 
single lag, is shown in Fig. 7. 

Setting the Delay Line. If the system excitation is wideband 
relative to the system, it is seen by the system as white noise. 
Hence the cross correlation corresponding to a negative 7 has 
small value, and b can be set equal to zero. The resulting formula- 
tion of Equation [30] for determining the first moment is 


C\* = (1/T 7) [fc t{— r)dr | dt..... [37] 


This scheme for determining the first moment requires the 
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Experimental test setu 


delay-line impulse response shown in Fig. 8(6). Potentiometers 
are easily adjusted so that the delay line gives this response when 
the input is an impulse (obtained by differentiating a square 
wave). When the system input is fed into the delay line with 
impulse response of Fig. 8(b), the delay-line output is the 7-inte- 
gration of Equation [37]. For comparison, the delay-line impulse 
responses for the computation of zeroth and second moments are 
shown in Figs. 8(a) and 8(c), respectively. The relative values of 
a shown in Figs. 8(a, 6, c) indicate the relative values needed to 
give approximately equal truncation errors in computing zeroth, 
first, and second moments. As shown later, Fig. 10, the value of a 
must be increased for higher moments to sense the same per- 
centage of the true moment. 

Observations. When the equipment has 
suitably, the indicated moment can be read directly on the scale 
of the d-e voltmeter. A small d-c bias is necessary to offset the 
cumulative effect of zero drift in the system, and a gain ad- 
justment is necessary to match the meter scale to the numerical 
values of the moment. The relationship between the output volt- 
age of the detection equipment and the value of the moment can. 
be determined either theoretically from the gains of the delay 
line, multiplier, and amplifying components, or experimentally, 
by application to a known system. 

As the lag setting of the system js changed, the meter follows the 
changes, but with the lags acadieoed by the 7-weighting and the 
averaging integration. The indicated moment is seen to be a 
random signal. The needle wanders in a small range around the 
indicated value as the fluctuations in the random signal test the 
unknown system. When a sudden change is made in the time 
constant of the single-lag system, the indicating needle progresses 
toward the new moment value with hesitations. If the averag- 
ing time 7’ is reduced, the indicated moment becomes noisy, run- 
ning from one end of the dial to the other, but with a mean value 
which is the same as when a longer averaging time is used. With a 
long averaging time, the needle comes to rest on the mean 
value. In the test setup, the averaging operation is approxi- 
mated by a single-lag filter with time constant 7’. 

Fig. 9 shows that with the demonstration equipment, with 
a = 6.25 millisec, the indicated moment agrees closely with the 
true moment for lags from 0.25 to 1.4 millisec. Sources of error 
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(a) 


Fig. 8 Impulse response of delay line when adjusted for moment computation. 


(c) second moment. 
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Fig.10 Truncation error for zeroth, first, 
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(a) Zeroth moment; first 


CALIBRATION CURVE 


© EXPERIMENTAL POINTS 


TRUE SECOND MOMENT 


@ 


INDICATED SECOND MOMENT (secs io’) 


and second cross-correlation moments 


INDICATED FIRST MOMENT 
Fig. 9 First moment detection: Calibra- 
tion curve and experimental results (a = 
6.25 millisec 


at the lower limit of accurate indication are inadequate high fre- 
- quencies and instability in the noise source and delay line which 
make it difficult to discern the small indicated value. 

The main source of error at the upper limit of accurate indica- 
tion is that the length of the delay line, parameter a in Figure 
8(b), is not large enough to include sufficient area of the cross- 
correlation function. If the length of the delay-line ramp is three 
times that of the time constant, i.e., if a = 37,, then the solid 
line of Fig. 4 shows that the mean value of indicated first moment 
is approximately 80 per cent of the true first moment; thus even 
with an infinite averaging time 7, 20 per cent of the true moment 
is “lost,’’ because the 7-integration is truncated at a. If a is held 
constant as the system time constant 7’, increases, the ratio 
a/T , decreases, and the per cent of the true moment which is 
lost increases rapidly, so the indicated moment does not increase 
proportionately. 

If first moment values are desired in the range where truncation 
error is significant, the calibration curve of Fig. 9, giving the true 
moment in terms of the mean value of indicated moment, may be 
used. This calibration curve was computed from the solid line of 
Fig. 4. For a fixed delay-line length a and variable 7',, Fig. 4 
shows the per cent of the true moment value C; which is “‘sensed”’ 
as the mean value of indicated moment. The experimental re- 
sults shown in Fig. 9 are in close agreement with the theoretical 
calibration curve. The system performs equally well when two 
lags in series are the variable system. The mean value of indicated 
first moment is proportional to the total mean delay, the sum of 
the two time constants. 

Corresponding to the calibration curve of Fig. 9, which shows 
the effect of truncation error on the first moment with white- 
noise input, similar curves can be derived for the other moments. 

~ Curves showing the mean value of indicated zeroth and second 


Fig. 11 Second moment detection: Cali- 


bration curve and experimental results : 


(a = 6.25 millisec) 


moments as a pere 


‘entage of the true moments, Equation [34], 
plotted against a/7,, are shown in Fig. 10. 


(For comparison, 
the corresponding curve for first moment, repeated from Fig. 4, is 
also shown in Fig. 10.) The theoretical calibration curve of Fig. 
11 was obtained from the second-moment curve of Fig. 10. 

If the second and higher moments of the input autocorrelation 
function are not zero, indicating a nonwhite input signal, other 
groups of calibration curves can be derived. The detection, 
equipment has been used successfully to determine moments of 
the cross correlation resulting from nonwhite system input. 

Measurement of Second Moment. In addition to the first 
moment, the second moment is required to determine the lag time 
constant and delay time of a pure-delay-plus-simple-lag model of — 
system response. 
in the on 
System Parameters.”’ 

An experiment was made to investigate the feasibility of deter- 
mining the second moment. The only change made in the ex- 
perimental setup of Fig. 5 is an adjustment of the delay-line 
synthesizer for an impulse response of ¢? for 0 < t < a, and zero 
elsewhere, as shown in Fig. 8(c). Equation [25] gives the relation- 


section “Relation Between Moments and Other 


ship between the measured second moment of the input-output » 
cross correlation and moments of the system impulse response " 


and input autocorrelation. In this experiment, Ho was held con- 
stant -because a change in the time constant of the resistance- 
capacitance lag used does not affect the system gain, which is the 
zeroth moment. Ao and A, are constants because the input is 
stationary; furthermore, in this experiment Az = 0 because the 
input is white noise, whose autocorrelation is an impulse. With 
units chosen to make Ap = 1, the second moment, Ho, of the lag 
is 27,2. Therefore the detected moment should increase with the — 
square of the time-constant value. : 
The experimen‘al results are shown in Fig. 11. The indicated 
second moment is below the true value for high values of 7',. This 


The required relationships have been derived 
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Fig. 12 Variation of indicated mean delay with system gain. 


(Circles denote experimentally-determined points.) 


discrepancy is shown on the calibration curve, which can be used 
to convert the mean value of indicated moment to the true 
moment value. 

Variable-Gain System. In the previous experiment, the correct- 
ness of the moment-detection theory and the feasibility of 
moment detection of a system with constant gain are shown. 
In practical application, the system gain as well as system dy- 
namics vary. To characterize the system dynamics inde- 
pendently of system gain, the mean delay 7',, must be calculated 
from the first moment. 7’,, can be expressed in terms of calculable 
moments of the input-output cross correlation by dividing Equa- 
tion [24] by Equation [21] and substituting into Equation [6] 


Tm = C:/Co 


To demonstrate the determination of 7’,,, a system consisting 
of a signal amplifier and the lag of the previous experiment is used 
for the time-variable system of Fig. 5. The gain and time con- 
stant of this system can be changed independently by adjusting 


the amplifier and the lag resistance. In addition to the detection 
equipment shown in Fig. 5, identical units are used to determine 


simultaneously the zeroth moment Cy. The delay line used for 
Cy is adjusted to give a flat impulse response for 0 < ¢ < a as 
_ shown in Fig. 8(a). The integration limit a does not have to be 
as large as a of Fig. 8(6) to make the indicated Cy* the same 
_ percentage of the true Co as the indicated C;* is of the true C,. 
The indicated C,* is divided by C)* with a Philbrick analog 
divider. 
The effect of system-gain variations on iridicated mean delay for 
a given system-lag setting is shown in Fig. 12. 
Measurement of Autocorrelation Moments. All of the equations 
- which relate the measured moments of the input-output cross 
correlation to the desired moments of the impulse response involve 
moments of the input autocorrelation function. The determina- 
tion of the values of the autocorrelation moments presents no new 
problems in theory or practice. The detection equipment de- 
scribed in the preceding paragraphs would indicate the moments 
of the input autocorrelation function with no change in Fig. 5, ex- 
cept the replacement of o(¢) by z(t) as the multiplier input. Equa- 
tion [32] describes this instrumentation. 


Applications to Design of Self-Optimizing Systems 

The foregoing analog-computer experiments suggest several 
applications of this technique for determining impulse-response 
moments which should be useful in control problems. While the 
analog-computer experiments were performed in a time scale of 
milliseconds as a matter of convenience, the same technique is 
applicable to systems which are slower or faster, provided the 7- 
integration limits a and 6 and the averaging time 7’ are adjusted 
accordingly. 

One suggested application requires the determination of only 
the autocorrelation moments. As the ratio of the second moment 
to the zeroth moment decreases, the autocorrelation of the signal 
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is narrowing and the signal power in high-frequency bands is in- _ 


creasing. If the change is caused bya nonstationary noise corrupt- 


ing a stationary signal, the time constant of the filter can be re- _ 


duced to decrease signal loss without passing more noise. 

In other applications the controlled system may be the only 
time-varying element. The system input is stationary, and the 
input autocorrelation moments are constants. Their values, when 
once determined, can be used without continuous detection. For 
example, in the experimental setup just described if the change 
in the demonstration lag were caused by temperature change of a 


resistance, the indicated moment signal could be used to control _ 


a heating device which would restore the original system dy-_ 
This system carries the feedback loop directly to the — 
system dynamies which are to be controlled and avoids the | 
necessity of interpreting the measurement of a group of disturb-_ 


namics. 


ances in terms of their effects on the system dynamics. 

In other cases the signal can be used to compensate the con- 
troller for the change in system response. For example, if the 
time-varying system is a chemical process whose speed of re- 
sponse is increasing during start-up, the indicated moment can be 
used to adjust the controller. One method of controller optimiza- 
tion is to adjust the controller settings for a delay-plus-iag model 
of the process. As the process dynamics change, the indicated 
moments change, and the controller settings can be altered ac- 
cordingly to maintain optimum control. 

The method should prove useful for self-adjusting control 
when both the system itself and the statistical properties of the 
input are slowly changing. Changes in the frequency distribution 
of the system input can be detected with Equation [32] which 
gives the moments of the input autocorrelation. The cross-corre- 
lation moments are determined from Equation [31]. Changes in 
the dynamics of the system can be determined with Equations 
[21], [24], and [25] which give the moments of the system impulse 
response in terms of the autocorrelation and cross-correlation 
moments. The autocorrelation moments used to detect chenges 
in the input characteristics are thus used again in determining 
system characteristics. 


Conclusion 

The use of moments of the correlation functions, as described 
in the foregoing, appears to be a useful inethod for characterizing 
a system from the random variations in its input and output dur- 
ing normal operation. Equations given in the paper provide a 
means for determining the design specifications for equipment and 
averaging time required to achieve a given accuracy. 

An experiment using a simple linear system has shown that the 
technique is feasible with physical equipment. This indicates the 
possibility of applications to more complex systems in which sig- 
nals based on the moments would be used to actuate a self- 
optimizing controller. 
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APPENDIX 

Variance of Indicated First Moment 4 

is defined as C,*? — 

—(€,*, where the bar denotes an ensemble average (16). From 
Equations [3] and [30], the expression for calculating the first 
cross-correlation moment is 


T a 
* = (1/T) f, ait) f°, rar [38] 


which may be substituted into the definition of variance to cal- 
culate the variance of the indicated moment 


The variance ¢? of a random variable C,* 


a 
o(C,*) = J aio rdrott+r)| 


4 


. 
| — at i(t) + | 
T Jo 


[39] 


In Equation [39] the dummy variables in the second factor of 
the first term have been changed to prevent altering the integra- 
tions when the order of operations is changed. The random 
variables in each term can be collected under all the integration 
signs without confusion because each integration is identified with 
its own dummy variable 


= 


T 
af tdr az | ydy i(t) o(t + r)i(x)o(x + y) 
T 0 —b /0 —b 
ry T 2 
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The ensemble average may be considered to be the result of © 
making at any instant, if it were possible, a very long average with 
respect to time without a change in the statistical properties of 
the variable averaged. The ensemble average can be inter- 
changed with the other integrations in each term of Equation 
[40] 


. [40] 


= 


T a a 
: dt tdr dx ydy i(t)o(t + r)i(xz)o(x + y) 
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The ensemble average in the second term is by definition the 
input-output cross correlation. To calculate the ensemble average | 
in the first term would require the second-order joint probability 
distribution of the two variables if they were not Gaussian. For 
Gaussian random variables (16) 


i(o(t + + -y) = + + + y)] 
+ [o(t + r)o(z + y)]) 
+ [i@o(z + + 


Therefore 
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If one factor of the last term is written with the dummy variables 
z and y, the last term is identical to the first term; therefore 
Equation [35] results. Since the filtering action of a control sys- 
tem tends to make non-Gaussian random signals more nearly 
Gaussian (16), Equation [35] should be a reasonable approxima- 


tion for most random inputs encountered in practice. 


The derivation of equations for the variances of the other in- 
dicated cross-correlation moments is similar to this derivation for 
the first moment. Corresponding expressions for the variances of 
the indicated autocorrelation moments can be obtained merely 
by substituting i(é for o(t) in Equations [38] through [42]. 
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E. G. Holzmann.’ The authors present an interesting and 
novel technique for the measurement of system dynamic charac- 
teristics. Their paper merits commendation not only because of 
the ingenuity with which they have tackled a difficult problem, 
but because the lucid style succeeds in making the solution appear 
sO easy. 

As presented, the technique is restricted to systems which are 
inherently stable and self-regulated; i.e., systems whose transfer 
function H(s) is analytic in the entire right-half s-plane, including 
the origin. Systems which fail to meet this requirement include 
many that would stand to benefit most from self-optimizing con- 
trol because they are difficult to control by present methods. 

For instance, the reaction rate in some chemical batch processes 
rises during the initial phase of the process, reaches a peak, and 
then falls off during the remainder of the cycle. The system trans- 
fer function changes with the reaction rate. In one particular 
polymerization process studied by the writer, a pole of H(s) 
moved along the real axis from the left half of the s-plane into 
the right half as the reaction rate increased from zero to maxi- 
mum. The controller could be adjusted to insure stability, but 
not to give optimum response under all conditions of operation. 

The method disclosed in the paper should, therefore, be ex- 
tended to the more general case of systems characterized by 
singularities at the origin and in the right half of the s-plane. 


It would be most inte re sting to have -~ authors’ comments on 


this problem. 


Vs 

The authors are indebted to Mr. Holzmann for his diecu ussion 
in which he considers systems characterized by singularities at 
the origin and in the right half s-plane. The dynamic charac- 
teristics of these systems can be determined by a slight modifica- 
tion of the moment-detection technique even though the system 
moments defined by Equation [5]! and the cross-correla- 
tion moments defined by Equation [20] are all infinite. 

Let us first consider such a system disturbed by white noise, 
which has an impulse as its autocorrelation function. In this 


Authors’ Closure 


~ ease Equation [4] shows that the cross-correlation function is 


identical to the impulse response except for a proportionality 
constant equal to the area of autocorrelation impulse. If the 


5 Atomic Power Equipment Department, General Electric Com- 


pany, San Jose, Calif. — 
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cross correlation is multiplied by the exponential e k7 where the 

arbitrary value of k is greater than the real part of the most un- 

stable system pole, the moments of the new function e~*’@,,(7) 

are finite and can be detected. The expression analogous to 
Equation [30] for the nth moment of e~*’@,,(7) is 


1 t a 
T o(t) Lf * — rar | dt 


From Equation [44] it is evident that the detection procedure is 
the same as that described in the section on the “Continuous | 


Analog Computation of Moments’’ 
sponse of the filter used in step 1 is 
be h(t) = tm O<t<a 


=0 t<0, t>a 


except that the impulse re- 


by other means (15). 


which can be readily instrumented on a delay-line synthesizer or 


This use of the weighting factor e~*’ to extend the application 7 nd 


of the moment detection scheme is analogous to the use of the 


decaying exponential in the Laplace transform to extend the use 


of the Fourier transform. 


If the system input is not white noise, two additional problems | 


must be considered. One is the problem of relating the moments 


of the e- *7¢,,(7) function to the impulse response. If both sides ¥ 


of Equation [4] are multiplied by e~*” 


$,.(T) = h(wje e* — wdu...[45] 


From Equation [45] it is evident that e~*’@,,(7) is the result of 


the convolution of e~** h( uz) with e~*’¢,,(7). 


of e~*“ h(u) can be determined from Equation [21] through [23] _ 


where the letters now refer to the function weighted with the ex- — 


ponential. 


The second problem arises in determining the moment of | 


cies so that e~*’¢;,(7) has finite area for negative T 


The input signal must contain sufficient high frequen- _ 


In applications of this modification of the moment-deflection _ 


technique, as in applications of the technique itself, the chief 


accurate measurements from statistical data. For this 


other modifications of the technique, the relation between aver-_ 


aging time and precision of measurement can be obtained by 


= 


Hence the moments 


limitation is the length of averaging time 7’ necessary to obtain © 
and 


t 


plotting sets of curves similar to Fig. 4. =o 
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Gyro-Integrating 


By L. T. AKELEY,'! L. A. BATCHELDER,? anv D. S. CLEVELAND! 


This paper describes an integrating mass flowmeter designed 
for high-pressure natural-gas metering. The meter described 
provides direct reading of pounds of gas on a cyclometer register 
as well as electrical contacts for remote telemetering mass flow. 
No electronic elements are used in the design. A three-axis 
gyroscope is used for integrating. The meter is designed for 
1 per cent integrating accuracy over 30 to 100 per cent of rated 
flow. It operates over a 20 to 1 flow range. 


Introduction 

In 1953 V. A. Orlando and F. B. Jennings presented a paper 
(1)* describing a mass flowmeter as originally designed and 
manufactured to measure mass rate of fuel flow for aircraft. 
Other papers (2, 3) have since been written telling of the success- 
ful application of this mass-flowmeter principle to aircraft-fuel 
measurement and of the advantages of mass-flow measurement 
of aircraft fuels. 

The advantages of mass-flow measurement of gases are as great 
or greater than for liquids. This fact is becoming more widely 
recognized (4) and is evidenced by efforts being made to correct 
basic volumetric-measuring instruments for density variations 
by automatic means. 

Many volumetric flow-measuring systems are in use today (5). 
The diaphragm-type displacement meter is commonly used for 
low-pressure, low-flow gas metering. The rotating-vane meter 
and the cylinder or ball in a tapered tube meter have many 
applications. The venturi tube has been used widely for water, 
steam, and other fluids. The orifice plate has had almost uni- 
versal acceptance for high-pressure natural-gas metering. 

Accepted practice in the gas fields today is to use an orifice 
meter to record gas pressure and pressure drop across the ori- 
fice against time. From this record, usually a round chart, 
total volumetric flow is determined by mechanical integration 
with appropriate corrections for specific gravity, temperature, 
pressure, and so forth, as specified by orifice meter recommended 
practices (6, 7). 

Energy potential of fuel is associated with its mass, not its 
volume. With volumetric measurement, for instance, use of 
different fuels in aircraft at different temperatures and altitudes 
results in variation of fuel density, and consequent inaccuracy 
of measurement of fuel-energy potential; which explains the 
preference for mass-flow measurement of jet-aircraft fuels. 

The mass flowmeter has few of the limitations of the orifice 
and other volume-measuring meters. It requires no tempera- 
ture, pressure, or specific-gravity correction and will measure 
accurately mass flow of mixed or changing phase. Viscosity 
variation wil! introduce little or no error. An instrument may 
he calibrated with one fluid and used to measure another. This 
can be very convenient in a gas meter. 

Instrument 
Lynn, Mass. 

?Development Engineer, Instrument 
Electric Company. Mem. ASME. 

3’ Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Instruments and Regulators Division and 
presented at the Instruments and Regulators Conference, Newark, 
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Mass Flowmeter _ 


J. R. MacIntyre and R. G. Ballard reported (8, 9) early work 
in applying the mass-flowmeter momentum principle to the 
measurement of natural gas. They describe two approaches for 
obtaining integrated meter readings. In one case an electrical 
transducer is attached to the flowmeter turbine, sensing mass- 
flow rate and providing an a-c voltage proportional to mass-flow 
rate. This voltage is fed into a null-voltage servo system with 
amplifier, positioning one element of a ball and disk integra- 
tor to drive a cyclometer register at a rate proportional to the 
flowmeter signal, and thus to integrate mass flow. While this 
system works well where controlled-frequency power is available, 
it has a frequency error and is more complex than desired. The 
other approach described attaches an eddy-current retarding disk 
to the flowmeter turbine element so that the disk and turbine 
rotate at a speed proportional to turbine torque. A cyclometer 
register driven by the disk shaft integrates the rotation. This 
system has the desired simplicity, but may have certain non- 
linearities since allowing the turbine to rotate prevents it from 
absorbing all the flow momentum. This system can be made 
linear for a particular gas density. 

This paper describes an integrating mass flowmeter which 
provides a direct reading of the total fluid flow in pounds. It 
uses standard momentum-principle mass-flowmeter elements 
described by previous authors (1, 2, 3) plus a three-axis gyro- 
scope which is made to precess at a rate proportional to mass- 
flow rate. The precession axis of the gyro is geared to a direct- 
reading cyclometer register and to contacts whose rate of pulsa- 
tion is proportional to flow rate. The contacts may be used for 
remote indication, integration, or both. 7 : 


Functional Description 


Figs. 1 and 2 show how the various elements of the gyro- 
integrating mass flowmeter function. Flow enters the meter 
from the left to pass through the rotating impeller element. This 
impeller, driven by a synchronous electric motor, imparts angular 
mumentum to the flow before it enters the turbine element. 
Impeller and turbine elements are similar in that their flow 
passages between two concentric shells have multiple evenly 
spaced vanes in planes through the axis of rotation. The turbine 
element is pivoted on low-friction jewel bearings and is restrained 
so that angular momentum imparted to the flow in the impeller 
is removed in the turbine and converted into torque on the 
turbine element. Flow leaving the turbine element has no 
angular momentum. 

The foregoing describes basic functional flow elements com- 
mon to existing mass flowmeters of the axial conservation-of- 
momentum type, in which turbine torque is proportional to 
mass-flow rate and impeller angular velocity. In this design the 
torque is carried to an integrating gyro and converted into 
cyclometer register revolutions and electrical pulses. Figs. 1 
and 2 show how turbine torque inside the pressure vessel is 
carried outside to an integrating gyro by means of a magnetic 
coupling. The magnetic coupling converts turbine torque to a 
proportional torque about the minor axis of the integrating gy: 
making the gyro precess about its major axis at a rate propor- 
tional to turbine torque. Thus turbine torque, which is pro- 
portional to mass-flow rate, produces gyro precession, making 
the cyclometer register, which is geared to the major axis of the 
gyro, read integrated mass flow. The magnetic coupling which 
brings turbine torque out of the pressure vessel to the inte- 


| 


| | 
| 
> 


-§ TRANSACTIONS OF THE ASME 


CYCLOMETER 


REGISTER—__ 


IMPELLER— 
FLUID PASSAGE HOUSING / 


SHROUD 


= | MAJOR AXIS 
MAGNET FOR 
EDDY- CURRENT 
LEVELING 


ow 


FLUID PATH 
SYNCHRONOUS MOTOR 


Fig. 1 


2 


ANNULAR SPACE 
DECOUPLING DISK 


Gyro-integrating mass-flowmeter schematic. The axial conservation of momentum flowmeter 


is combined with a three-axis gyroscope and register to provide a direct and continuous integration 


Fig. 2 Gyro-integrating mass flowmeter installed in a pipeline. 
of torque from turbine to gyroscope and subsequent gearing to register. 


rangement for installation purposes is shown. 


grating gyro need not be and is not a linear force device. It is 
important, however, that error-causing friction forces be kept to 
a minimum. To accomplish this magnets are designed to mini- 
mize side thrust between inner and outer magnets. In‘ addition, 
the inner magnet is equipped with small rollers (not shown in 
Figs. 1 and 2) which ride on the inner diameter of the pressure- 
seal tube. 

The shaft bringing magnetic coupling force to the gyro applies 
its force to a lever arm which in turn applies torque to the minor 
axis of the gyro. This lever-arm length is adjustable, providing 
a means for adjusting turbine torque-to-gyro rpm ratio of the 
flowmeter. This provides adjustment for calibration purposes. 
Once the meter is calibrated the adjustment is locked in the 
desired position. 

The impeller motor is a synchronous motor operating from 
single-phase, 120-volt, 60-cycle power. It is important that it 
be synchronous, as well as the gyro motor, so that impeller and 
gyro-motor speed ratio be constant. Synchronous-power output 
of the impeller motor must be adequate to supply power to the 
impeller for accelerating the fluid at peak-flow loads. It also 
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must start and pull the impeller into synchronism under full- 
load conditions. 

The gyro motor is a synchronous motor with adequate output 
to supply precession accelerating and driving torques delivered 
through the leveling system, as well as its own bearing and 
windage torques. 

Theory of Operation 

Fig. 1 reveals the basic operational elements of the flowmeter. 
A brief mathematical analysis shows that the output of the meter 
is in mass units and is independent of power-supply voltage and 
frequency variations. 

Assuming that all of the angular momentum imparted to the 
fluid by the impeller is removed by the turbine it has been shown 
by other authors (1) that 


where 7 = turbine torque 
R effective radius of gyration of fluid with respect 


_ to axis of rotation of impeller 


= 
= 
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W, = impelle~ angular velocity 
dM //dt = mass rate of fluid flow 


Equation [1] indicates that turbine torque T is dependent only 
upon mass-flow rate dM/dt, impeller angular velocity W,, and 
geometry of the impeller and turbine. 

Torque T on the turbine is converted into force on the re- 
straining magnetic coupling as shown in Figs. 1 and 2 and by 
means of a lever system is resolved into a torque 7g on ti.. 
minor axis of the three-axis gyroscope. The precession rate 
Wp on the major axis of the gyroscope may be expressed as 


where Jg = moment of inertia of the gyro rotor and Wg = angu- 
lar velocity of the gyro rotor 


Tg = [3] 


where K;, is a constant. 
¢ Substituting Equations [1] and [3] into Equation [2] gives 


wp =x. 
We) 


R? 
Jg 


where 


Ww t xX = 
p = cons dt 


and gyroscope-precession angular velocity is directly proportional 
to mass-flow rate, independent of power frequency and voltage 
variations. 

In utilizing a three-axis gyro as a transducer of torque to angu- 
lar velocity it is important that the gyro be maintained level 
within a relatively small angle of tilt in order to maintain ac- 
curacy. The term “level’’ as used herein means the condition 
where the major and spin axes are orthogonal. An analysis of 
the error associated with tilt shows that maximum tilt from level 
should be in the order of 1 or 2 deg for a negligible error. 

The cause of gyro tilting is load torque about the major axis 
which causes a precession or tilt about the minor axis. This is 
similar to the application of torque about the minor axis causing 
precession about the major axis, the function of the gyro as a 
torque integrator. 

The load on the major axis is composed of bearing friction, 
as well as loads attributable to the mechanical register, electri- 
eal contacts, and associated gearing for the latter two. Tran- 
sient-flow torques are sufficiently damped and the gyro response 
is such that gyro tilt caused by these transients introduces 
negligible error to the integration. 

Referring to Figs. 3 and 4, the eddy-current leveling system 
operates as follows: A magnet assembly consisting of cylindrical 
permanent magnets pressed into an iron disk is attached to the 
gyro rotor shaft which rotates at 3600 rpm. Two stationary 
leveling rings made of nonmagnetic electroconductive material 
are secured in close proximity to the magnet assembly and con- 
centric with the gyro major axis. The magnets with opposite 
poles adjacent induce eddy currents in the rings which produce 
magnetic fields opposing those of the magnets. The reaction of 
the fields produces horizontal reaction forces F; and F; on the 
magnet assembly as shown. Small vertical components F, 
eancel. With rings placed equidistant above and below the 
spin axis and the gyro level as shown in Fig. 3, force F; = F2 
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Fig. 3 Gyro leveling system schematic. A magnet assembly 
rotating at high speed in close proximity to electroconductive rings 
develops torque to maintain the gyroscope level. 


Fig. 4 Gyro-integrator unit. Gyro is shown complete with its 
outer frame. Gearing from the gyro major axis to cyclometer 
register is shown as well as cam-operated electrical contacts for 
remote integration. 


and no leveling torque is developed. When the gyro tilts 
downward due to a torque 7',, on the vertical axis as shown F, 
increases and F; decreases due to the fact that more flux is cut 
by the top ring and less by the bottom ring. This results in an 
equal and opposite leveling torque 7, being produced. The 
opposite is true if the gyro tilts upward. Thus the gyro will 
seek an angle of tilt just sufficient to “null’’ load torque on the 
major axis. This leveling system is continuously automatic, 
sensing change in level and providing torque to restore level 
within practical tolerances. Fig. 5 shows the results of a typical 
test on the leveling system to determine the torque-gyro-tilt 
relationship. 

In the gyro-integrating mass flowmeter gyro precession is 
established in one direction of rotation and as a result load 
torques due to bearings, and so on, are in one direction. Since it 
is desirable to have the gyro level under normal load conditions, 
the rings are biased with respect to the spin-axis level position to 
develop leveling torque equal and opposite to normal load 
torque. One method of “biasing’’ the rings is to move the rings 
axially along the major axis until the gyro operates level with 
normal torque load. 


Performance 
The gyro-integrating mass flowmeter described in this paper, 
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Fig. 5 Gyro leveling-system test. Test results showing typical 
torque-tilt relationship of integrating gyroscope. 


shown in Fig. 6, has been designed primarily for metering high- 
pressure natural gas. It is designed to meet explosion-proof 
requirements for indoor and outdoor applications at operating 
pressures up to 2000 psi. The meter is designed for an integrat- 
ing accuracy of 1 per cent over 30 to 100 per cent of its flow 
rating. It reads mass of gas flow directly on a 6-dial cyclometer 
register, viewed through a window in the upper casing, Fig. 6. 
The high-speed dial reads 10 lb per digit, a flow capacity allow- 
ing monthly reading at 10,000-lb-per-hr flow rate, if desired. 
Electrical contacts, operating once per 10 Ib of flow, provide 
means for remote integration and/or indication. Electric 
power at 120-volt, 60-cycle (approximately) and of about 20 
watts is required to operate the meter. 

Flow tests as reported in Figs. 7 and 8 were made at Black, 
Sivalls, and Bryson, Inc., Laboratory Facilities in Oklahoma 
City. Prior to testing of the design described in this paper, 
tests were run on an earlier design sample in a 700-psi natural- 
gas line at Clearlake, Tex. These tests provided varied infor- 
mation, including information on choice of materials, lubrica- 
tion, finishes, and so forth. 

The closed-system tests of Figs. 7 

tural gas having a specific g r 


and 8 were made with 


Fig.6 Gy ntegrating mass flowmeter. Unit designed specifically 
for measu: «sent of high-pressure natural gas with a register read- 


ing directly in pounds of gas. 
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Fig. 7 Flow test of gyro-integrating mass flowmeter. Presents 
data for a series of flow tests over a flow range of 20 to 1 and a 
pressure range of 5 to 1. Tests at two impeller speeds illustrate 
range changing by means of changing impeller speeds. 
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Fig. 8 Pressure-drop test of gyro-integrating mass flowmeter. 
As depicted a flow of 10,000 lb per hr or approximately 5 million 
scfd of natural gas at 250 psi static pressure would result in only 
1 psi, or approximately 28 in. of water pressure drop. 


a pressure range of 200 to 1000 psi. Tests were made at two 
impeller speeds to demonstrate change of rating. With impeller 
speed of 73 rpm the meter was operative from 750 to 16,000 Ib 
per hr, a 20 to 1 operating range, as seen in Fig. 7. With im- 
peller speed changed to approximately 183 rpm by changing the 
impeller-drive motor, flow rating of the meter was reduced as 
shown. If the 73-rpm impeller-speed meter were to be rated 
a 12,500-lb-per-hr meter, then the 183-rpm impeller speed would 
be rated a 5000-lb-per-hr meter. Fig. 7 shows that the meter 
tested could be so rated to have a 25 per cent above-rated flow 
capacity and a 20 to 1 operating range. 

Fig. 9 shows the gyro-integrating flowmeter in the closed- 
circuit natural-gas test system. Here natural gas is introduced 
into the closed system at any desired pressure up to 1000 psi 
and circulated through the mass flowmeter in series with an 
orifice meter. Mass-flow rates were determined by multiplying 
orifice-meter-calculated volumetric flow rates by gas density, 
determined from specific-gravity measurements. Pressure drop 
of the mass flowmeter was measured directly with a high-pres- 
sure mercury column and plotted against flow rate as shown in 
Fig. 8. Precession speed of the gyro was determined by timing 
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installed in natural-gas flow test circuit 


Fig. 9 Gyro-integrating mass fi t 


several revolutions of the gyro while maintaining constant flow 
rate. 

Fig. 8 tests show that pressure drop is a function of both flow 
rate and gas pressure. Test points are not shown. Pressure 
drop for example is approximately 0.2 psi with 5000-lb-per-hr 
flow at 250 psi and with 10,000-lb-per-hr flow at 1000 psi. 

Precession speed of the gyro is plotted against orifice-meter- 
calculated mass-flow rate in Fig. 7 for two different impeller 
speeds. These results demonstrate linearity of output of the 
mass flowmeter as well as confirming that flow rating can be 
changed by changing impeller speed. 

The gyro-integrating mass flowmeter has been designed as a 
1-per-cent-integrating accuracy meter in the flow range of 30 to 
100-per-cent rating. This is consistent with proved performance 
of mass-flowmeter measurement of aircraft fuels. The tests of 
Fig. 7 cannot reveal the true accuracy of the meter, however, 
since an inferential-type orifice meter is used for determining 
mass-flow Improved gas-flow standards are necessary to 
calibrate and test a l-per-cent meter. Such a system is being 
built (11), capable of measuring the weight of fluid which is to 
be passed through a test meter. With this new test system it is 
estimated that flow of several thousand pounds can be weighed 
with an accuracy of better than 0.05 per cent, providing the 
needed gas-flow standard for a high-accuracy integrating mass 
flowmeter. 


rate. 


Conclusions 
The gyro-integrating mass flowmeter is suitable for large and 
varied commercial usage. The integration system described 


with its facility for telemetering is ideal for billing and accounting 


Indication and recording of 
mass-flow rate can be provided where desired. 

To date, major efforts have been made to apply the mass 
flowmeter to such fluids as gasoline, kerosene, and natural gas. 
With natural gas, experience includes that with the installations 
as reported herein. Tests with fluids such as crude oils and with 
light gases such as helium lead to the conclusion that the mass 
flowmeter can be applied to a great many fluids, having a large 
range of properties, over a wide temperature range to provide 
accurate and dependable flow measurement. There appears 
to be no insurmountable difficulty for example, in mass metering 
such diverse fluids as steam and liqtid oxygen. 


purposes and control initiation. 
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Discussion 


iL S. Bean.‘ It is interesting to see that a mass or weight- 
indicating meter is being adapted to the metering of gases. This 
is a type of metering that should be useful in many and diverse 
applications. 

The authors mention that in one set of tests the mass flowmeter 
was operated. in series with a conventional orifice meter. It 
would have been very interesting to have some of the details and 
results of these tests reported and discussed. 

This writer agrees with the authors as to the desirability and 
need for a reference unit of suitable capacity for gas flow meas- 
urements. Unfortunately, it is not possible to pour gas into a 
weigh tank or calibrated volume tank for a carefully measured 
interval of time, as can be done with water. There was a ref- 
erence (11) to a previous paper in which there was a hint of test- 
ing a mass flowmeter by actually weighing a quantity of gas dis- 
charged from (or possibly received by) a closed container of 
suitable size and strength. This method has been tried a few 
times in the past. One of the big difficulties has been that the 
change in weight due to the gas discharged has been a very small 
part of the total weight. Thus the relative accuracy to which the 
weight of the gas alone could be determined was not impressive. 
Maybe, with some of the equipment available today, this par- 
ticular difficulty may be overcome, to some extent. There will 
still remain other difficulties. 


H. B. McNichols.s The advantages of an integrating mass 
flowmeter are readily apparent. This technique of metering is 
called mass flow measurement and is based on the principle of 
measuring the mass of gas being metered. This method has the 
advantage that the mass of a quantity of gas is completely inde- 
pendent of its variable physical properties, such as pressure, tem- 
perature, viscosity, supercompressibility, specific gravity, turbu- 
lence, and linear velocity. 

By comparison, conventional volumetric standards rely upon 
corrections of these variables, i.e., supercompressibility data to 
correct the calculations for the deviation of the gas from the ideal 
gas laws. The A.G.A. Gas Measurement Committee Report No. 
3 lists ten factors in all. Each one of these steps involves one or 
more possible sources of error. 

In an orifice installation, the volume must be determined from 
a meter record of differential pressure, static pressure, specific 
gravity, and flowing gas temperature. Each of these separate 
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measuring devices must be carefully calibrated. The meter chart 
must be integrated and average conditions chosen so that the 
appropriate correction factors may be selected. 

The mass flowmeter makes most of this work unneces- 
sary. The gyro-integrating mass flowmeter records and inte- 
grates by the torque being carried to an integrating gyro and 
converted into cyclometer register revolutions and electrical 
pulses; therefore, the costly practice of having charts integrated 
would be eliminated. The specific gravity may be measured and 
the volume, at contract conditions, may be calculated. This 
conversion from mass to volume can be accomplished more ac- 
curately than the measurement of volume by conventional in- 
ferential devices because the mass may be measured more accu- 
rately. Since laminar flow is not necessary to obtain true read- 
ings, long meter runs or straightening vanes can be forgotten. 
With the runs being shortened and gages eliminated, it might be 
feasible to even dispense with measurement buildings. 

Combined with a satisfactory integrator, the total mass that 
has passed through the meter in a given period may be registered. 
Therefore, since the properties of the gas and the ambient sur- 
roundings do not influence the indication of the true mass flow- 
meter, it may be concluded that the accuracy of such a meter will 
be materially greater over a wider range than an inferential 
meter, which relies upon appropriate corrections for its accuracy. 

It appears that the mass flowmeter discussed here will have 
excellent characteristics for accurately metering pulsing flows. 
Actual response characteristics cannot be accurately predicted 
until a thorough test program has been completed. 

The authors say it is accurate to 1 per cent over 30 to 100 per 
cent of its flow rating. Therefore, depending on the severity of 
the seasonal changes, you may have to vary the allowable flow- 
rate several times a year. Since the output torque is directly pro- 
portional to the impeller speed, range adjustments seem to be 
simply mechanical in nature. 

The biggest disadvantage, I believe, will be the problem of 
testing the flowmeter in the field. While this has not yet been 
worked out, it is evident that the cost of testing will be much 
higher than testing the meters in use now, and adequate testing 
accuracy may be a problem. 

The failure of any of the component parts will still allow gas 
to pass, but it will not be metered. An electrical current fre- 
quency change will cause a slight error in. the metering because 
the impeller is rotated by a synchronous electric motor. Con- 
densates, dust, and anything else passing through the meter will 
be weighed and recorded. The durability of the vanes, after 
being in contact with small stones or other debris that enter into 
a line, will have to be tested. 

The desirability of metering and integrating natural gas on the 
mass principle is ideal for billing and accounting purposes and 
may be a means for obtaining a greater accuracy in measurement. 


Authors’ Closure 


As Mr. Bean suggests modern weighing equipment can make 
practical direct weighing of natural gas for flow standard pur- 
poses. Such a standard has been built by Black, Sivalls, and 
Bryson, Inc. and is now undergoing tests, Bibliography (11). 

Mr. MeNichols expressed some concern over possible errors 
when the power line frequency changes. Since the meter is in- 
herently self-compensating for frequency changes as explained 
in the paper, the authors believe that the effects will be negligible. 

Once a laboratory mass flow standard is available, mass flow- 
meter secondary standards can be available for field testing, if de- 
sired. Field testing a mass flowmeter unit need be no more diffi- 
cult than field testing any other type of meter. The main prob- 
lem as with others is the availability ond installation of a standard 


meter in series with the test meter. 
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